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ABSTRACT

In ihe present paper we introduce strongly almost double difference analytic and entire sequence spaces. We also
study some topological properties and inclusion relations between these spaces.
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INTRODUCTION AND PRELIMINARIES:

The initial works on double sequences is found in Bromwich [4]. Later on , it was studied by Hardy [7], Moricz [9],
Moricz and Rhoades [10], Tripathy ([16], [17]), Basarir and Sonalcan [3] and many others. Hardy [7] introduced the
notion of regular convergence for double sequences. Recently, Zeltser [19] in her Ph.D thesis has essentially studied
both the theory of topological double sequence spaces and the theory of summability of double sequences. Mursaleen
and Edely [12] have recently introduced the statistical convergence and Cauchy convergence for double sequences and
given the relation between statistical convergent and strongly Cesaro summable double sequences. Nextly, Mursaleen
[11], Mursaleen and Edely [13] have defined the almost strong regularity of matrices for double sequences and apply
these matrices to establish a core theorem and introduced the M-core for double sequences and determined those four
dimensional matrices transforming every bounded double sequences x = (X;,,) into one whose core is a subset of the
M-core of x. More recently, Altay and Basarir [1] have defined the spaces BS, BS(t), CSy, CSpyp, CS,. and BV of double
sequences consisting of all double series whose sequence of partial sums are in the spaces My, M, (t), Cp, Cpp, C, and L,
respectively and also examined some properties of these sequence spaces and determined the a- duals of the spaces BS,
BV, CSyy, and the B(v)-duals of the spaces €Sy, and CS, of double series. Now, recently Basar and Sever [2] have
introduced the Banach space L, of double sequences corresponding to the well known space [, of single sequences and
examined some properties of the space L, . The class of sequences which are strongly Cesaro summable with respect to
a modulus was introduced by Maddox [8] as an extension of the definition of strongly Cesaro summable sequences.
Connor [5] further extended this notion to strong A-summability with respect to a modulus where A = (a,,;) is a non-
negative regular matrix. Using the definition Connor established connections between strong A-summability, strong A-
summability with respect to a modulus and A-statistical convergence. In 1900, Pringsheim [14] presented a definition
for convergence of double sequences. Following Pringsheim work, Hamilton and Robison [6] and [15], respectively
presented a series of necessary and sufficient conditions on the entries of A = (a,,,x,) that ensure the preservation of
Pringsheim type convergence on the following transformation of double sequences (Ax);,, = ;'?;0,0 Ak Xk 1

Let w” denote the set of all complex double sequences. A sequence X = (Xy,) is said to be prime sense double analytic if
SUPmn | Xmn| Y™™ < 0. The vector space of all prime sense double analytic sequences is denoted by A2, A sequence x
= (Xun) is said to be prime sense double entire sequence if |Xp,|Y/™*™ — 0 asm,n — . The vector space of all
prime sense double entire sequences is denoted by /2. The spaces A2 and I'? are metric spaces with the metric

d(x! Y) = supmn{lxmn - ymnll/m+n rmn = 1! 2!3v ...}for au X= (X mn) and y = (y mn) ln[z
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The double difference sequence spaces defined by
Z (A) = {X =X mn € W (AX mn) € Z} where Z = A%, I'? and
AxXpp = (X mn_xm,n+1)_(X m+1,n— X m+l,n+l) = (X mn_xm,n+l_xm+1,n+xm+1,n+1)-

Let X be a linear metric space. A function p: X — R is called paranorm, if

(1) p(x) = 0,forallx € X,
2) p(—x) = p(x),forallx € X,

3) px+y) < px)+py),foralx,y € X,
(4) if (4,) is a sequence of scalars with 4, — A, asn — o and (x,,) is a sequence of vectors with p(x,, —x) = 0
asn — oo, then p(1,x, — Ax) = 0 as n - .

A paranorm p for which p(x) = 0 implies x = 0 is called total paranorm and the pair (X, p) is called a total paranormd
space. It is well known that the metric of any linear metric space is given by some total paranorm (see [18], Theorem
10.4.2, p-183).

Let A = (aﬁn) be an four-dimensional infinite regular matrix of non-negative complex numbers and p = (pn,) be a
sequence of positive real numbers. Let u = (1,,,) be a multiplier sequence, then we define the following sequence
spaces in the present paper:

ﬁ[As Ag' u, p] = {X = (xmn) € WZ : limj,k—»oc Zcr%:l Z£=1{a-ﬁ(n |AmnA§(xmn)|1/m+n)pmn} = 0}

A2 (A AL 1Pl = {x = () € W2t supjy Tomey Yoimr{ade, (1A AL Genn) [/77)P) < o).

The following inequality will be used throughout the paper. Let p = (pmn) be a bounded sequence of positive real
numbers. Let H = supy,, and

D = max (1, 2" !). Then we have
[amn + bpn P < D(|@n [P + [y [Pmn) (1)

The main purpose of the paper is to introduce some double analytic and entire sequence spaces. We also make an effort
to study some topological properties and inclusion relations between above defined spaces.

MAIN RESULTS:

Theorem 2.1: Let A = (af',lfn) be a non-negative matrix and p = (p,,;,) be a bounded sequence of positive real numbers.
Then

(1) TI’[A, AL, u, p] and A%[A, AL, u, p] are linear spaces over the field C.
) I'[A AL up) € AP[A AL, 1, p].

Proof: It is easy to prove so we omit the details.
Theorem 2.2: Let Ny = min {ny: SUpy, = no {a{;’fn(llmnAg X | /)P < o0 }} and
Ny =min {ny: SUPpn>no Pmn <o} where N=max (N;, N;)
(a) I[A, AT, u,p]is a paranormed space with
80 = Limy . SUPyn oy (G (1A Xy |1/ P11/ 2)
if and only if y > 0, where y = limy _,infyy nanPma and M = max (1, SUpy n>nPmn)-

(b) FZ[A, A%, p, p] is complete with the paranorm (2).
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Proof: (a) Let I°[A, AL, u,p] is a paranormed space with (2) and suppose that y = 0. Then a = infin n=nPmn = 0 for
all N € N and hence we obtain

gE x) = limy L ,SUpPpnsn|E[Pm/™ =1 for all € € (0,1], where x = (@) € I'[A, A}, 4, p]. When & — 0 does not
imply that & x — 0, when x is fixed. This is a contradiction that (2) to be a paranorm.

Conversely, let y > 0. It is trivial that g(0) = 0, g(-x) = g(x) and g(x + y) < g(x) + g(y). Since y > 0, there exists a
positive number f such that p,,, > p for sufficiently large positive integer m, n. Hence for any ¢ € C, we may write
| E]pmn < max(l &M, | € Iﬁ) for sufficiently large positive integers m, n > N. Therefore, we obtain that g( éx) <
max(IEI, | fIB/M) g(x), using this one can prove that éx — 0 whenever x is fixedand § > 0oré - 0and x — 0, or
¢ is fixed and x — 0. This completes the proof of the theorem.

Let (x'!) be a Cauchy sequence in I°[A, A%, 4, p], where x* = (xiL,),n e n- Then for every € > 0 (0 < & < 1) there
exists a positive integer s, such that

. : . Pmn)1/M
GG = 7 = limy 5up = (i (1Rmn5 it = 5550]™) " < ey 3)
oralli,l,r,t > s,.

From (3) there exists a positive integer n, such that

: . 1 Pmn)1/M
SUPmn =N {a,’,fn (|/1mnA§(x,‘,lm - x,rntn)| /m+n) } < 8/2 foralli,l,r,t > syand for N > n,.

Hence
. . P 1/M
{a#:n (llmnAg(x;rlm - x‘rrrfn)|1/m+n) "l} < 8/2 <1 4)
so that
jk T (il rt y|1/min Pmn jk T (il rt y|L/mAmPmn v &
{amn (Mm"AS(xm" - xm‘ﬂ)l ) } < {amn (limnAs Cemn — xmn)' ) } < /2 5)

foralli,l,r,t > sqand m,n,j, k > ny.

This implies that (x2,)mnen i a Cauchy sequence in C for each fixed m,n,j,k > n,. Hence the sequence
(X2 ) mnen convergent to X,,, say,

lim; L xty = Xy for each fixed m,n > n, ©6)

Getting x,,,, , we define x = (x,,,,). From (3), we get s; > 0 such that

. i i . 1/m+n\Pmn /M
g™ = x) = limy . SUPmpnsn {aiffn (|/1mnAg(errlm )] ) } <t/ ©)

ast,t— ooforalli,1>s;. Thus lim;, SoXt =x.

Now we show that X = (X;,,) € I[A, AL, u,p]. Since x% € I*[A, AL, u,p] for each (k,1) € N x N, for each
€ >0 (0 < & < 1) there exists a positive integer n; € N such that

ik : 1/m+n\Pmn /M
{ainn (IlmnAE(x:}m)l ) } < & foreverymmn> n,; 8)
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By (7), (8) and using inequality (1), we get

. 1/M
{a‘:rllcn(l/lmnAg (an) |1/m+n)pmn}

j ; Pmmy1/M . .
{air,:n (|/1mnA§(x;rlm)|1/m+n) m"} + {a#;n (l/'lmnAg(x#m — xmn)|
<Eht fp=c¢

for all i, 1 > max (so, s;) and m, n > max (n, n,). Therefore x € I'’[A, AY, u, pl. This completes the proof of the theorem.

1/m+n)pmn}1/M

IA

Theorem 2.3: Let 0 < Py < Gy and let {222} be bounded. Then I*[A, AL, 1, q] € I°[A, AL, 1, pl.

Pmn

Proof: Let x € I'[A, A%, 1, ql. Then
{al% (1l AL o) [V/™4) ™Y 50,05 myn — oo ©)

Let tyn = {a‘{r{{n |AmnA§(xmn)|1/m+n)qmn} and Ymn = Pmn/ Qmn- Since pmn < Gmn, We have 0 < ¥y, < 1. Take
0 < ¥ < ¥mn- Now we define two sequences U, and v,,,,,as

g = o =)

~ o, if (tmn<1)
and
0, if (tpn = 1)}
= ' : (10)
mn {t‘mnv lf (tmn < 1)
Then
b = U+ Vs O = W O
It follows that
Unn' S Umn S bmny Vo' S Vi (1)
Since tr};?rll"l = urn%n + v‘r};{;llnl then t;}:[n};n < tmn + v};ln.
jk q Ymn ik dmn
{a‘inn(llmnAg(xmn)ll/m+n) mn} < a‘:nn (anATSF(xmn)ll/m*—n)}
jk q Pmn/qmn ik q
{@hn (1A AT G [ /1)) < {af, (L Ctmn) [/ (12)

Pmn dmn

{alf, (1 Anl o)™ ™ < {al¥, (1A Genn) [1/777)}

But
(@2, (1n AL ) /™)™ 5 0,0 mm — o0 (by 9)
Therefore

(@, (BT Cemn) V™)™ 0,as mym — o0
Hence x € I’[A, A%, u, pl.
Thus I*[A, AL, u, q] € IT*[A, AL, u, p]. This completes the proof of the theorem.

Theorem 2.4: Let A be a non-negative regular matrix and p = (pn,) be such that 0 < infp,,, < P < H = SUp pimn-
Then X (AL, u) S A2[A, AL pu,p] for X = 2, where

X% 1) = {x = (Xmn): AmnAT (Xp) € X3
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Proof: Let € [2(A%, w), then there exists K > 0, such that |1,,,, AL ()| < K, forallm,n € N, we get

D s Mot G P < max (K"K} YN af, < o

m=1n=1 m=1n=1
Thus x € A%[A, AL, u,p]. Hence [2(AL, w) € A2[A, AL, u,p].
Theorem 2.5:

(1) Let 0 <infpp, < Pmn < 1.Then I[A, AL, u,p] € I[A, AL, ul.
() Let 1< ppp < SUP P < 0. Then I°[A, AL, u] € I[A, AT, 4, p].

Proof: (1) Letx € I”[A, A}, 4, p]. Then
> (e, (R Gond m4)™  0,5 ke o
m=1n=1

This implies that

Z z ainn anA (xmn)ll/m+n -0, aS],k - ©

m=1n=1

Thus x € I[A, A%, u]. Hence I'[A, AT, i, p] © I'*[A, A%, u]. This completes the proof.

(2)Let P, = 1 for each m, n and sup p,,,, < oo. suppose x € I°[A, AL, u], then

Tine1 Xzt @ A )1/ 0,5 ),k — o0 (13)
Since 1 £ Py < sUp Py, < oo, we have

ii{ P A0 ZZ © V] G|/

m=1n=1 m=1n=
Z Z{a (. (xmn)ll/m+”)}pmn - 0,as j,k - o (using 13)
m=1n=1
Thus x € I*[A, AL, u, p]. This completes the proof of the theorem.
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