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ABSTRACT

In this paper, We established Some Common Fixed Point Theorems for a class mapping in metric space.
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1. INTRODUCTION
The following generalization of the well known Banach Contraction Principle is due to Jungck (1976)

Theorem: A Let f be a continuous self mapping of a complete metric space (X,d). If there exists a
mapping g:X — X and a constant 0 < o < 1 such that,

(a) fand g commute,

b gX) < fX),

(c) d(gx,gy) < ad(fx, fy) forallx,y € X

Then f and g have a unique common fixed point.

Throughout this section (X,d) denotes a metric space, and R* the set of non negative real numbers. ¢ denotes
the family of mapping such that each¢ € ¢, ¢:(R*)> - R*, and ¢ is upper semi continuous and non

decreasing in each co- ordinate variable , also for a mapping y: Rt - R*,

let = ¢(t, t,a;t,a,t,t) < t, where a; +a, = 3. The following lemma of Singh and Meade (1977) is the key in
proving of various result,

Lemma: 1.1 For every t >0, y(t) <t if and only if lim,_,y"(t) = 0, where " denotes the composition of y
with itself n times. In 1979, Yeh proved an interesting extension of a common fixed point theorem due to
Jungck (1976), which as follows,

Theorem: B Let E, F, and T be three continuous self mapping of a complete metric space (X, d) satisfying
condition:

(Cy) ET=TE, FT=TF, EX) c T(X)and F(X) c T(X)

(C,) thereexistsan ¢ € ¢ such that forall x,y € X,

d(Ex, Fy) < ¢ (d(Tx, Ty), d(Tx, Ex), d(Tx, Fy), d(Ty, Ex), d(Ty, Fy)) , where ¢, satisfies the condition:

(C3) gt) = o¢(ttatbtt) <t foreacht in Rt — {0}, where a+b =2,

Then E, F, T have a unique common fixed point.

Definition: 1.2 (Sessa 1982) Let A and S be two self mapping on X, then {A,S} is said to be ‘weakly

commuting pair’ if d(ASx,SAx) < d(Ax,Sx) forall x € X. Itis clear that, commuting pair is weakly commuting,
but not conversely as showninthe following example,
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Example: 1.3 Consider X = [0,1] with the usual metric. Let us define Ax = ix and Sx = é for every x € X, then

for all x € X one gets,

2

X X

X
d(SAx, ASx) = 4rx arzx | T @r0@+x)
x2 X X
d(SAx, ASx) < D 2 Im s d(Sx, Ax)

So {A,S}is aweakly commuting pair, However, for any non zero x € X we have,

SAx = =— > X = ASx

4+x 4+2x

Thus A and S are not commuting mappings.

2. MAIN RESULT

Theorem 2.1: Let X be a complete metric space and A,B. S, T,and P be continuous

into itself, such that satisfying the following conditions:
1C; —P(X) < AB(X) n ST(X)

1C, — The pair {P, AB} and {P, ST} are compatible.

1C; — there exists a, ¢ € ¢ such that forall x,y € X,

d(ABx, STy) < ¢ {d(PX' ABx), d(Py, STy), d(Px, STy)}

,d(Py, ABx), d(Px, Py)
Where ¢ satisfies the condition:
1C, — forany t >0, ¢(t,t,a,t,a,t,t) < t, where a; +a, = 3.

Then A, B,S, T and P have a unique common fixed point in X.

mapping from X

Proof: Let xy be and arbitrary point in X, then Px, € X, since P(X) is containedin AB(X), there exists a
point x; € X, such that, Px, = ABx;. Since P(X)is also Contained in ST(X), we can choose a point
X, € X, such that Px; = STx,. In general we construct the sequence of elements of X such that,

ABxyn = PXpny1 and STXpne1 = Pxopyo
Foralln=10,1,2,3........

Now
d(PXzn41,PXani2) = d(ABXzn, STXzn41)

From 1C; , we have,

d(Pxzp, ABXzp), d(PXan41, STXzn41), )]

<
d(ABXon, STXoni1) < ¢ [(d(PXZn’ STX2n+1), Ad(PXan11, ABXpy), d(PXop, PXony4)

d(PX2n, PXon41), d(PXan41, PXont2), )]

<
d(sznH‘ Pxans2) < ¢ [<d(PX2n' PX2n+2)'d(PX2n+1' PX2n+1): d(Px,p, PX2n+1)

Let us assume that, d(PX,n41, PX2n42) = dangq then
d2n+1 = ¢ (dzn' d2n+1' dZn + d2n+1l 0, d2n+1)
d2n+1 < d2n

Consequently, {d,,} is a non decreasing sequence of non negative reals, hence
© 2011, IUIMA. All Rights Reserved
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dl = d(Pl, Pz) = d(ABXO, STXl)

d, <6 (d(Pxo,le),d(le,sz),d(Pxo, sz))
1= ,d(Px 4, Px,),d(Px,,Px )

d,; <¢(dy,dq,dg +d4,0,d4)
dy < ¢ (do,do,2dg,dg,do)
d; <v(do)
in general, we have d, < y"(dy) so if dy > 0,tlJen by lemma 1.1 gives

lim,_,d, =0
Since then d, = 0 for each n.

Now we wish to prove that the sequence {Px,} is a Cauchy sequence. Since lim,_,d, = 0. Itis sufficient
to show that the sequence {Px,} is a Cauchy sequence, suppose that {Px,} is not a Cauchy sequence. then
there is ane >0 such that for each even integers 2k, k =0,1,2, ....... There exists even integers
2n(k) and 2m(k) with 2k < 2n(k) < 2m(k) such that,
d(PX2na0 PXamao) > € (2.1.1)

Let for each even integer 2k, 2m(k) be the least integer exceeding 2n(k) and satisfying 2.1.2,
Therefore
d(PxZH(k), PXZm(k)_z) < ¢ and d(szH(k), PXZm(k)) > € (2.1.2)
Then, for each even integer 2k we have,
e < d(Pin(k): PXZm(k)) < d(PXzH(k),PXZm(k)_Z) + d(PXZm(k)_z, PXZm(k)_l) + d(szH(k)_l,sz,](k))
Soby 2.1.2and d, - 0, we obtain

lim,,_,. d(PXzH(k), PXZm(k)) = ¢
It follows immediately from the triangular inequality that,
| d(PXan9, PXamag-1) = d(PXango, PXamao) | < damag-1
| d(PXZH(k)+1' Psz(k)—1) - d(PXZn(k)! PXZm(k)) | < dam@y-1 + danao
Hence by 2.1.2,as k =
d(PXZn(k), PXZm(k)_l) — ¢ and d(PXZn(k)+1, PXZm(k)_l) - € (2.1.3)
Now,

d(PXana0 PXam@e) < d(PXangy PXanag+1) + A(PXzno+1, PXamae)

d(PXzn » Pam@o-1) » danaoy d(PXanqo), Psz(k));>

d(PXZ (10, PX2 (k)) S dango + ¢<
" " ! d(PXam@)-1, PXanao+1)» damao -1

Using 2.1.3 lim,_,d, = 0, and upper semicountinuity and non decreasing property of ¢ in each co- ordinate
variable , we have

€< 0(¢,0,6¢0) <y(e) <e
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As k — oo, which contradiction. Thus {Px,} is a Cauchy sequence and hence by completeness of X, there is a,

u € X such that Px, — u. since the sequence {ABx,} and {STx,} are Subsequence of {Px,} which follows

{ABx,,} and {STx,n41} also convergesto the same point ‘v’ in X, i.e

lim, ., Px,, = limABx,, = limSTx,,,; =u (2.1.4)
n-oo n-—-oo
Pu = ABu = STu
Let us assume that Bu # u, then we take from 1C;

4(AB(Bu), STu) < ¢( d(P(Bu), AB(Bu)),d(Pu, STu), >

d(P(Bu), STu), d(Pu, AB(Bu)), d(P(Bu), Pu)
d(AB(Bu), STu) < ¢(0, 0, d(P(Bu), STu), d(Pu, AB(Bu)), d(P(Bu), Pu))
d( (Bu),u) < y(d( (Bu),u) )

Which contradiction

Bu = u= ABu = A(Bu) = Au

Similarly we can show that,

Tu =u = STu = S(Tu) = Su

i.e, u is acommon fixed point of A, B, S, T, and P in X.

3

Uniqueness: Let us assume that ‘w’ is another fixed point of A, B, S, T,and P in X, different from
then

u.ieu = w,

d(u,w) = d(Pu, Pw) = d(ABu, STw)
By using 1C;, we get

d(ABu, STwW) < ¢ (d(Pu, ABu), d(Pw, STw), d(Pu, STW),)

d(Pw, ABu), d(Pu, Pw)

d(u,w) < ¢(0,0,d(u, w),d(w,u),d(u,w))

d(u,w) < y.d(u,w)

Which contradiction.

u is unique common fixed point of A, B,S, T and P in X.

Theorem: 2.2 et X be a complete metric space and A, B.S,T,and P be continuous mapping from X
into itself, such that satisfying the following conditions:

2C;— P(X) <€ AB(X) n ST(X)
2C, — The pair {P,AB} and {P, ST} are compatible.

2C; — thereexists a, ¢ € ¢ such that forall X,y € X,

2 2
[d(ABx, STY)? < ¢<(d(Px,ABx)) ,(d(Py,STy)) ,d(Px,STy)d(Px,ABx),)

d(Py, STy)d(Py, ABx), d(ABx, STy)d(Px, Py)
Where ¢ satisfies the condition:

2C, — forany t> 0, ¢(t tast,at,t) < t, where a; +a, = 3.

Then A, B,S, T and P have aunique common fixed point in X.
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Proof: Let x,be and arbitrary point in X, then Px, € X, since P(X) is contained in AB(X), there exists a
point x; € X, such that, Px, = ABx;. Since P(X) is also Contained in ST(X), we can choose a point X, € X,
such that

Px; = STx,.
In general we construct the sequence of elements of X such that,
ABxyy = Pxpniq and STXpny = Pxopgo

Foralln=0,1,2,3 ........

Now
d(PXzn41,PXans2) = d(ABxzn,STXzne1)

From 2C; , we have,

(d(PXZW ABin))Zr ( d(Pxzny1,s STX2n+1))2’

d(Px,,, STx )d(Px,y, ABX,p)
[d(ABx;p, STX2141) ]2 <¢ n n+l n n
! »d(PXon41, STXpn4+1)d(PXon 41, ABXpp),
d(ABXzn, STXpn4+1)d(PX2n, PXan11)

2 2
(d(PXZn' PX2n+1)) ) ( d(PxXzn41, PX2n+2)) )
[d(PXzn41, PXons)]? < & d(Pxzn, PXzn42)d(PXzn, PXani1),
d(PxXzn41, PXani2)d(PXani1, PXani1),
d(PXzn11, PXans2)d(Pxan, PXon41)

Let us assume that, d(PX,n41, PX2n42) = dangq then

dons1 < [ ((d3n, d3nse, (don + dangs )? 0, d2n+1d2n)]%
dans1 < dgp
Consequently, {d,,} is a non decreasing sequence of non negative real’s, hence
d; <v(do)

in general, we have d, < y"(dy) so if dy > 0,tllen by lemma 1.1 gives

lim,_,.d, =0
Since then d,, = 0 for each n.
Now we wish to prove that the sequence {Px,} is a Cauchy sequence. Sincelim,_.,d, = 0. Itis sufficient
to show that the sequence {Px,} is a Cauchy sequence, suppose that {Px,} is not a Cauchy sequence. then
there is an € > 0 such that for each even integers 2k, k =0,1,2, ....... There exists even integers 2n(k)
and 2m(k) with 2k < 2n(k) < 2m(k) such that,
d(PXznq, PXomag) > € ( 22.1)
Let foreacheven integer 2k, 2m(k) be the least integer exceeding 2n(k) and satisfying (2.2.1) therefore
d(PXan(y PXom@og-2 ) <€ and  d(Pxan, PXoma) > € (2.2.2)
Then, for each even integer 2k we have,
e < d(PxZH(k), PXZm(k)) < d(PxZn(k), PXZm(k)_Z) + d(PXZm(k)_Z, PXZm(k)_l) + d(PxZn(k)_l, PXZn(k))

Soby 2.2.2, and d, - 0, we obtain

limn_,oo d(PXZH(k)' PXZm(k)) = €&
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It follows immediately from the triangular inequality that,

| d(PX2na0, PXamao-1) — Ad(PX2na0, PXamao) | < damao-1
| d(Pxz2n@iy+1, PXam@g-1) — d(PXango PXamao) | < damag-1 + danqo
Hence by 2.2.2, as k> o

d(PXZH(k)' PXZm(k)—l) — ¢ and d(PXZn(k)+1' PXZm(k)—l) - & (223)
Now,

d(PXzn, PXomag) < d(PXanao PXanao+1) + d(PXongo+1, PXamao)

By using 2C; and 2.2.3 lim,_,d, = 0, and upper semicountinuity and non decreasing property of ¢ in each
co- ordinate variable , we have

e < ¢(50,6¢0) < y(e) < ¢
As k — oo, which contradiction. Thus {Px,} isa Cauchy sequence and hence by completeness of X, there is a,
u € X such that Px, = u. since the sequence {ABx,} and {STx,} are Subsequence of {Px,} which follows

{ABx,,} and {STx,,41}also convergesto the same point ‘u’in X, i.e

lim,_, Px,;, = limABx,, = limSTx,,,; = u (2.2.4)
n—-oo n-—-o
Pu = ABu = STu
Let us assume that Bu # u, then we take from 2Cj;

(d(P(Bu), AB(Bu)))2 ,(d(Pu,STu)),

[d(AB(Bu), STw)]? < ¢ d(P(Bu), STu)d(P(Bu), ABu),
d(Pu, STu)d(Pu, AB(Bu)),
d(AB(Bu), STu)d(P(Bu), Pu)

Which follows,

1
d(Bu,u) < yZ d(Bu,u)
Which contradiction,

Similarly we can show that,
Tu= u = STu= S(Tu) = Su

i.e, u isacommon fixed point of A, B, S, T, and P in X.

Uniqueness: Let us assume that ‘w’ is another fixed point of A, B, S, T,and P in X, different from ‘v’.i.eu # w,
then
d(u, w) = d(Pu, Pw) = d(ABu, STw)
By using 2C;, we get
(d(Pu, ABw))*, ( d(Pw, STw))’,

[d(ABu, STW)]? < ¢ d(Pu, STw)d(Pu, ABu),
d(Pw, STw)d(Pw, ABu),
d(ABu, STw)d(Pu, Pw)

1
d(u,w) < yz.d(u,w)
Which contradiction.

u is unique common fixed point of A,B,S, T and Pin X.
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