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ABSTRACT

In ihis paper, We established Some Common Fixed Point Theorems for Random operator, in polish spaces, by
using rational expressions.
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1. INTRODUCTION:

Probabilistic functional analysis has emerged as one of the important mathematical disciplines in view of its
role in analyzing Probabilistic models in the applied sciences. The study of fixed point of random operator
forms a central topic in this area. Random fixed point theorem for contraction mappings in Polish spaces and
random Fixed point theorems are of fundamental importance in probabilistic functional analysis. There study
was initiated by the Prague school of Probabilistics, in 1950, with their work of Spacek [15] and Hans [5,6].
For example survey is refer to Bharucha-Reid [4]. Itoh [8] proved several random fixed point theorems and gave their
applications to Random differential equations in Banach spaces. Random coincidence point theorems and random
fixed point theorems are stochastic generalization of classical coincidence point theorems and classical fixed
point theorems. Sehgal and Singh [14], Papageorgiou [12], Rhoades, Sessa, Khan [13] and Lin [11] have proved
differential Stochastic version of well known Schauder’s fixed point theorem. Recently, Beg and Shahzad [3]
studied the structure of common fixed point and random coincidence Points of a pair of compatible random
operators.

2. PRELIMINARIES:
Definition: 2.1 A metric space (X,d)is said to be a Polish Space, if it satisfying following conditions:

(1) X, is complete,
(2) X is separable,

Before we describe our next hierarchy of set of reals of ever increasing complexity,

we would like to consider a class of metric spaces under which we can unify 2, w®, R and there
products. This will be helpful in formulating this hierarchy. ( as well as future ones)

Recall that a metric space (X,d) is complete if whenever (x,:n € w) is a sequence of member of X, such that
for every € > Othere isan N, such that m,n = N implies d(x,, x,) < €, thereis asingle x in X such
that lim,., x, = x. It is easy to see that 2¢, w® are polish space, So in fact is w under the discreate
topology, whose metric is given by letting d(x,y) =1 when x # y and d(x,y) = 0 when x = y.
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Let (X,d) be a Polish space that is a separable complete metric space and (L, q) be Measurable space. Let 2*
be a family of all subsets of X and CB(X) denote the family of all nonempty bounded closed subsets of X.
A mapping T:Q — 2% is called measurable if for any open subset C of X, T7X(C) = {w€Q:f(w)N C #
¢ €g. A mapping ¢{Q—AX is said to be measurable selector of a measurable mapping 7Q—2X,if ¢ is
measurable and for any w € Q, {(w) € T(w). A mapping f:Q X X — X is called random operator, if for any
x € X, f(-,x) is measurable. A Mapping T:Q X X = CB(X) is a random multivalued operator, if for every

x € X,T(-,x) is measurable . A measurable mapping &:Q — X is called random fixed point of a random
multivalued operator T: QX X - CB(X) (f: QX X - X), if foreveryw € Q, ¢(w) € T(w,f(w)) f(w),é(w) =
&(w)). LetT:Qx X » CB(X) be arandom operator And {&,} a sequence of measurable mappings , &,:Q —
X. The sequence {&,} is said to be asymptotically T-regular if d(fn(w),T(a), En(w)) - 0.

3. MAIN RESULT:

Theorem 3.1: Let X be a Polish space. Let T,S:Q XX — CB(X) be two continuous random multivalued
operators, If there exists measurable mappings a,b : Q — (0,1), such that, it satisfy followings condition,

H(S(0,X),T(w,y) < a(w){d(y, T(w,y))d(x,S(w,x)).d(x, y)}% (3.1.1)

For each x,y € X and w € Q and a € RT with a(w) < 1. Then there exists a common random fixed point of
S and T.(Here H represent the Housdrof f metric on CB(X) induced by the metric d )

Proof: Let {;: Q— X be an arbitrary measurable mapping and choose a measurable mapping §:Q — X such
that & () € S(w,&(w)) foreach w € Q. then foreach w € Q,

1
3

H (S(@,60(@)), T(w,&(@))) < a(@) {d (£2(0),T(w,&(@))) -d (§o(@), S(@,&0(@))). d(§o(@), & (@)) }
Further, there exists a measurable mapping &, : Q — X such that forall w € Q, &, (w) € T(w, &;(w)) and,

d(fl (w)v 52 ((‘-’)) = H(S(w! 60 (U))), T(w! fl (U))))
d(& (@), & (@) < a(w) {d(¢(w), & (w)). d(& (@), & (). d(& (w), & (@)
(6, 6@) < (a@))? dEo(@), & (@)

3
Let k = (a(w))E <1 then,

d(§1(w), () < k. d(Go(w), &1 (@)

By Beg and Shahzad [2, lemma2.3], we obtain a measurable mapping é; : Q — X, such that for all w € Q, &(w) €
S(a), Ez(w)) and,

d(fz(w)'f3(w)) = H(S((U' §1(0), T(w, fz(w)))
d(fz(w):fs(w)) < a(w) {d(fz(w)rfa(w))-d(f1(w);fz(w))-d(§1(w); fz(w))}E

d(EZ ((1)), 53 ((1.)))
d(EZ ((1)), 53 ((1.)))

IN

k d(§ (), 82 (w)

IN

k2. d(§o(w), &1 (@)
Similarly, proceeding inthe same way: by induction, we produce a sequence of measurable mapping

& Q- X, such that for n >0 and anyw € Q, &npq(w) € S(w, §2n(w)) , Eonga(w) € T(w, onH(w)) and
hence,

d(‘fn(w)' €n+1(w)) < k™. d(fo(w)' gl(w))

Furthermore, for m > n,
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d(‘fn(w)' fm((l))) < d(fn(w), fn+1 (w)) + d(fn+1(w)r §n+2 (w)) +
vt A& (@), Ep (@)

d(fn(w),€m(w)) < [k™+ k™1 + ... + k™ 1] d({o(w), fl(w))
d(ép(@), Em(@)) < [1+k+ ... + k™1 kM d (8 (w), & (w)
d(£0 (@), En(@)) < [25] . d(60(0), & (@)

d(fn(w).fm(w)) - 0asnm-oo

It follows that, {¢,(w)} is a Cauchy sequence and there exists a measurable mapping € : Q — X such that
&) = E(w), for each w € Q. It further implies that, &5,44(w) = é(w) and &,,4,(w) = &(w). Thus we have
for any w € Q,

d (£@),S(@,§(@))) < d(E(@), Eanr2(@)) +d (Eans2(©),5(w, E(@)))

d (£@),5(w,§(@)) < d(§(@), E2nsz(@)) + H(S(@,E(@)), T(@, Eanr (@)))

By using (3.1.1) and, as n = o, we have
d (§@),S(w,§())) <0

Hence ¢é(w) € S(w,f(w)) for w € Q. similarly, forany w € Q,
d (£@),T(0,§(@))) < A(§(©), E2n01(©)) +d (§2n42 (), T(,§()))

d (£(@), T(,§(@))) < d(§(@), E2n41(@)) + H(S(, E20(@)), T(®,§(@)))

By using (3.1.1) and, as n — «, we have

d (f(w),T(w,f(w))) <0
Hence ¢é(w) € T(a),f(w)) for w € Q. similarly, forany w € Q,

Theorem 3.2: Let X be a Polish space. Let T,5: QXX — CB(X) be two continuous random multivalued
operators, If there exists measurable mappings a,b : Q — (0,1), such that, it satisfy followings condition,

H(S(a),X),T(w, y)) < a(w) max{d(x, V), d(y,T(w,y)),d(x,S(a), x))} + b(a)){d(x,T(w,y)) + d(y,S(a), x))}
(3.1.2)

Foreach x,y € X and w € Q and a,b € R* with a(w) + b(w) < 1. Then there exists a common random fixed
pointof S and T.(Here H represent the Housdroff metric on CB(X) induced by the metric d )

Proof: Let {;: Q— X be an arbitrary measurable mapping and choose a measurable mapping &:Q — X
such that &; (w) € S(w, fo(a))) for each w € Q. then foreach w € Q,

d , , d & (w), T(w, & )
H (S(0,60(@)), T(@,6(@))) < a(w) max{ (so(e.6:)). a (61 (‘”f(“’)))}

d (§0(@), S(,&()))
+ (@) {d (§0(), (0, (@) ) + d (& (@), S(,&()) )}

Further, there exists a measurable mapping &, : Q = X such that for all w € Q, & (w) € T(w, & (w)) and,

d(§1(w), & (@) = H(S(w, & (@), T(w, & ()))
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d , ¢4 ,d 1 , T w, & )
(60 £.00))  ala) man { (&), & @), d (& () (wf(m))}

d (§0(@), S(,&()))

+ b(@) {d (£(),T(w,6(0))) + d (& (), 5(w, &) )}

d(fo(w); 51(00)); d(f1 (), &, (w))}
) d(fo(w)' 51(00))

d(£,(0),6(0)) < a(®) max{
+ b(w){d(&p(w), & (@) + d(& (w), & (0))}
d(& (@), &) < [a(w) +b(w)].d(E (), & (0))
Let k= [a(w) + b(w)] <1 then,
d(§(0), & (@) < k. d(Ep(w), & (W)

By Beg and Shahzad [lemma2.3], we obtain a measurable mapping é; : Q —» X, such that for all w € Q, é;(w) €
S(w, Ez(w)) and,

d(fz ((1)), 53 ((‘))) = H(S(w' El ((1))), T(w, 52 ((1))))

d(ﬁ (w), &, ((U)): d(fz (w), &5 ((U)):}
d(&(w), &(w)) < a(w) maX{ 06 (), ()

+ b(w){d(&(w), & (W) + d(&(w), & (0))}
d(&(0),&() < [a(w) + b(w)]d(§(0),&(w))
Let k = [a(w) + b(w)] <1 then,
d(&(w), & (W) < k% d(&(w), & (0)

Similarly, proceeding in the same way: by induction, we produce a sequence of measurable mapping
& Q- X,suchthatfor n>0 andany w € Q, &41(w) € S(w, & (@), Exnsz(w) € T(w, Exni1 (@)

And hence,
d(&n (@), Epsr (@) < k™. d(&(w), & (w))

Furthermore, for m > n,

d(fn(w).fm(w)) < d(fn(w).fnﬂ(w)) + d(fnﬂ(w):fnn(w))"‘
T d(fm—l(w)! gm(w))

d(ép(w), Em(w)) < [k™ + k™ + L. + k™1 d(&p(w), & (w))
d(ép(@), Em(@)) < [1+k+ .. ... + k™ k. d (& (w), & (w)

kn

A((@), &n(@)) < [;5] - (&), £ @)
d(fn(w)vsrm(w)) - 0asnm-ow
It follows that, {{,,(w)} is a Cauchy sequence and there exists a measurable mapping & : Q — X such that

& (W) - E(w), for each w € Q. It further implies that, &,,.,(w) = é(w) and &,,,,(w) = &é(w). Thus we have
forany w € Q,

d (£©),5(w,§(@)) < d(§(@), E2ns2(@)) + d (E2n02(0),5(0,§()))
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d (f((‘)), S(w' f((l)))) < d(f((l)), 52n+2 ((J))) + H(S((I.), f((l))), T((J), 62n+1(w)))
By using (3.1.2). and As n — o, we have
d (§@),S(w,§())) < 0

Hence ¢é(w) € S(w,f(w)) for w € Q. similarly, forany w € Q,
d (£@),T(@,§()) < d(E@), E2n41(@)) +d (§2n42 (@), T(,§()))

d (£@), T(0,§(@)) < d(§(@), E2n41(@)) + H(S(, E20(@)), T(w,(@)))

As n — o, we have

d (f(w),T(w,f(w))) <0
Hence ¢é(w) € T(a),f(w)) for w € Q. similarly, forany w € Q,

Theorem 3.3: Let X be a Polish space. Let T,5:Q XX — CB(X) be two continuous random multivalued
operators, If there exists measurable mappings a,b,c : Q — (0,1), such that, it satisfy followings condition,

H(S(a),X),T(w,y)) < a(w)[d(y,S(w,x)) + d(x,T(w,y))]

+ b(a))[d(y,T(w, y)) + d(x,S(w, x))] + c(w)d(x,y) (3.1.3)
Foreach x,y €X and € 0 and a,b,c € Rt with a(w) + b(w) + c(w) <1 and 0 < % <1
Then there exists a common random fixed point of Sand T

(Here H represent the Housdroff metric on CB(X) induced by the metric d)

Proof: Let {;: Q— X be an arbitrary measurable mapping and choose a measurable mapping &:Q - X
such that é;(w) € S(w, fo(a))) for each w € Q. then foreach w € Q,

H (S(,60(@)), T(0, 6 (@))) < a(@) {d (£(0),5(w, §o(@))) + d (&0(@), T(w, & (@)))}
+b(@) {d (&), T(0,,(@))) +d (&), 5(w, &) )}
+ ¢ (©)d(Eo (@), & (@)

Further, there exists a measurable mapping &, : Q = X such that forall w € Q, &,(w) € T(w, é;(w)) and,
d(& (), & (@) = H(S(w,& (), T(w, & (w)))

d(£(@), &(@)) < a() {d (& (@), S(w,&@))) +d (§(@), T(w, & @)))}
+b(@) {d (&), T(0,())) +d (&), 5(w, &) )}
+ c(@)d(E (@), (@)

d(f1(w);fz(w)) < a(w){d(ﬁ(w); fl(w)) + d(fo(w);fz(w))}
+b(w) {d(&(w),& (W) +d(&(w), & (W)} + c(w)d(Eo(w), & (w))

d(51(0), &) < [FEO] (g (w), & ()

1-a(w)-b(w)

a(w) + b(w)+c(w)

Let k = [ 1-a(w)-b(w)

] < 1 then,

d(f1(w);fz(w)) < ko d((w), & ()

By Beg and Shahzad [2, lemma2.3], we obtain a measurable mapping é; : Q — X, such that for all w € Q, &(w) €
S(w, Ez(w)) and,
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d(fz (), &3 (w)) = H(S((U; & (), T(w, fz(w)))

d(§(@),§3(@)) < a(@){d(82(w),&2(w)) + d(&1 (), &3(w)}
+b(w) {d(§2(0),§3(@)) +d(§1 (), & (@)} + c(w)d(§1 (), & (@)

a(w) + b(w)+c(w)

d(&(w), &) < [m d(&(w), & (w))

a(w) + b(w)+c(w)

Let k = [ 1-a(w)-b(w)

] < 1 then,

d(&(w), &) < k2 d(E(w), & (w))

Similarly, proceeding in the same way: by induction, we produce a sequence of measurable mapping
& Q> X,suchthat for n >0 and any w € Q, &4, (w) € S(w, on(a))) , Eonea(W) € T(w, Eani1(@)

And hence,
d(‘fn(w)' €n+1(w)) < k™. d(fo(w)' gl(w))

Furthermore, for m > n,

d(fn(w);fm(w)) < d(fn(w);fnﬂ(w)) + d(fn+1(w);fn+2(w))+
et Aot (@), Ep (@)

d(fn(w),€m(w)) < [k™+ k™1 + ... + k™1 d({o(w), fl(w))
d(ép(@), En@)) < [T+ k+ ... + k™1 ke d (8 (w), & (w)

kn

d(£(@), En(@)) < [F=]. d(§0(@), & (@)

1-kl”
d(&n (@), &n(@)) > 0 as n,m - o

It follows that, {¢,(w)} is a Cauchy sequence and there exists a measurable mapping € : Q > X such that
& (W) = E(w), for each w € Q. It further implies that, &5, (w) = é(w) and &,,4,(w) = &(w). Thus we have
forany w € Q,

d (£@),S(0,§(®))) < d(§(@), Eans2(@)) + d (E2ne2(©),5(w, §(@)))

d (f((‘)), S(w' f((l)))) < d(f((l)), 62n+2 ((J))) + H(S((I.), f((l))), T((J), 62n+1(w)))

By using (3.1.3). and As n — o, we have
d (£@), S(w,§())) <0

Hence é(w) € S(w,f(w)) for w € Q. similarly, forany w € Q,
d (£@), T(w,§(@)) < d(§(@), E2n41(@)) +d (£2n41 (@), T(w, E(@)))

d (£@),T(0,§(@)) < d(E@), E2ns1 (@) + H(S(@, Ean(@)), T(@,§(@)))

As n — o, we have
d (£@), T(w,§(@)) <0

Hence ¢é(w) € T(w,E (w)) for w € Q. similarly, forany w € Q,
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