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ABSTRACT

In this paper, we characterized invertible composition operator on weighted spaces of analytic functions and obtained
dynamical system induced by weighted composition operator on weighted space of vector-valued analytic functions.
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1. INTRODUCTION AND PRELIMINARIES:

The theory of weighted composition operators on spaces of analytic functions are gaining importance as it includes two
nice classes of operators and very less information is known about weighted composition operators as compared to the
theory of composition operators which has been presented in three monographs(see Cowen and MacCluer [3], Shapiro
[8] and Singh and Manhas [9]). In [5] Manhas has made a application of multiplication operators can be found in the
theory of dynamical systems. This paper is an continuation of the paper [6]. For more details about weighted
composition operator on weighted spaces of continuous and analytic function spaces [1], [2], [4], [5], [6] and [9]. We
have organized this paper into three sections. The preliminaries required for proving the results in the remaining
sections are presented in section 1. In section two we have characterized the invertible composition operator on
weighted spaces of analytic functions. In the last section we endowed with important theorems and obtained dynamical
system induced by weighted composition operator on weighted spaces of analytic functions.

Let G be an open connected subset of C N (N 21) and H (G, E) be the space of all vector-valued analytic

functions from G into the Banach space E . Let V' be a set of non-negative upper semi continuous functions on G .
Then V is directed upward if for every pair uu, € V and Au >0, there exists VE V such that ﬂui <v (point

wise on G ) for i =1,2. If V is directed upward and for each z€ G, there exists V& V such that v(z) > 0.

Then we call V' as an arbitrary system of weights on G . If U and V are two arbitrary systems of weights on G
such that for eachu€ U , there exists V€ V for which u <V, then we write U <V . If U <V and V < U, then

we writeUU =V .Let V' be an arbitrary system of weights on G .

Then we define HV, (G, E) ={f € H(G,E) :vf(G)isbounded in E foreachve V} and
HV (G,E)={fe H(G,E):vf vanishesat onG foreachve V} .

ForveV and f € H(G,E), we define ||f||1 = sup{v(z)”f(z)” 1Z€ G} . Clearly, the family”.”V i VEVof
semi norms defines a Hausdroff locally convex topology on each of these spaces HV, (G, E) and HV,(G,E).
With this topology on each of these spaces HV,(G,E) and HV (G, E) are called weighted locally convex spaces
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of vector-valued analytic functions. These spaces have a basis of closed absolutely convex neighborhoods of the form
B, ={fe Hv,G.B):|f| <1}.
Definitions of reasonable and essential system of weights: [5]:

An arbitrary system of weights V is called reasonable if it satisfies the following properties: for eachve V,
there exists ve V suchthat foreach ve V,”f" <1 iff ||f||v <1 such that for every fe H(G) ; if

1
veV ,thenforevery z€ G Hfz € B, such that |fz (Z)| = T . A weight V€ V is called essential if there exists
v(Z
a constant ¢ > 0 such that v(z) < ;(Z) <cv(z), foreachze G .

A reasonable system of weights V' is called an essential system if each V€ V' is an essential weight.

Let G be a topological group with e as identity, let X be a topological space and 7 : GX X — X be a continuous
map such that

(i) z(e,x)=x foreveryxe X
(i) 7(st,x) =7z (s,x(t,x)) foreveryt,se G xe X .

Then the triple (G, X ,7)is called a transformation group, X is a state space. If G = (R,+) the corresponding
transformation group is called a dynamical system. The transformation group (IR, X, ) is known as continuous

dynamical system. If X is a Banach space and

m(t,ax+ By)=an(t,x)+ pr(t,y) forte R,a,fe C, x,ye X

then (R*, X,7) is called a linear dynamical system.
2. INVERTIBLE COMPOSITION OPERATOR ON ANALYTIC FUNCTION SPACES:

Theorem: 2.1 Let V be an arbitrary system of weights on G . Let ¢ :G > Ghoe analytic map such that C P isa
composition operator on H Vb (G) . Then C o is invertible if (i) for each V€& V', there exist U € V' such that
V(¢(Z)) < M(Z) forevery Z€ (G . (ii) foreach Z€ G, ¢ is a conformal mapping of G .

Proof: It is enough to show that C P is bounded below and onto. For let VE V' and Bv be a neighborhood of the
origin in HVb (G) . Then by condition (i), there exist 4 € V' such that V(¢(Z)) < I/t(Z) forevery 7€ G .
We claim that C¢ (B:) c B: . Let f € BVC .

IN

sup{u(2)||f(#(z)]:z€ G}
lc, f

Then L<|[f], = suptv()|[f(9(z)]:z€ G}

IA

u

This shows that C ¢f€ Buc and hence C P is bounded below. Now we shall show that C P is onto. For let

ge HVb (G) Fix 7y € G and let VE V be such that V(¢(ZO )) > (). Then by condition (i), there exists
UueV such that V(¢(ZO ) < M(ZO) for every Z, € G . By condition (ii) define an analytic map

¢_13G—)G.Alsodefine h:G—-C ash=g0¢_1.

© 2011, IIMA. All Rights Reserved 2544



D. Senthil Kumar® and P. Chandra Kala’*/COMPOSITION OPERATOR AND WEIGHTED COMPOSITION OPERATOR ON WEIGHTED
SPACES OF ANALYTIC FUNCTIONS/ IJMA- 2(12), Dec.-2011, Page: 2543-2548

Then we show that he H Vb (G) .For,let vE V . Then by condition (i), there exists V € V' such that
V(¢(Z)) < M(Z) for every Z € (G . Now we have

|7

L= SUP{V(¢(Z))||h(¢(Z))|| :z€ G}
< sup{u(z)”g ° (/TIH :z€ G}
=sup{v(2)|g(z)|: z€ G} <|¢

< oo,
u,E
This proves that /1 € HVb (G) and clearly C¢ (h)= £ . Hence C¢ is invertible.

Corollary: 2.2 Let V be an arbitrary system of weights on G . Let ¢ : G = G be analytic map. Then C 4 is

invertible composition operator if ¢ is a conformal mapping of G onto itself such that Vo ¢ =V.

Proof: Since, ¢ :G — G is a conformal mapping such that V<Vo ¢ [5]. Implies that ) P is a composition
operator on H Vb (G) .

Letv € V . Then, since V o ¢ <V suchthat u € V' such that V(¢(Z)) < M(Z) forevery 7€ G .

1
Further, there exists W€ V such that —— < W and V(¢(Z)) < W(Z) for every Z € (G . Thus according to the
my

given condition and theorem: 3.1, it follows that C P is invertible composition operator on H Vb (G).

Corollary: 2.3 Let G be a simply connected open subset of C andlet V = { ﬂl A>0,K cG,Kis compact} .
k
Let ¢ :G > Ghoe analytic map. Then () P is invertible composition operator on H Vb (G) iff ¢ is a conformal

mapping of G onto itself.

Theorem: 2.4 Let G be a simply connected open subset of C and let V be a reasonable system of weights on G .
Let ¢ :G > G e analytic map such that C P is composition operator on H Vb (G) . Then C¢ is invertible iff

@) ¢ is a conformal mapping of G onto itself.

(i) for each VE V there exists u € V' 3 \~1(¢(Z)) < ;(Z) forevery 7€ G .

Proof: Suppose, conditions (i) and (ii) hold. Let Z € G and let VEV be such that V(¢(ZO )) > (. Then
V(¢( 2, )) > (0 and by condition (ii), there exists U € V' such that V(¢(ZO )) < M(ZO ) . Further by

condition (i), we have that ;(Z) < ;(¢_1 (2)) forevery z€ G.
(i.e) ;(z)\ (¢! (Z))H <u(¢™'(2)) foreveryz€ G.

Therefore C . is a composition operator on H Vb (G) such that C ¢C e = C¢,1 () 6= I ,the identity operator.

Hence C P is invertible. Conversely, suppose that C P is invertible on H Vb (G) . First to show that ¢ is a
conformal mapping. We need to prove that ¢ is bijective. Let Z;,2, € G be such that 3 z Z, - Then by Riemann
mapping theorem, there exists one-one analytic function g € H” (G) such that g (Zl) Fg (Z2) .
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Define h:G — C as h(Z)Z g(Z)_g(Zl) for every 7€ G . Let gZ2 (S m be such that
gZZ (Zz) # 0 and ]/lo = hg . Since Iﬁb\(G/) is module over H * (G) , it follows that ho € Im such
that /’lo(Zl) =0 and ho(zz) #0.Let €= E +&, and let VE V' be such that V(Zl) >1 and V(Zz) >1.

There exists ;’G V' such that \N)(Zl) 21 and \:(ZZ) >1.

Since C P (m) is dense in I/{Vb\(G/) there exists F' € ITIVb\(G/) such that

1
C¢FH <2—g.

1 1
|F(¢(Zz)| —g<§'

Qo) v,

PO (z)] < 5 mes.

Further it implies that || F (¢ z, )| < 28_‘19 < % and H‘F(¢(Z2 )| - 1‘ < 5_2 < %

From the last two inequalities, it is easy to conclude that ¢(Z1 ) E= ¢(Z2 ) Thus ¢ is injective and also using the

injectivity argument of C ¢ We can conclude that ¢ is onto. Now to prove condition (ii), we fix V € V' . Then there

exists VE V' . According to theorem:2.1, C, is bounded below on H Vb (G) . Thus there exists U € V with

4
u€e 'V . We claim that \:(¢(Z)) < ;(Z) foreveryZ€ G .
Let Z, € G .For 7 = ¢(ZO).We have \:H(¢(ZO))80(¢(ZO))H <1, where 8 € P/IVbx(G/).

That is V(¢(Z0 ) < u(zo) . This proves our claim.
Corollary: 2.5 Let G be a simply connected open subset of C andlet V be an essential system of weights on G .

Let ¢ :G — G be analytic map such that C 4 is composition operator on Vb (G) .Then C P is invertible iff

@) ¢ is a conformal mapping of G onto itself for every Z € G.
(ii) for each VE V' there exists u € V' 3 V(¢(Z)) < M(Z) forevery Z € G.

Proof: Follows from the above theorem, since each V € V' is essential.

3. DYNAMICAL SYSTEM AND WEIGHTED COMPOSITION OPERATOR:

Let g€ H”(G,B(E)) and ”g”oo = sup{”g(z)” :2€ G} . Then for each € R. We define ¥, : G = B(E) as
w,(z)=e““Vze G andlet @, : R — R be the analytic map defined by @,(@) =1 + @Vt,we R.

Theorem: 3.1 Let ¢ : X — X and ¥, : X — X be continuous functions. Then W'// ,(pf is bounded VIe R, f € H(X).

Proof: We shall show that W% v f is continuous at the origin. We claim that Ww,, (p(B) C B.Wehave
HWM fH = sup{v(0) |y, (x) f (9(x))|: x€ X and 1€ R}
<sup{(v(0)|w, ()| f (@x))|: xe X andte R}
< sup{v(x)e*™ ||f(x)|| :xe Xandte R}
< M sup{v(x)”f(x)”xe X}
<|f], S1as 1—0.

Therefore WW (ﬂf is continuous at the origin. Hence proved.
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Theorem: 3.2 Let H ™ (G, B(E)) be the space of bounded analytic functions. Let /1, (@ ) converges to h(@) in
H”(G,B(E)) and let f, be a sequence converging to f in HV,(G,E) .Then the product of f,h, (Qa )
converges to ﬂl(@) in HV,(G,E).

Proof: LetVE V .

Then

£ (0,) = m(9)| , =su{v)| 1,2, (0, )~ f@h(0.)]: z€ 6]
= SUP{V(Z) f.(@h, (1, +2)) = f()h(t + Z))H iz€ G}
<sup{v(2)||f, (D), (t,)h,(2) = f,(DhDA(2)]: z€ G}
+sup{v(2)|| £, (2)h(O)h(z) — f(Dh(t)h(2)|: z € G}
+sup{v(2)|£,(2) = f @[ |a)h(2)|: z € G}
<sup{v()| £, @1, @)k, (2) = h(DR(2)|: z € G}
<l (o, )= 1(@)|_I4], +r ()| I1f, = 71, =0

h(p,)-h(e)

as

—0and | £, - f|| = 0.

Theorem: 3.3 Let V be an arbitrary system of weights on G and let 7 : R X HVb (G,E) > H(G,E) vethe
function defined by 7[(1‘, f) = Wl// @ f forevery I € R and f S HVb (G, E) .Then 7T g linear dynamical

HV,(G.E)

system on

Proof: Since, for every f € R’WV/ ? is a weighted composition operator on HV, (G,E) . Thus it follows that
w(t, f)e HVb(G,E) forevery t€ R and f € HVb(G,E).

Clearly 7T is linear and
70, f)2)=W, , f(z)forallze G
= f(z) forallze G

=¥, (2)f(2).
Therefore (0, f) = f .

Similarly Z(t + s, f) =72(t, 7 (s, f)) forallt,se R .
Next to show that 7T is dynamical system, it sufficient to show that 7T is jointly continuous [7]. Let the sequence

{@ £} beanctin Rx HV, (G, E) suchhat (¢ , f) = (1, f).

LetVE V . Then

“”(ta’fa)_ﬂ-(t’f)

v,E = HW‘//ra By fa h W'//t’q’t f V.E

v, (Df, (@, () =¥, (D f (@) 2 G}
v, (1,9, () -V, (2 f,(9,(2):z€ G)

= sup{v(2)|

< sup{v(z)‘
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+SUP{V(Z)H1,//,(Z)fa((/?Ia (2))— W,(z)f((p,(z))” :z€ G}
<sup(v(2)|w,, () -, ()| /. (@, (2))]: z€ G}

+sup (v, D £ (@, (D)~ f (@(2))]: 26 G)
Sﬂmﬂk%ﬂm“)v@ﬂ“}@a+zN:ze(ﬂ
éﬂ@wiwa;0a+z)—f(t+zm:ze(ﬂ

< oMl (e\fa*fH\gHm _ I)V(Z)Hfa((”za )HV’E

(@)~ f(®)

Since by theorem: 3.2. This shows that 7 is jointly continuous and hence 7T is a linear dynamical system on

HV,(G,E).

+sup{

t
LMl

— 0.
v,E
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