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ABSTRACT

Some common fixed point theorems for point- valued and set-valued compatible mappings in metric spaces are
proved.
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1. INTRODUCTION:

In the last two decades research workers have generalized/extended Banach contraction theorem in various
ways. A large number of research papers are available which have generalized the theorem of Banach involving
more than one mapping. In these papers they have used the notion of commutativity, weak commutativity and
compatibility. For this one can see the papers [3, 4, 5, 6, 8, 9]. It is shown by examples in [3] and [10] that
commuting mappings are weakly commuting and weakly commuting mappings are compatible. The converse of
these results is not true. Some authors have also made attempts to prove some fixed point theorems for set-
valued mappings. Jungck and Rhoades have generalized some results of [1], [2] via compatibility for set-valued
mappings.

In this paper we have proved some common fixed point theorems for point valued and set-valued compatible
mappings which coincide with the results already proved for fixed point theorems for point-valued mappings.

2. KNOWN DEFINITIONS AND RESULTS:

Let (X,d) be a metric space and let f,g:(X,d)—(X,d). The mappings f and g are said to be weakly commutative [1]
if and only if d (fgx, gfx) <d (fx, gx) for x€X. The mappings f and g are said to be compatible [cf. 6] if and only if
whenever {x,} is a sequence in X such that fx,, gxn—t then d (fgx,, gfxn) —0.

Let B(X) denote the family of bounded subsets of X and let J:B(X)xB(X)—[0,©) by
o(A,B)=sup{d(a,b):a€A,beB}. Fisher {[1], [2]} made several discussions on ¢ and obtained some of its
properties. It is to be note that for any three A,B,CEB(X), (A,B)<d(A,C)+d(C,B) and 6(A,B)=0 iff A=B={a}. If
XEX, we write d(x,A) for 6({x},A).

Let {A,} be a sequence in B(X), we say that {A,} —A cX, and we write A,—A if and only if

(i) a €A implies that a=lima, for some sequence {a,} in X where a,€A, for n=1,2,3,... and

(ii) for any €>0 there exists m€N, N is a set of natural numbers, such that A, cA={x€A:d(x, a)< € for some
a€A for n>m}.
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The following lemmas are collected from Fisher {[1], [2]} which we need to prove our theorem.

Lemma: 1 Suppose {A,} and {B,} are sequences in B(X) and (X, d) is a complete metric space. If A,—A EB(X)
and B,—BEB(X) then 0 (A,, Bn) —0 (A, B).

Lemma: 2 If {A,} is a sequence of non-empty bounded sets in the complete metric space (X, d) and if
limy,_,,, 6 (A, {y}) = 0 for some y€X then A,—{y}.

Let F:X—B(X). F is said to be continuous at x€X if x,—x implies Fx,—FXx.
Jungck and Rhoades [6] formulated the notion of compatibility for point valued and set-valued mappings in the

following way:

Let I: X—X and F: X—B(X). F and I are d-compatible if and only if IF(x) €B(X) for x€X and ¢ (IFx, Flxn) —0
whenever {x,} is a sequence in X such that Ix,—¢ and Fx,— {¢} for some t€X.

Further Jungck and Rhoades [6] proved the following proposition.

Proposition: 1 Let (X,d) be a complete metric space. Suppose [: X—X,F:X—B(X) and I and F are 3-compatible.
(1) Suppose the sequence {Fx,} converges to {z} and {Ix,} converges to z. If I is continuous, then Fix,—{Iz}.
@ii) If {{u}=Fu for some u€X, then Flu=IFu.

By UFX we mean UF(X)={y€&X:y€Fx for some x€X}.

3. THEOREMS AND COROLLARIES:

Theorem: 1 Let F,G be two set-valued mappings from a complete metric space X into B(X). Let I, J be
mappings from X into itself satisfying the inequality

O(Fx,Gy) <max{d(Ix,Jy),o(Ix,Fx),0(Jy,Gy)} — w[max{d(Ix,Jy),0(Ix,Fx),0(Jy,Gy)}]
for all x,y€X. Suppose the mappings F and I are 6-compatible and G and J are o-compatible and UGX cl(X)
and UFXcJ(X). If one of the mappings I and J is continuous then F, G, I and J have a unique common fixed

point 7. Moreover Moreover Fz=Gz= {z} and w: [0, ©) — [0, ®©) such that w is continuous and w(r)<r for r>0.

Proof: Let xo€X be arbitrary. Since J contains the range of F and I contains the range of G, we construct a
sequence {x,} inductively in X such that

JX2041 €Y 20 =F X2 Jx2142 EY 2041 EGX2yi, n=0,1,2,... .

Let
0 = 0(Fx,,Gx,,;) if n=2m, m=0,1,2,... .
= 0(Gx,, Fxp.) if n=2m+1.
Then
§2m = 8(F‘XZm) Gx2m+]) S max{d(Ime:Jx2m+])15(1x2nzrFme)’(S(J-me+]: Gx2m+1)}
= wlmax{d(Ixzu, J% 2+ 1) 50X 20, FX20),0 (I X241, GXopa 1)]
i.e. 0o < max {0 (Gxap.;, Fx2m), 6 (Gxzp.1, Fx2m), 6 (Fxz,,, Gx2m, )}

—wlmax{(Gxzn.1, Fx2)s0(GX 21, FX2) 0(F X2 GX 2 1) }
= max {52111—I’52m+b52m} - W[max{52m—b52m+l:52m}]-

If 05,,>02.1, then 05, < 02,—W02,, a contradiction. So, 0,<02.;. Then 0,,<02,,.; — W (02,-1). SO, we have

00 < 6 —W(0y ey
ie. W(an_]) < (5,,.] - (Sn.
SO, Z?:() W(al) < 50 - 51 < 50.
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So, the series of non-negative terms ).;/—, w(§;) is convergent. Hence, lim,,_,,, w(8,) = 0 . From (1) for n>1,

we get {J,} is a decreasing sequence of non-negative terms which implies that lim,_,., wé, = a for some a ER*.
Since w is continuous w(a)= lim,_, w(6,) = 0 =0. This implies that a=0. Hence,

lim,,, 6, = 0. )
We next show that the sequence {Fxo=Yo,Gx1=Y;, Fx2=Y>,Gx3=Y3,...} is a Cauchy sequence. In order to show
that {Y,} is a Cauchy sequence, it is sufficient to show that {Y>,} is a Cauchy sequence. For this, there exists a
positive number ¢ such that for each even integer 2k there are even positive integer 2m(k) and 2n(k) such that

2m(k)>2n(k)>2k and 6(Y2m(k), yz,,(k))<8.

For each even integer 2k, let 2m(k) be the least even integer exceeding 2n(k) satisfying the above inequality so
that

Y omiiy-2,Y 2n1))<E and (Y amqy ,Yon(1))>€E 3)
Then for each even integer 2k,
(Y 2wy Youy) < 0¥ anyy Yomiay-2)+0CY 2mitg-2 » Yomey- D+ 2meryo1 5 Yomaay)
= 0(Yam(ty-2 Y 2u(19)+O2miky-2 +O2mty-1-
From (2), (3) and the above inequality
limy o 8 (YVamqiy » Yaoy) = € “
On using triangle inequality we get,
16CY 2t Y2ngr+ 1) =¥ 2195 Y 20000 < S(¥ 20089, Y 20019+ 1) =0 20089,
1Y 2ty 15 Y 2n019+ 1) =O(¥ 2m(igs Y 200+ D < O(¥ 2mgags Yoy D=02m(195
10CY 2k 1Y 209+ 2) =Y 2migs 15 Y 2nye DV < O(Y 2nghye 15 Yan(hj+2)=02n(hjs1-

From (2), (4) and the above inequality passing on limit as k—oo we get,

e=limye oo S Vam@io),v yng e = 1Mo 8 Vam(ie) +1,¥ 40 e )= Moo 6 Vami)+1,Y 1 0042)- A)
Now,
5(Y2m(k)+I7Y2n(k)+2) = 5(Gx2m(1<)+/,FX2n(k)+2)

< max{ 5(1x2n(k)+21-]x2m(k)+l)a5(1x2n(k)+21 FxZn(k)+2)a5(Jx2m(k)+lyGme(k)+l)}
= wlmax{ 6(Ix zu)+2 I X2mik)+ 1 )0UX2n0042 F X210+ 2) 0 IX 2k 15 GXomeiy+ 1) }]

< max{ (Gxzn+ 1 FX2m010)s0(GX 2k 15 FX2n(i)+2)s0F X2 GXongry+1) }
-wl max{ S(GXZn(kHI:Fme(k))’a(GXZn(kHb FxZn(k)),é(Fme(k)’GxZn(k)+1)}]

= max{ 5(Y2m(k)) an(k)+1),5(Y2n(k)+1, YZn(k)+2)’6(Y2m(k): YZm(k)+])}
— wlmax{ 5(Y2m(k): YZn(k)+1 )75(Y2n(k)+1) an(k)+2)75(Y2m(k)+1, YZm(k)+1)}]-

Using (A) and passing on limit as k—o0, we have

e<e-w(e) i.e. w(e)<0 a contradiction and so {Y,} is a Cauchy sequence.

If y, is an arbitrary point in Y, for n=1,2,..., it follows that d(y,,,y,)<0(Y,, Y, )<e for m,n>N. It follows that the
sequence {Y,} is a Cauchy sequence in the complete metric space X, the point y, being independent of the
particular choice of Yn and {y,} is Cauchy and because X is a complete metric space let y, converge to yeX. In

particular the sequence {Ix;,} and {Jx,,,;} will converge to y and further by Fisher [2] the sequence of sets
{Fx;,} and {Gx;,,;} will converge to the set {y}.
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We now suppose that the mapping / is continuous. Then it follows that the sequence I2x,,—1Iy. Since F and [ are
J-compatible, by proposition 1 [7], FIx,— {Iy}.

Now,

5(le2me2n+1) < max{ 5(12x2)1’1x2n+])’5(12x2n’FIx2n)aé(JXZ)H—]’GXZ)H—])}
—wlmax{ (1%, Jx2n4 1):0U2% 20, F1%2),0(JX 2041, G X2 1) -

Letting n tend to infinity we have
d(ly.yySmax{d(ly,y),d(ly,ly),d(y.y)} = wimax{dl(ly,y),d(Iy,Iy) }=d(ly,y)-w(d(Iy.y)),
and it follows that Iy=y. Further,
0(fy,Gxanv1) < max{d(ly,Jxzus1),0(1y, FY),0(Jx 2041, GX2ns 1)} = wlmax{d(ly,Jx2,+ 1),0(Ly, F),0(J X211, GX204 1) }]-
Letting n tend to infinity we get
d(Fy.y) <max{d(y.y).0(y.Fy),0(y.y)}-wlmax{d(y.y),0(y.Fy).0(y.y)}1-
ie. O(Fy.y) <0(Fy.y) —w(d(Fy.y)),

and so Fy={y}. This means that y is in the range of F and since the range of J contains the range of F, there must
exist a point y'in X such that Jy=y and so GJy=Gy.

Now,
0(y,Gy") = o(Fy,Gy<max{d(ly,Jy"),0(ly,Fy),0(Jy',Gy")} — wlmax{d(ly,Jy"),6(1y,Fy),0(Jy",Gy")}]
= max{d(y,y),d(y,y),(,Gy") }-wlmax{d(y,y),d(y,y),6(y,Gy"}]
= 0(y,Gy")-w(9(y,Gy"),
and this gives d(y,Gy")=0, i.e. Gy'={y}.
Next,
0Jy,Gy) <d(Jy,GJy')
<o(Jy,JGy')+d(JGY',GJy")
= d(Jy,JGY'), since J and G are compatible
= d(Jy,Jy)=0.
So Gy={Jy}. Next,
o(y,Gy) = d(Fy, Gy)
< max{d(ly,Jy),o(ly,Fy),0(Jy,Gy)} — wlmax{d(ly,Jy),o(ly.Fy),0(Jy,Gy)}]
= max{0(y,GYy),d(y,y),d(JyJy)} — wlmax{d(Iy,Jy),0(Iy,Fy),0(Jy,Gy)}]
= 5()’,GY) —W(;(Y’Gy)
So, Gy={y}. This gives that {Jy} =Gy={y}.

We have therefore proved that y is a common fixed point of F,G,/ and J and that Fy=Gy={y}. This result of
course holds if J is continuous instead of /.

Now suppose that F, G, I and J have a second fixed point z. Then

O0(Fy, Gz) <max{d(ly,Jz),0(Iy,Fy),0(Jz,Gz)}-w[max{d(ly,Jz),0(Iy,Fy),0(Jz,Gz)}]
Le. d(y, z) =max{d(y,2),d(y,y),d(z.2)} —wlmax{d(y,2).d(y.y),d(z,2)}]

ie. d(y,z) <d(yz) -w(d(.2)),

and so y=z. This means that y is the unique common fixed of F,G,I and J.

This completes the proof of the theorem.

The following Corollary follows immediately.
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Corollary: 1 Let F and G be mappings of a complete metric space (X, d) into B(X) satisfying the inequality
O(Fx, Gy)Smax{d(x, y),0(x, Fx),0(y, Fy)} —w[max{d(x, y),d(x, Fx),0(y, Fy)}]

for all x, yeX. Then F and G have unique common fixed point z. Further Fz=Gz= {z} and 7 is the unique
common fixed point of F and G.

Theorem: 2 Let f, g, I and J be mappings of a complete metric space (X, d) into itself satisfying the inequality
d(fx, gy)smax{d(Ix, Jy),d(Ix, fx),d(Jy, gy)} —wlmax{d(Ix, Jy),d(Ix .fx),d(Jy, gy)}]

for all x, yeX. If the mappings [ and 1 are compatible and the mappings g and J are compatible,

8(X)cl(X).fiX)cJ(X) and if one of the mappings I and J is continuous then, f, g ,I and J have a unique fixed

point z.

Proof: Define set-valued mappings F and G on X by Fx= {fx} and Gx={gx} for all x&X. If I (or J) is continuous

then the conditions of Theorem 4 are satisfied and it follows that f,g./ and J have a unique common fixed point

zZ.

Since commuting maps are compatible, we have the following Corollary.

Corollary: 2 Let f; g and /& be mappings of a complete metric space into itself, & is continuous, fh = hf;, gh = hg;

fXUg(X) ch(X). If f, g and h satisfy d(fx, gy)< maxfd(hx,hy), d(hx, fx),d(hy, gy) —w[max{d(hx, hy), d(hx, fx),

d(hy,gy)] for all x, y in X, then f, g and & have a unique common fixed point in X.

Corollary 2 is the theorem of Liu [7].
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