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ABSTRACT

In this paper, we study a new class of harmonic univalent functions associated with modified generalized — derivative
operator in the open unit disk. We obtain numerous sharp results including coefficient conditions, extreme points,
distortion bounds, convolution properties and convex combinations for the above class of harmonic univalent
Sfunctions. The results obtained for the class reduce to the corresponding results for various well-known classes in the
literature.
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1. INTRODUCTION:

A continuous complex valued function f = u +iv defined in a simply connected domain D is said to be harmonic in
D if both © and Vv are harmonic in D. In any simply connected domain D we can write f =h+ g, where hand g are

analytic in D. A necessary and sufficient condition for f to be locally univalent and sense preserving in D is that

(2)]>|g'(2)

,Z2€ D, see [4].

Denote by Sy the class of functions f =h+ g that are harmonic univalent and sense preserving in the unit disk
U= {z : |z| < l} for which f(0)= f,(0)—1=0.Then for f=h+ge S,, we may express the analytic

function Aand g as

h(z)=z+Y a,z",g(x)=> bz", |b|<1. (1.1)
k=2 k=1
Note that the class Sy reduces to the class S of normalized analytic univalent functions if the co-analytic part of
f = h+ g isidentically zero.

In 1984, Clunie and Sheil-Small [4] investigated the class Sy and studied some coefficient bounds. Since then, there
have been published several related papers on Sy and its subclasses.

In fact by introducing new subclasses Sheil-Small [14] Silverman [15], Silverman and Silvia [16] and Jahangiri [9]

presented a systematic and unified study of harmonic univalent functions. Furthermore we refer to Ahuja [1], Duren [7]
Ponnusamy and Rasila [11] and references therein for basic results on the subjects.

To study our work systematically first we give the class 5 5 (rx,,@ ] introduced by Gencel and Yalcin [8]
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Let S %(, f) denote the family of harmonic functions f of the form (1.1) such that

Re{ Dn+lf(z)—D”f(Z) }<ﬂ,
D™ f(z)+(1-20)D"f(z)

for 0< @ <1,0< B <1L,neN, and zeU. It should be noted that the differential operator D" was introduced by Salagean
and D"f(z)=D"h(z)+(=1)"D"g(z) .
For n,meNy, Ny = NU{0}, A>0,and f = h+ g given by (1.1), we define the modified generalized-derivative operator
of f as

Dy af(2)=Dyh(z2)+(=D)"D7, 8(2) , (1.2)

where D} ah(z)= Z 1+ (k=1)A]" C(m,k)a, z*,

oo

D} 48(2) =Y [1+(k=1)A]" COm k)b z*
k=1

_(ktm=1)_ T(k+m)
and C(m,k)—( m j‘r(k)F(mH)'

Remark: 1.1 It is worthy to note that the generalized derivative operator D |, ; was introduced by Darus and Shaqsi [3]

Remark: 1.2 Some special cases of this operator includes the following derivative operator Dy, ) = D, ([3],[10]), the
Salagean derivative operator D g = D" ([6],[13]), the generalized Salagean derivative operator D g ,= Dj [2], the
Ruscheweyh  derivative  operator D Om,lE D, [12], and the generalized Ruscheweyh derivative  operator

D m, Z._ m,A [ 17 ] .
Darus and Shagqsi [3]. gave the following inclusion relations:

Df(z2)=(1-A)D ;. f(2)+AzD;, . f(2))

2D paf(z)'=(+A)Dpaf(2)=AD 3 21 (2)

DYof(2) = f(2).

For @, =l,n,me Ny,A>0 ,0<a<1, 0<fB<1 and z€ U,we let Sy (a, B,A,mk) denote the family of
harmonic functions f of the form (1.1) such that

R{ DS (2)=Djaf ()
(]
D™ f(z)+(1-22)D" 4 f

(2 )}<,B, (1.3)

D, f isdefined by (1.2).

We let the subclass E:I (Cl, ,5, ﬂ, m,k) consist of harmonic function fn =h+ §n in 513 (0{, ﬁ, ﬂ, m,k) so that &

and g, are of the form

oo

h(z) = Z—Zakzk, gn(z):(—l)"Zbkzk. a,,b, 20 and |b,| < 1. (1.4)

k=1

In this paper, the coefficient condition given in [8] for the class SE (rx, ﬁj is extended to the class S;’I (0{, ,B, ﬂ, m,k )
of the form (1.3). Furthermore, we obtain extreme points, distortion theorem, convolution conditions and
convex combinations for the functions in S,Z (a, ﬂ, ﬂ, m, k).
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2. MAIN RESULT:

In our first theorem, we introduce a sufficient bound for harmonic functions in S Z (a, ﬁ, ﬂ, m,k )

Theorem: 1Let f(z) = h(z)+ g(z) be given by (1.1). Furthermore, let

i [1+ (k= DA {[(k = DA+ B2 + (k = 1)A —2a)]C(m, ka |+ Q2+ (k-1)A+ Bl(k - 1)A + 2a])C(m, k)b, |}

k=1

<4p(-a)

2.1)

where @, =1, n,me N,, 1>0, 0<a<l, 0<f<I.
Then f(z)is harmonic univalent, sense preserving in U and f € S}, (0!, B, A,mk )

Proof: For |z1| < |Z2| <1 we have

| f(z)- f(zz)l gz 8(zy)]
| h(z,) - h(zz)l |h<z) h(z,)|

‘ kz_;bk(Zf—ZQ‘) ‘
(- 2)-Ya, e - <4)

=1-

i[1+(k—1)/1]”(2+( 1A+ Blk =12+ 2a])C(m, k)b, |

>1_ k=1

1_:22[”(;(_1)4]" (= 1)2+ B2+ (k- 1)A-2a)]C(m.k)a, |
>0

Hence, f(Z ) is univalent in U. Note that f(z) is sense preserving in U.
This is because |h’(z)| >1- i k|ak ||Z|k71
k=2
>1-3 Ka,|
k=2
>1- i [+ & -DA] [(k -2+ B2+ (k -1)A - 2a)|C(m,k)a,|
> Z[1+ k=DAL' 2+ (k= 1)A+ B((k D)2+ 2a)[C(m, k)b, |2

2 Zk|b Eh
g (Z)I
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It remains to show that f(Z)G SZ (a, ﬂ,ﬂ,m,k).Suppose that the inequality (2.1) holds true and Ilet

ze U = {Z :ze C and |Z| = 1} . Then we find from definition (1.2) that

DRt flz)-Dp 1 f(2) |
pptl fla)+(1—2a)D] , F(2)

‘2(1—0{)z+

[1+ (k = 1)A]" C(m, k )k =1)Aa, z* - (~1)" i[l +(k=DA]"C(m, k)2 + (k =1)Ap, Z* ‘

k=1

M 1

[1+(k -DA]" C(m, k)2 + (k =1)A-2afs, z* = (=1)" i [1+(k =DA]" C(m.k)(k —1)A + 2], Z*

k=1

[1+(k=1) 2] C(m.k)(k—1) Aa,|2* +i[l+(k—1) Al C(mk)[2+(k-1) 2B

b
Il
[S]

M

T
8]

<

M)

2(1-all-
<p

provided that the inequality (2.1) is satisfied . Hence, by the maximum modulus theorem, we have

[1+(k=1) A] C(mk)[ 2+(k—1) A-2a] a, ||| —Z[H(k—l)ﬂ]" C(mk)[(k-1) A+2a |||

>~

=2

feSiHa, B, Amk)

The harmonic mappings

z)=z+ 5 24(1-a) X zk
/6 kézh+@—Dﬂ”CWJ%@—Uﬂ+ﬁ@+@—Uﬂ—mﬁ]k
N E 2,3(1 - a’) v Zk (2.2)

k=1[1+E=-DA Clm, k)2 + (k—1)A+ B[k —1)A +2])

where Z| X, | + Z| Vi | =1, show that the coefficient bound given by (2.1) is sharp. The functions of the form
k=2 k=1

(2.2) are in §;} (0{, ,3, /1, m, k) because

© [i+ k-1 Clm k)(k-DA+ B2+ (k-1 -2a)]
2 %

A 28(1-a) "
OZO 1+ (K -DA C(m, k)2 + (k —1)A+ B](k —1)A +2x]) ‘b ‘
k=1 28(1-a) k

oo

= [+ 2yl +1=2
k=2

k=1

In the following theorem, it is shown that the condition (2.1) is also necessary for function f, =h+ g, where h

and g, are of the form (1.4).
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Theorem: 2 Let f =h+§n be given by(1.4). Then f € EIZ (0{, ﬂ, ﬂ, m,k)if and only if
i[u (k=1) AT {[(k=1) A+ B(2+(k~1) A-2a) | C (m.k)|a,|+(2+ (k=1) A+ B[ (k—1) A+2a ) C (m. k) ]}

<4p(1-a) (2.3)

Proof: Since § - (a B.A,mk ) c Sy (CU B, A, m,k ) we only need to prove the “only if” part of the theorem . To

this end, for functions fn of the form (1.4), we notice that the condition

[ B4 £(2)- DL £z) I”:ﬁ
byt fE)+(1-2a)D) , f(2)
is equivalent to

—iu(k—l) A] C(mk)(k=1) Aa,2 ~(-1)" i[n(k—l)ﬂ]” Cmk)[ 2+(k-1) A]pz*
Rﬁ k=2 k=1

2(1-a) 2= 1+{(k=1) A] Clmk)[2+(k=1) A=20 2 ~(~1)" ST1+{(k=1) A] C(m)[ (k1) A+20]2"
>—p.

If we choose z on the real axis and z—> 1~ we get

[1+ (k =1)A]" C(m, k )k —1)Aa, + i [1+ (k =D)A]" Clm, k)2 + (k —1)A]p,
2 k=1 — < ﬂ
[ (k =DAl" Clm, k)2 + (k —D)A -2k, = [1+ (k= )A]" Clm, k)(k - 1)A + 2a]p,

k=1

M

NMX T

2(1-a)-

whence

Z[l+(k DA]" C(m, k )k —1)Aa, +Z[1+ k —DA]" C(m, k)2 + (k —=1)A]p,

<2B(-a)- ,B; [1+(k —D)A]" Clm. k)2 + (k =1)A - 2], — ﬂki [1+ (k = D)A]" C(m, k)(k —=1)A + 2a]p,
and so

2[1 F(k=DAL [k =12+ B2+ (k- 1)A—2a)IC(m.k)a, + z [+ (k= DAL 2+ (k= )A+ Bl(k - 1)A +2@)]C(m, k)b,
<2B8(1-a)

which is equivalent to (2.3).

Next, we determine the extreme points of the closed convex hulls of S ,'; (0(, ,B, A, m,k) denoted by

clcog;} (a, B.A,m, k).

Theorem: 3 Let f, =h+ g, be given by (1.4). Then f, € clcogg ((x, B.A,m, k) if and only if

oo

fu(2)= ;(xkhk (2)+ v, 2. (2))
where

h(z) =z,
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_ 2,3(1_“) k _
O 1 [ S PR o vy oy R

and
_ Y 26(1-a) —k _
O 1 o P [ P T
ixk-l-yk =1,x, 20 and y, 20.

In particular, the extreme points of S ,3 (0(, ,B, A,m, k) are {hk } and {g nk }

Proof: For the functions ( ) of the form (2.6),we have

Z x. by, +ykgk
k=1

B N PR 24(1-2) Lok
kzl( g yk) k=22 [1+(k=1)A]" [ (k=1) A+ B(2+(k-1) 2-2@) | C (m,k) :
ey § 2401-c)
k=1 [1+(k-1)A]" (2+(k-1) A+ B[ (k1) 2+2a]) C (m.k)
Then
= [l (e gk —1)2—20{)]C(m,k)[ 24(1-a) ]
s 2pl1-0) [+ (e~ DA (k-2 + A2+ (k- DA — 20)]cm k) ©

26(1-a) , ]
[1+ (k=) 2+ (k = 1)A+ Bl(k —1)A+2a])C(m k) ¥

N i [14+(k 1) 2+ (k =1)2+ Bl(k —1)2+ 2a])C(m, k)
= 28(1-a)

:ixk +iyk =1—x1 Sl,
k=2 k=1

andso f, (z)e §,Z (, B.A, m, k), conversely, if f, (Z)E clco 513 (0(, B.A, m, k), then

24(1-a)
[1+(k DA [(k =14 + ,(b’(2+(k A -2a)lc(m, k)’
md - hes 1+ &k -DA]"[2+ (k - 1)/1+ﬁ(k DA+2a)c(m,k)
St . = [1+(k—1)/1]”[(k—1)/12-|l-3 ﬁ( + )(k 1)A-2a)|C(m, k 0. k23
- [1+(k-DA 2+ (k - ;;/Elt,igk ~1)A+2a)JC(m, k) b etz

Then by Theorem 2, 0< x, <1,(k=23,......)and 0< y, <1, (k=1.23,.......)
© 2011, IJMA. All Rights Reserved
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We define x, =1— Z X, — z ¥, and note that by Theorem 2, x, = 0.
k=2 k=1

Consequently, we obtain

oo

=2 (5 () +3,8,.(2)
k=1
as required.

The following theorem gives the distortion bounds for functions in S " (a, ﬂ, A,mk ) which yields a covering result
for this class.

Theorem: 4. Let f,(z)e S} (&, B, A,m, k). Then for |Z| =r <1 we have

<({1+p|)r+ 2 pli-a)-(1+ fa) m r’ =r<
bbb o s por g e i=r <

and

() = (1=|y|)r - 2 (ﬁ(l_ a)-(L+ far) C(m,k)|bl|Jr2

[+ A (m+ D\ [A+ B2+ A-2a)] ld=r<1.

Proof: We only prove the right hand inequality. The proof for the left hand inequality is similar and will be omitted.

Let f € 513 (a, B, A,m, k) . Taking the absolute value of f, we have

n(z)' < (1+|b1|)r+2(lak|+|bk|)rk
k=2

< (1+|bl|)r+Z:(]ak|+|b,(|)r2
k=2

(el 28(1-a) o[+ A [A+pa+A-2a)[m+1) |, 2
=0 |b|) [+A]'[A+ B2+ 1-2a)| m+l(z 28(1-a) (I"| |b"|) j
< 28(1-a) 2+28a )
<l+pl)r+ [+ AT [2+ B2+ A-22)) m+1(1 26(-a) (m’k)|b'|}

1+ i+ 2 ,B(l—a)—(l+ﬁa) " 2
=(+b) [1+/1]"(m+1)([/1+ﬁ(2+l—za)]c( ”‘)V’IU

The following covering result follows from the left hand inequality in Theorem 4.

Corollary: 11f f,(z)e S, (&, B, A,m, k), then

{ Tnl< [1+,1] [A+B(2+A—2a)](m+1) —2B(1-) [1+/1]"[/1+,B(2+/1—2a)](m+1)—2(1+ﬁa)|bl|}
[1+A]'[A+B(2+A—2)](m+1) [1+A]'[A+B(2+A-2a)](m+])
cf.(U).

For our next theorem, we need to define the convolution of two harmonic functions. For harmonic functions of the form

f(2)=2=Tlals + (-1 Xl | 7

and

)=z~ ZIA "+ (- "ZIB .
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we define the convolution of two harmonic functions f(z) and F(z) as

fi(2)*F,(z)= Z_Z|ak||Ak|Zk +(_1)n2|bk||Bk|Zk' 2.4)
k=2 k=1

Using this definition, we show that the class § ,3 (0!, ,3, /1, m,k ) is closed under convolution.
Theorem: SFor0 < ¢, <, <1, letfn(z)e S (a,, B, A,m,k) and F, (z)e Si (e, B, A,m k).
Then f, *F, € S} (%, 8, A.mk) c Si (e, B, A.mk).

Proof: Let f, ( —z—Z|ak|z +( "Z|bk|fk be in §,’;(0(2,,5,ﬂ,,m,k),and

—Z Z|A |Z + ”Z|B |Z bein S, (al,ﬂlmk)

Then the convolution *F ) is given by (2.4). We wish to show that the coefficient of * F satisfies the
n

n

required condition given in Theorem 2.

For Fn(Z)E 513 (al,,B,/Lm,k), we note that |Ak| <1land |Bk| <1.

Now, for the convolution function (f *F ) we obtain

; 1+ Kk -DA] [(k - 1),12; ,g(i ;(;c —1)A-2a,)C(m, k)lak ™
N i [+ (k-0 2+ (k- 21;)(? if(;c ~1)A+2¢, )]C(m’k)lbk ™
i + (k=1 [(k —=1)A+ B2+ (k—=1)A-2a,)|C(m, k), |
25(-a,) o
= [1+(k=D)A]"[2+ (k =1)A+ B((k - D)2 +2a, )|C(m, k)
2 2p0-a,) d
i +(k=DA]'[(k=1)A+ B2+ (k —1)A-2a,)|C(m, k), |
260 -a,) i
= 14k =D)A]" [2+ (k =1)A+ B((k = 1)1+ 2ax, )|C(m, k)
2 2~ a,) d

<1
Since 0< @, <@, <l,and f,(2)€ S; (a, B, A,mk).

Therefore fn * Fn € E;} (az,ﬁ,/i,m,k) C 513 (0(] ,ﬁ,ﬂ,m,k).

Now we show that § ,Z (0(, ,3, /1, m, k) is closed under convex combination of its members.
Theorem: 6 The class S ,3 (0{, ,8, A,m, k) is closed under convex combination.

Proof: For i=1,2...let f, (Z)G 513 (0!, B, ﬂ,m,k), where f, is given by
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Z|ak |z +(- Z|b |z ,
Then by (2.3),

[1+(k—1)/7,]"C(m,k)[(k—1)/1+,6’(2+(k—1)/1—2a')]a

5 pl-a) o les 2.5)
P [1+(k—1 Al C(mk)(2+(k=1)A+ B[ (k- 1)/1+2a])
B(1-a) i

For Z t; =1, 0<t, <1, the convex combination of f, may be written as

gt,—f,,‘ =z- i[imk ]z +(- i@’bj

k=2 \_i=I k=1

Then by (2.5),

ﬁ(l—(){) i=1 i ﬁ(l_a)

k=1

i([”(k—1)/1]"[(k—1)/1+,3(2+(k—1)/1—2a)]itlak+[1+(k DAL 2+ (k=1)A+ Bllk - 1/1+2a]2 j

[1+ (k =DA]" Clm, k)(k =1)A + B2+ (k = 1)1 - 2a)] .

:iti i ﬁ(l—a) ’ 4

pr . [1+(k —DA]" C(m, k)2 + (k —=1)A+ Bl(k —1)A + 2x]) b i
pll-a) ¢

This is the condition required by (2.3) and so ztifni ( Z ) € §13 ( a, ﬂ, A,m,k )
i=1

A
M
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