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ABSTRACT
In this present investigation, the authors obtain sharp bounds for ‘al —uag‘ and la,| for certain subclasses of

meromorphic p-valent functions. As an application of these results, coefficients bounds for classes of functions defined
through Ruscheweyh derivatives are also obtained.
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1. INTRODUCTION:
Let X, denotes the class of functions f(z) of the form

f(z)y=2z"+) a,z"" (pe N:={1,23,..}), )
k=0

which are analytic and p-valent in the punctured unit disk

A ={z:2eC and 0<lzl1}=A—-{0}.

For functions f(z) € X, given by Eqn. (1) and g € X, given by
g@)=2z"+Y b """ (pe N={123,..}).

k=0
we define the Hadamard product (or convolution) of f and g by

(F*e)2)=2"+3 a,b 2" = (g*N(2). @

In terms of the Hadamard product (or convolution) of two functions, we define an analogue of the family Ruscheweyh
derivative [3] by

D}n+P—lf(Z) — - 1
Z

w*f(Z), (}\4>—p,p6 N,fe Zp) 3)
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or equivalently

7u+2p-lf( )

1
Dk+p lf —
®= ((?»er D!

A+p-1
j , (A>-p,pe N,feX)) 4

It follows readily from Eqn. (1), Eqn. (3), Eqn. (4) that

D**f(z) =27+ 8(Lk)a, 2P, (A>-p,pe N.feX) )
k=0
where f € X, is given by Eqn. (1) and
_(A+p+k) _(A+p+k
a(x’k)_( k+1 j_(k+p—1j'

The function f(z) is subordinate to the function g(z), written f < g, provided there is an analytic function w(z) defined
on A with w(0) = 0 and Iw(z)| < 1 such that f(z) = g(w(z)).

Definition: 1.1 Let ¢(z) be an analytic function with positive real part in the unit disk A with ¢(0) = 1 and ¢’(0) > O that
maps A onto a region starlike with respect to ‘1’ and symmetric with respect to real axis. A functions f € X, is in the

class Z;a (@) if
_ 27" ()

1
A —— .
ST <¢(z), (ze A,o> . ,pe N)

In the case of o = 0 let us see the basic class as follows.

Definition: 1.2 Let ¢(z) be an analytic function with positive real part in the unit disk A with ¢(0) = 1 and ¢’(0) > O that
maps A onto a region starlike with respect to ‘1’ and symmetric with respect to real axis. A function f € X, is in the

class Z;(¢) if
_zf (z)

of(2) <@(z), (ze A,pe N).

The classes Z;a (9), Z; (@) were studied by Srutha Keerthi et al. [7].
Lemma: 1.1 If p(z) = 1 + ¢,z + ¢,z + - is a function with positive real part, then, for any complex number
o, —pe?| <2 max{1,12p-11}

and the result is sharp for the functions given by

1+z 1+z
7)= , z7)=——-0.
p(z) - p(z) n

Lemma: 1.2If pj(z) =1 +cjz+ 72 + - is an analytic function with positive real part in A, then for ry, r; real,

3
|c3 +1,¢,C, +1,C) | <2H(s,,s,),

where s, =2(r; + 1), s, =2r; +4r, + 1 and

1 for (s,,s,)e D,uUD,
s, for (s,,s,)e U,_,D,

Hes,.5,) = 2 (|Sl|+1)(3M+s ) for (s,,s,)e DyUD,

%32(51_4 )(81_4 )% for(sl,sz)eDLOUDH—{iZ,l}

s7—ds, / \3(s,~1)

2(|S| 1)(3@‘5\]‘1:2)} for (s,,s,)e D,
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the extremal functions up to the rotations are of the form

1+z° 1+z
Pl(Z)— Z s 1(Z)__

1+(1-2))(g, —€,)z—¢,&,2°
1— (g, +¢&,)z+€,8,2°

Pi(2)=p,(2) =

1-2°
7)= 7)=———,
P\(2) P1,1() 1—2tlz+z2
1+2tz+2°
p(2)=p,,(2)= 1_122 )

:t—€%®+w

,=—€ 5 (1a+b)

a=t cos ’1 t2 s1n R

( 2s,(s; +2)—3s;
7| 3s, —1)(s2 4s)

) |s |+1 2
B [+ 148y )
1
|s,|—1 ?
tL=l—7—"7""1,
3(s,|—1-s,)
w{ngﬁ_%@f+?—mﬁtm.
2 2| 2s,(s; +2)—3s,
The sets Dy, k =1, 2... 12 are defined as follows.

{(sl,s ): |s |< |sz|<1}

1
]D2:{“v593§FK|52»§;d&L+D3—(kJ+1)sbAg1}
1 2
D, {52 bl=-2 )
Dy ={(s,,5,):]s,[<

1

1
1%=%%%Yh55’

2
D, :{(sl,sz):|s1| >4,]s,| 2_(|Sl|_1)}’

D, %gsg <k4<2——$4+n<pJ<——¢4+n —$|+n}
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2 2ls (S +1)
D, :{(Swsz)¢|sl| = 2"§(|S‘|+1) <f S%}

2s,[dsi[+D _
TspA2s,|+4
2ls,|ds,|+1) <fs,|< 2ls,|s,| -1
Slz+2|sl|+4_ g _Slz—2|sl|+4 ’

2ls,|s,| -1
512 —2|sl|+4

(51,5,):2<]s| <4 |sz|g$(s]2+8)}’

(sl,s2)1|sl|24,

D, :{
D, :{(sl,sz):|sl| >4,
D, :{

2
<[s,| < —(|s1|—1)}.
3
Lemma 1.2 is a reformulation of a Lemma given by Prokhorov and Szynal [6]. For earlier works refer also [1, 2, 5].

2. COEFFICIENT BOUNDS:

Theorem: 2.1 Let ¢(z) = 1 + B,z + B,z* +---. I f(z) given by (1) belongs to Z;a (@), then for any complex number U,

|a1—pa§|S£max 1,&— (2+—ap)2(1+a—2p) B,pl- 6)
2+ap) B, 2(1+ap)
H(S]7SZ)7 (7)

This result is sharp. Further,
B
|32| < 1P
2(3+ap)

where s, s, and H(sy, s,) is as defined in lemma 1.2, also

. :&_ (1+oc)(3>+ocp)B1p_1 ®
"B, 2Q+ap)(l+ap)

B, B, . (1+0)(B+ap) (1+a)2+0a)(1-ap)Bp’ +l

r, = - 2B, -2B,)p+ . 9
> 4B, 2B, 8(2+ap)(1+(1p)( 1~ 2B2)p 8(1+ap)’ 4 ©
Proof: If f(z) € Z;a(@ let
_ l-apes
p(z)zz—fl(z)=1+blz+bzz2+---. (10)
plf(x)]™
from (10)
aO:—l_blp 11
+ap
2 2
yoo Do bi0+ap )
2+ap) 2(1+ap)
4. =b.—3b.b (1+a)p b (1+(1)(1+2(1)p2_2(1(1+(7.)(1+20.)p3 (13)
2 T Q4 ap)2+ap) 2(1+ap)? 6(1+ap)’
Since ¢(z) is univalent and p(z) < 0(z), then the function
-1
p(z):M:1+clz+czzz+---, (14)
1-¢7 (p(2))
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is analytic and has positive real part in A. Also we have

p,(2)—1
15
p(z) = ¢( (@ (15)
and from (15), we obtain
B.c
b, = 121 (16)
1 )l 1,
bZ:E B, cz—7 +ZB2c1, (17)
3
b, = 2% (B, —B,) S5 +(B1+B3—2B2)%1 (18)
Substituting (16), (17), (18) in (11), (12), (13) we get
_—(Bcp (19)
2(1+ap)
a = B12012(1+0L)2p2 N [B,c; —B,c; —2B,c,Ip 20)
8(1+ap) 42+ ap)
_ -Bp - &_(14—0{)(34—0{[))]31[)_1 e,
2(3+ap) B, 2Q2+ap)(l+ap)
@2n
Lo (1+a)(1+20)(1-ap)B/p’ +2(1+0L)(3+0Lp)(B1—B2)p+ B, B, +l
: 8(1+ap)’ 8(1+ap)(2+ap) 4B, 2B, 4
Therefore we have
2 -Bp 2
a,—pa.=—(c, —vc 22
1 —Ha, 2(2+0Lp)(2 D) (22)

where

l 1_B B,p2+ap)(1+a—2p)
B, 2(1+ap)?

Now we obtain inequality (6) by applying Lemma 1.1 in (22) and inequality (7) by applying Lemma 1.2 in (21). The
result (6) is sharp for the function defined by

-z 1(2)

T
and

-z"*f(2) _

T

Corollary: 2.1 Let ¢(z) = | + B,z + Boz> + - If f(z) given by (1) belongs to X » (#) , then for any complex number p,

|a1 —ua§| sz max{ } (23)

B
la, | ST‘pH(s],sz) (26)

B__(l 21)Bp

1

Further,

where sy, s, and H(sy, s5) is as defined in lemma 1.2, also
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B, 3Bp_

r, =—= 1, 25
' B, 4 @)
_ 2.2
I, = B, B, +3(Bl Bz)p+Blp +l. (26)
4B, 2B, 8 8 4
The result (23) is sharp for the function defined by
0 (z
_ _() - ¢(Z2 )
pf(z)
and
2 (z
)
pf(z)

These are obtained by taking o = 0 in equations (6) and (7).

3. APPLICATIONS TO FUNCTIONS DEFINED THROUGH RUSCHEWEYH DERIVATIVES:

The following classes Z;’a (@) and 2; (@) were defined by Srutha Keerthi et al. [7].

Definition: 3.1 Let ¢(z) be an analytic function with positive real part in the unit disk A with ¢(0) = 1, and ¢’(0) > O that
maps A onto a region starlike with respect to 1 and symmetric with respect to the real axis. A function f(z) € X, is in the

class Z[};,a (@) if
—2"*[D"f(2)]
p[D*f(z)]"*
By taking o = 0, we set the class Zg (@) .

<@(z), (ze A,a>_—1,k> —p,pe N).
p

Definition: 3.2 Let ¢(z) be an analytic function with positive real part in the unit disk A with ¢(0) = 1 and ¢’(0) > O that
maps A onto a region starlike with respect to 1 and symmetric with respect to the real axis. A function f(z) € X, is in the

class Zﬁ(@ if
—z[DM(2)]

pID(2)] <#(z), (ze A,A>-p,pe N).

Theorem: 3.1 Let the function ¢(z) = 1 + B,z + B,z” + --. If f(2) given by (1) belongs to Z;‘»a (@) then

|a —ua2|: 2B,p max< 1 B, | Ctop) 1+0L——Oh+p+1)M B,p
! T+ p+ D +p)2+ap) B, |2(1+ap) (A +p) '
27
This result is sharp.
Further
B
Ja,[ < 5B.p Hs,.5,),

A+p+2)A+p+1)(A+p)(3+ap)

where s, s, and H(sy, s,) is as defined in lemma 1.2, also ry, r, are given by equations (8), (9). The proof is similar to
theorem 2.1, so the details are omitted.

Corollary: 3.1 Let the function ¢(z) = 1 + Byz + B,z” + ---. If f(z) given by (1) belongs to Z;” (@) then

|al—uaé|: Blp max 1’&_ 1_()\‘%—p——}_1)l't Blp
A+p+D(X+p) B, (A+p)

This result is sharp.
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Further

Bp

|32|S
A+p+2)A+p+1)(A+p)

H(s,,s,),

where sy, s, and H(sy, s,) is as defined in lemma 1.2, also ry, 1, are given by equations (25), (26).

Corollary 3.1 is obtained by taking o = 0 in theorem 3.1.
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