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ABSTRACT
In this paper, we have studied the generalized bi-recurrent Weyl spaces. The bi-recurrent properties of Weyl
Conformal curvature, Weyl projective curvature and Weyl concircular curvature tensor have been studied and some
relation between them has been derived.
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1. Introduction:
An-n-dimensional differentiable manifold W, is said to be Weyl space if it has a symmetric connection V* and a
symmetric conformal metric tensor g;; preserved by V*. Accordingly, in local coordinates there exists a covariant
vector field T}, (complementary vector field) satisfying the condition [1], [2], [3],

V'%9ij — 2Tigij = 0 (1.1)
The above equation can be extended to

Ogij — 9njTfi — 2Tigij = 0 (1.2)

where F]f-‘k are the connection coefficients of the symmetric connection V and are defined as

r]}'lk = {]Z } = 9" (GmjTe + 9miT; — 9 Tm) (1.3)
Moreover, under the renormalization condition

Gij = 2*gij (1.4)
of the metric tensor g;;, the covariant vector field Tj is transformed by the law

Ty = Ty + 0 Inl (1.5)
where A is a scalar function defined on W,,. We denote such a Weyl space by W}, (F]}-‘k, 9ij» Tx) or Wo(g, T).

An n-dimensional differential manifold having an anti-symmetric connection V and anti-symmetric metric tensor g;;
preserved by V is called generalized Weyl space [4]. It is denoted by GW, (g, T).

For such a space, in local co-ordinate system, the compatibility condition are
Vigij — 2T gij = 0 (1.6)

Where T, are the components of a covariant vector field, called the complementary vector field of the GW, (g, T)
space. Using the concept of covariant differentiation ([5], [6]), the compatibility condition of (1.6) can be written as
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OGix — gLl — gihL?k —2T9ij =0 (L.7)

where L, are the connection coefficient of the anti-symmetric connection V and are obtain from the compatibility
condition as

1 .
LY =Tl + - [Ximgjn + XomiGin + X1 Gnml g™ (1.8)
Now putting
ho—Lrh oLk o4k mi 1.9
Xij = 5 WimGjn + XmjGin + XijGnmlg (1.9)
We obtain
Lty = Tt + i) (1.10)

Where T fl] and }(l-hj are respectively the coefficient of a Weyl connection and the torsion tenor of GW,,(g,T) space
and are expressed as

1
Iy =L+ L] = LY (1.11)
and
1
xia =5 [Lha = L] = Ly (1.12)

square bracket stands for anti-symmetry.
The components of mixed curvature tensor and Ricci tensor of GW,, (g, T) are respectively
Ll = 0L}, — 0; Ly + Ly Ly — Li; Ly, (1.13)
Lij =LY, (1.14)
on the other hand scalar curvature of GW, (g, T) is defined by
L=gYL; (1.15)
It is easy to see that curvature tensor Lj-l,a- of GW,,(g,T) can be written as
Ljti = Bl + X (1.16)
Where the tensors B]-’}(_i and )(J’-‘kl are defined respectively
By = 0T} — ;T i + Tl '} — Tl (1.17)
Xjii = VieXji = ViXjic + XiiXji = XieXji = 2Xju ki (1.18)

The curvature tensor of GW,,(g, T) satisfies the relation [6].

Ll + Ly =0 (1.19)
L;zlk + L;Lkl + L:clh = Z[Vk)(zjh + VhXI]cl + ZXz]mXIr{ch + ZXf]lmX]:rlL + ZXI}cleT}rll] (1.20)
VinLiy + Vil + VoL = 2[L x b + Loxb + Limxi] (1.21)

The Weyl Conformal curvatureCi’;-k, Weyl projective curvature VVi}jlk and Weyl concircular curvature tensor Zl-hjk in

GW,(g,T) are respectively given by [7][8],

2
Clix = Rl + o [6%R1ij) = &' Ryt = Gir g™ Rimjy + 99" ™ Rimiy — (n = 2)8]' Ry,

1 R
oD [68R:j — 8'Rix — Gireg"™ Romj + 9ij9"™Rmj] + Py (9168 — guS]") (1.22)
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1

Wi = Rl + gy (RS — Rij6%) (1.23)
R

Z{ = Rl + 7o (9ud)' — 96¢) (1.24)

From (1.22) and (1.24) we have

2
Cly = Zl + ——= 60 Z1ij) — 8/ Zjik) — 9 "™ Zimj) + 919" Zpmie) — (n — 2)8]Zy ]

nn-2)
1
~ g k21 = 8/ Zik = 9" Zmj + 119" Zonik] (1.25)
where Zj;, = Ry == gji (1.26)

2. Bi-Recurrent Weyl Spaces:

Definition: 2.1 If the curvature tensor L'l-ljk of GW, satisfies the condition

L jab = AabLiji @1
where A, is a non-zero covariant tensor field, then GW,, is called bi-recurrent. Such a space is denoted by GWW;".

Definition: 2.2 If the curvature tensor C{}k of GW, satisfies the condition
Cif;k,ab = Aap Ci}}'k 22

where A4, is a non-zero covariant tensor field, then GW,, is called generalized Weyl space with bi-recurrent Weyl
Conformal curvature tensor. We denote such a space by C* — GW,.

Definition: 2.3 If the curvature tensor Z L-hjk of GW,, satisfies the condition
Zleap = AavZix (2.3)

where A, is a non-zero covariant tensor field, then GW,, is called generalized Weyl space with bi-recurrent Weyl
Concircular curvature tensor. We denote such a space by Z* — GW,.

Definition: 2.4 If the curvature tensor Wi?k of GW, satisfies the condition

VVihjk,ab = Aap VVi’}k 24)

where A, is a non-zero covariant tensor field, then GW,, is called generalized Weyl space with bi-recurrent Weyl
Projective curvature tensor. We denote such a space by W* — GW,.

Theorem: 2.1 The necessary and sufficient condition for a Generalized Weyl space GW,, to be W* — GW,, is that it
should be Z* — GW,.

Proof: Let GW,, satisfies the relation (2.3) then (2.3) in view of (1.24) reduces to

(R,ab_labR)

R h
Rikap = AapRijr + y——

(9" — 9i6%) 2.5)
contracting the indices h and k we have

R ap—AabR
thj,ab — AabRihj +( ,aLb"1 ab )gij (26)

Now differentiating (1.23) covariantly with respect to a and then again differentiating the result thus obtained with
respect to b we have

1
W ap = Rlap + D (Rik,av" — Rijandi) 2.7
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Above equation in view of (2.5) and (2.6) reduces to

R ap—AabR 1 R ap—AabR
M/i;lk,ab = AabRuk %(giké}h - gij(?;?) + =D [AabRikajh - %gik]

R ap—AabR
-5 [labRij —%gu]

1
Aab [Rl]k (n-1) (Riksjh - RU(SI?)]
= AabWi}}k
therefore the space is W* — GW,.

Conversely let the space be W* — G, then (2.4) in view of (1.23) gives
Rlpap + ﬁ (RianS — RijanOt) = Aan[Rly + (nil) (RS — Rij61)]
transecting (2.10) by g%/ we obtain
Rijap = AapRij — % (AavR = Rap) i
Therefore we have

é‘liclRij,ab - (sj'hRik,ab = Aab(SI}gRL] ShRLk) ab(5k gij — 6]‘hgik)

+= T (5k 9ij — 51‘ gik)
Substituting (2.12) in (2.10) we have

RE

ijkab — n(n ) (5kgu 6 glk) Aab[ ijk — n(n ) (5kgu 6 glk)]
which reduces to

h _ h
Ziikap = AavZijk

Theorem: 2.2 The necessary and sufficient condition for a Generalized Weyl space GW,, to be C* —

should be Z* — GW,.

Proof: Let GW,, satisfies the relation (2.3) then (2.3) in view of (1.24) reduces to (2.5) and (2.6).

(2.8)

(2.9)

(2.10)

2.11)

(2.12)

GW,, is that it

Now differentiating (1.24), (1.25) and (1.26) covariantly with respect to a and then again differentiating the result thus

obtained with respect to b we have respectively
h Rab h h
Zfiap = Ribean + D (98! = 9i0%) -

n(n 2) [5k U],ab 6 Z [ik],a glkg Z‘m}] ab T gljg mZ [mk],a
—(n = 2)8"Zjyejy,an] —

Cl.]k ab — Zihjk,ab +—
(n—Z)

and
_ Rap
Zikab = Rjap ==~ 9jk

Equation (1.14) in view of (2.13) and (2.15) reduces to

h 2
Cuk ab = Rl]k ab n(n 1) (‘glk(S gif(sk) + n(n-2)
Rg

Tgmj) + gijghm (Rmk,ab -2

_gikg ( mj,ab —

+gijg (Rmk,ab _R'_Zbgmk)-
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(687 ap — 5; Zikab = 9ikd"" Zmjap + 9i;9" ka,ab]

[6% (Rij,ab - R'nibgij) = (Rik,ab - R'Tabgik)
%bgmk) —(n—2)s! (Rkj,ab -
(n 2) [6k ( ijab — R'nibgij) - 6]‘}1 (Rik,ab - %gik) - gikghm (ij,ab - %gmj)

(2.13)

(2.14)

2.15)

(2.16)
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Equation (2.16) in view of (2.5), (1.24) and (2.6) reduces to

2
Chikap = Aap{Zly + e [88Z1ij) — 8/ Zjii) — 9™ Zimj) + 919" Zimig — (0 — 2)81 Zy;]
1
~ ) [60Zi; — 8/ Zie — 9™ Zmj + 919" Zonic |}
which reduces to

h _ h
Cijkab = AanCijk

Conversely, let the space be C* — GW, then (2.2) in view of (1.25) reduces to

2

Ziikav * monmg [0k Ziijras = 0] Ziuab — Gik "™ Zimjan + 919" Zimiciap — (0 = 28 Zjan]

1 2
oD [60Zijap — 6] Zitap — Gikd"™ Zmjap + 9ij9"™ Zmican] = Aan{Zlii + o (60 Zpij) — 6/ Zuxg

— 919" Zimj) + 9ij 9" Zimi) — (0 — 2)8'Zy,j] — ﬁ [60Z;j — 5jhzik — 9ik9"™ Znj + 919" Z i |}

which reduces to

2
Zlap — AapZly = =2 (67 (Ziij.ap — AavZii1) — 6" Zpig.ab — AabZjik),ab)

— 99" Zmjrap — 2avZmj)) + 9179"™ Cimit.ab — avZm))
1
—(n = 2)6{(Zjap — AavZic))] — D (68 (Zijap — AanZif) — 5jh(Zik,ab = AavZix)
_gikghm(z[mj] - Aamej) + gijghm(zmk,ab - )]-amek)] (2-17)
Equation (2.17) in view of (1.26)(2.6) and (2.15) reduces to
Zihjk,ab - Aabzihj =0
therefore the space is Z* — GW,,.
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