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ABSTRACT
The aim of the paper is to introduce the concept of ., n-semi generalized closed sets in bigeneralized topological
spaces and study some of their properties. We introduce the notion of sg, »-continuous functions on bigeneralized
topological spaces and investigate some of their properties.
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1. INTRODUCTION:

Generalized closed sets in a topological space were introduced by Levine [6] in order to extend many of the important
properties of closed sets to a larger family. For instance, it was shown that compactness, normality and completeness
in a uniform space are inherited by generalized closed subsets. The study of bitopological spaces was first initiated by
Kelly [5] and thereafter a large number of papers have been done to generalize the topological concepts to bitopological
setting. Fukutake [4] introduced generalized closed sets and pairwise generalized closure operator in bitopological
spaces. Boonpok [1] introduced the concept of bigeneralized topological spaces and studied (m, n)-closed sets and (m,
n)-open sets in bigeneralized topological spaces.

In this paper, we introduce the notions of pmn-sg closed sets and sg,n-continuous functions in bigeneralized
topological spaces and investigate some of their properties.

2. PRELIMINARIES:

We recall some basic definitions and notations. Let X be a set and denote P(X) the power set of X. A subset £ of P(X) is

said to be a generalized topology (briefly GT) on X if @ € 4 and an arbitrary union of elements of & belongs to (2]
Let 4 be a GT on X, the elements of ( are called i -open sets and the complements of // -open sets are called K -

closed sets. If A C X, then interior of A, denoted by i p (A), is the union of all 4 -open sets contained in A and closure

of A, denoted by ¢ p (A), is the intersection of all £ -closed sets containing A [3]. Let (X, px) and (Y, py) be generalized
topological spaces. A map f: (X, pux) — (Y, py) is said to be continuous iff M € py implies f '(M)€E ux [2].

Definition: 2.1 Let (X, u) be a generalized topological space. A subset A of X is said to be (L -semi openif A C ¢,
(i P (A)). The complement of a f -semi open set is called i -semi closed set. If A C X, then semi interior of A,

denoted by si y (A), is the union of all £ -semi open sets contained in A and semi closure of A, denoted by sc p (A), is

the intersection of all // -semi closed sets containing A.

Proposition: 2.2 Let (X, p) be a generalized topological space. For sub sets A and B of X, the following properties hold:
1) sc,X-A)= X—siﬂ (A) andsiﬂ X-A)=X-sC,(A);

@I (X-A) € pu then sc,(A)=Aandif A€ 4 then siﬂ (A) =A;
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B)A C sc, (A) and Siﬂ (A) C A;
@) sc, (sc, (A) = sc, (A)and si#(si# (A)) = si# (A).

Definition: 2.3 [1] Let X be a nonempty set and let u;, u, be generalized topologies on X. The triple (X, pu;, H,) is said
to be a bigeneralized topological space.

Notation: 2.4 Let (X, u,, 1) be a bigeneralized topological space and A a subset of X. The closure of A and the interior
of A with respect to p,, are denoted by ¢ . (A) and i i (A) respectively, for m = 1, 2. The semi closure of A and the

semi interior of A with respect to pu,, are denoted by sc, (A) and siﬂm (A) respectively, form =1, 2.

Definition: 2.5 [1] A subset A of a bigeneralized topological space (X, Wy, ) is called (m,n)-closed if cﬂm( Cu, (A) =A,

where m, n = 1, 2 and m # n. The complement of a (m, n)-closed set is called (m, n)-open.

Proposition: 2.6 [1] Let (X, uy, p) be a bigeneralized topological space and A a subset of X. Then A is (m, n)-closed if
and only if A is both p-closed in (X, p,) and (X, pp).

Definition:2.7 [7] A subset A of a bigeneralized topological space (X, p;, U,) is said to be (m, n) generalized closed
(briefly um, n-closed) if ¢ i, (A) € U whenever A € U and U is a y,-open set in X, where m, n =1, 2 and m # n. The

complement of a yy, n-closed set is said to be (m, n) generalized open (briefly p,, n-open).

Definition: 2.8 Let (X, ,u; , ﬂf( ) and (Y, ,u; , ,uﬁ ) be bigeneralized topological spaces. A mapping f : (X, ,u; , ﬂf( )
— (Y. [y, [ ) is said to be pairwise continuous if £ : (X, ty ) — (Y, fdy) and f: (X, iy ) — (Y, [;) are continuous.

Definition: 2.9 [7] Let (X, ,u}( , /J,z( )and (Y, ,u,l, , ,uﬁ) be bigeneralized topological spaces. A function f: (X, /J;( s ,uf( )

— (Y, ,u; R ,uf ) is said to be (m,n)-generalized continuous (briefly, g, -continuous) if f TF) is WU, n-closed in X for
every H,-closed set F of Y, where m, n =1, 2 and m # n.

Definition: 2.10 [7] Let (X, ,u§( , ,uf( ) and (Y, /11‘, , ,uﬁ) be bigeneralized topological spaces. A function f: (X, ,u; s

,u§ ) — (Y, ,ull, s ,uﬁ) is said to be g, n-irresolute if { = (F) is ugm, n-closed in X for every pgm, n-closed set F in Y,
wherem,n=1,2and m #n.

3. SEMI GENERALIZED CLOSED SETS:
In this section, we introduce i, )-sg closed sets in bigeneralized topological spaces and study some of their properties.

Definition: 3.1 A subset A of a bigeneralized topological space (X, H;, M») is said to be (m, n) semi generalized closed
(briefly p(m, n-sg closed) if s, (A) €U whenever A € U and U is a p,-semi open set in X, where m, n =1, 2 and

m #n. The complement of a p, - sg closed set is said to be a (m, n) semi generalized open set(briefly pm, n-sg open).

Proposition: 3.2 Every p,-closed set is 1y, n-Sg closed.

Proof: Let A be a p,-closed set and U be a p,-semi open set containing A. Then Cy, (A)=A cU. Since sc i A

Cy, (A), we get sc u, (A) < U. Therefore we get A iS [y, n)-sg closed.

Remark: 3.3 The concepts U, n-closed and e, n-sg closed are independent notions. This can be seen from the
following examples:

Example: 3.4y ; -closed # i 5-sg closed.
Let X = {a, b, c}. Consider the two topologies = {@, {a}, {a, b}, X} and £ ,={@, {c}, {b,c}} on X. Then {c}

and {a, c} are u (;, 5-closed but not u (; ,)-sg closed.

Example: 3.5 p1 1 2-sg closed # (1 o-closed.
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Let X = {a, b, c}. Consider the two topologies & 1={ @, {a}, {a,b}, X} and £,={¢, {c}, {b,c}} on X. Then @is

U (1,2)-g closed but not p;, 2)-closed.

The family of all pm, n-sg closed (resp. Wm, n-sg open) sets of (X, u;, ) is denoted by pm, n)-SGC(X) (resp.
U, m-SGO(X)), where m, n =1, 2 and m # n.

Lemma: 3.6 Every (m, n)-closed set is [ (m, n)-sg closed.

Proof: Let A be a (m, n)-closed set and U be any p,-semi open set containing A. Since A is (m, n)-closed,

cﬂm(cpn (A)) = A. Therefore, scﬂm(scﬂn (A) C cﬂm(cﬂn (A)=A cCc U.

ie., ¢, ( sc,, (A)) < U. Since sc,, A) C sc, ( 5¢,, (A)) <€ U, we get sC,, (A) € U. Therefore A is U, n)ySg
closed.

The converse is not true as can be seen from the following example:

Example: 3.7 Let X = {a, b, c}. Consider the two generalized topologies 1 = { @, {a}, {a, b}, X} and
Ho={@,{c}, {b,c}}onX. Then {a}is L 2 -sg closed but is not (1, 2)-closed.

Remark: 3.8 The union of two ug, n)-sg closed sets is not a p, n-sg closed set in general as can be seen from the
following example:

Example: 3.9 Let X = {a, b, ¢, d}. Consider the two generalized topologies t = { ¢ ,{a,b}, {b,c}, {a,b,c}} and
Ho={¢,{ab,d}, {b,c,d}, X} onX. Then {a} and {c} are U (1 5 -sg closed but {a} U {c} = {a, c} is not
M (1,2 -sg closed.

Proposition: 3.10 Let (X, u;, u,) be a bigeneralized topological space. If A is ugy, n-sg closed and F is (m, n)-closed,
then AMFis ugm, ny-sg closed, where m, n = 1,2 and m # n.

Proof: Let AN FC U, where U is p,,-semi open. Then A € U U (X —F). Since F is (m, n)-closed, F is p,,-closed
by Proposition 2.6. Hence (X — F) is y,- open. Therefore, X — F is p,-semi open. Since A is W, n)-Sg closed,
sC,, (A)C U U (X -F). Therefore, sc,, (A) NF < U. Since Fis (m, n)-closed, again by Proposition 2.6, F is

U,-closed.

Hence F is p,-semi closed. Therefore sc i, (F) =F. Hence sc, (ANF) C ¢, (A N ¢, (F)= s¢,, (A) N"F Cc U.

Therefore, AMF is tm, n-sg closed.

Remark: 3.11 1 ; »-SGC(X) is generally not equal to /£ (»,1,-SGC(X) as can be seen from the following example:

Example: 3.12 Let X = {a, b, ¢}. Consider the two generalized topologies 1 1={ ¢, {a}, {a,b}, X} and

L2={@.{c}. {b.c}}onX. Then i . -SGC(X)={@, {a}, {b}. {a. b}, {b,c},X} and 4 . ;,-SGCX) = {@. (b},
{c}. {a, b}, {b, ¢}, X}. Thus £ .5-SGC(X)# U 0. 1,-SGC(X).

Proposition: 3.13 For each element x of a bigeneralized topological space (X, uj, U,), {x} is uy-semi closed or X-{x} is
U (m, ny-Sg closed, where m, n =1, 2 and m # n.

Proof: et x € X and the singleton {x} be not Um-semi closed. Then X —{x} is not p,-semi open. If XE€ p,,, then X is
the only p,-semi open set which contains X —{x}. Hence X — {x} is pm, n-sg closed and if X & u, then X — {x} is
U, ny-Sg closed as there is no uy,-open set which contains X — {x} and hence the condition is satisfied vacuously.

Proposition: 3.14 Let A be a subset of a bigeneralized topological space (X, uy, uz). If Ais ugm, n-sg closed, then
8¢, (A)—A contains no non-empty ,,-semi closed set, where m, n = 1, 2 and m # n.

Proof: Let A be a i n-sg closed set and F# @ be a p,-semi closed set such that F € sc,, (A) - A. Then
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ACX-F, X-Fis uy-semi open and since A€ U @, n) - SGC(X), we have s¢,, (A) € X-F.
Thus F C s¢,, A) N X- sc,, (A)) =@ . Therefore, F = ¢. This is a contradiction. Thus sc, (A) — A contains no

non-empty p,-semi closed set.

The converse is not true as can be seen from the following example:

Example: 3.15 Let X = {a, b, ¢, d}. Consider the two generalized topologies i ;= { ¢ {a, b}, {b,c}, {a,b,c}} and
Ha2={¢,{ab,d}, {b,c,d},X}onX. If A={c,d} then SCy, (A) — A = {a, b} does not contain any non-empty

ui-semi closed set. But A is not [ (1 5 -sg closed.

Proposition: 3.16 Let p; and u, be generalized topologies on X. If A is a i, n-sg closed set, then
s, (x}) MA# ¢ holds for each x&€ sc,, (A), where m, n =1, 2 and m #n.

Proof: Letx € s, (A). Suppose that scﬂm({x}) MNA=¢. Then A C X - scﬂm({x}). Since A iS U, n-sg closed
and X — scﬂm({x}) is Uy-semi open, we get sc,, (A) C X—scﬂm({x}). Hence, sc,, (A) M scﬂm({x}) = ¢. Thisisa

contradiction.

Proposition: 3.17 If A is a p,, »-sg closed set of (X, py, uz) suchthat A € B C sc, (A), then B is a ugy, ny-sg closed

set, where m, n =1,2 and m # n.

Proof: Let A be a u,, n-sg closed setand A € B C 5¢,, (A). Let B € U and U be p,,-semi open. Then A < U.
Since A is U (m, n-sg closed, we have sc, (A)cU. Since B C 5C,, (A), we get sc, B) < sc,, (A) <€ U. Hence B is

Wm, ny-Sg closed.

Proposition: 3.18 A subset A of a bigeneralized topological space (X, 1y, Uz) iS U, n-sg open iff for every subset F of
X, F C si#n (A) whenever F is p,,-semi closed and F € A, where m,n=1,2 and m #n.

Proof: Suppose that A is yy, »-sg open. Let F C A and F be p,-semi closed. Then X-A € X-Fand X-Fis
Um-semi open. Since X — A is Uy, n-sg closed, sc, X-A) € X-F. Thus X — Siﬂn (A) € X —F and hence

F C sy, (A).

Conversely, suppose that FC si i (A) whenever F is p,-semi closed and F € A. Let X - A C U and U be p,-semi
open. Then X - U C A and X — U is p,-semi closed. By assumption, we have X - U C siﬂn (A).

Then X — siﬂn (A) C U. Therefore, s, (X-A) € U. Thus, X — A iS (m, n-sg closed. Hence A is py, n-Sg Open.

Proposition: 3.19 Let A and B be subsets of a bigeneralized topological space (X, 1, 1,) such that
siﬂn (A) € B C A. If Ais yugy, n-sg open then B is py, n-sg open, where m, n= 1,2 and m #n.

Proof: Suppose that siﬂn (A) € B € A. Let F be p,,-semi closed such that F & B. Then F C A also. Since A is
M, n-Sg open, F C siﬂn (A) by Proposition 3.18. Since Siﬂn (A) CB, we have Siﬂn(Si/In A) C siﬂn(B).

Consequently, siﬂn (A) siﬂn (B). Hence F C si#n (B). Therefore B is iy, n-sg open by Proposition 3.18.

Proposition: 3.20 If a subset A of a bigeneralized topological space (X, [, [2) 1S W, n)-Sg closed, then sc “n (A)-Ais

MU(m, n)-Sg open, where m, n =1, 2 and m # n.

Proof: Suppose that A is [y, »)-sg closed. Let X — (s¢ i, (A)—A) < Uand U be p,,-semi open.

Then X - U C sc,, (A) — A and X-U is py-semi closed. By Proposition 3.14, sc,, (A) — A does not contain non-
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empty p,-semi closed set. Consequently, X-U =¢, then U = X. Therefore, sc, X - (scﬂn (A)-A)) € U. Sowe
obtain X — (scﬂn (A) — A) is U, ny-sg closed. Hence, sc, (A) — A 1S U (i, n)-Sg Open.

Definition: 3.21 A subset A of a bigeneralized topological space (X, pu;, W) is said to be (m, n) generalized semi closed
(briefly pm, n-gs closed) if s, (A) €U whenever A € Uand U is a u,-open set in X, where m, n=1, 2 and m # n.

The complement of a p, »- gs closed set is said to be a (m, n) generalized semi open set(briefly um, n-gs open).
Proposition: 3.22 Every U, n)-sg closed set is tm, n-gs closed.

Proof: Let A be a [y, n-sg closed set and U be a p-open set containing X, where m, n = 1, 2 and m # n. Since every
open set is semi open, we get U is p,,-semi open. Since A is U, »-sg closed, ¢y, (A) < U. Therefore A is

M (m, n)-g8 closed.
4. SEMI GENERALIZED CONTINUOUS FUNCTIONS:
In this section, we introduce sgm n-continuous functions on bigeneralized topological spaces and study their properties.

Definition: 4.1 Let (X, ,u}( s ,U; ) and (Y, ,u} s ,uf ) be bigeneralized topological spaces. A function f : (X, ,U;( s ,U; )
— (Y, ,u; , ,uﬁ) is said to be (m,n)-semi generalized continuous (briefly, sgmq-continuous) if f TP is Mm, n-sg closed
in X for every p,-closed set F of Y, where m,n =1, 2 and m # n.
Example: 4.2 Let X = {a, b, c} and Y = {p, q}. Consider the generalized topologies ,u; ={@,{a}, {a, b}, X},

2 2
Uy ={9.{c}h.{b.c}}, hy={¢.{p}}and ly ={¢.{q}. Y}.

Let f: (X, ,u}( , ,uf( )— (Y, ,u,‘, , ,uﬁ) be a function defined by f(a) = f(b) = p, f(c) = q. Then fis sg, ,-continuous.
Remark: 4.3 The concepts g, ,-continuity and sg, ,-continuity are independent which is illustrated below:

Example: 4.4 g, ,-continuity # sg,,-continuity.
Let X ={a,b,c} and Y = {p, q, r}. Consider the generalized topologies /J;( ={¢, {a}, {a, b}, X},

Uy ={P.{c}, {bc}), y=1{@, {r}. (g1}, Y} and & = { @, {r}, {p,1}}.

Let f: (X, ,u}( , ,ui )— (Y, ,u} R ,uf) be a function defined by f(a) = p, f(b) =r, f(c) = q. Then fis g, n,-continuous but
not sgmn-continuous.

Example: 4.5 sg,, -continuity # g, ,-continuity.

Let X ={a,b,c} and Y = {p, q}. Consider the generalized topologies ,u§( ={¢@,.{a}, {a, b}, X},

Uy ={@.{c}. {b.c}}, y={@.{p}}and iy = (P, {q}. Y}. Letf: (X, [y My ) — (Y, My, [Ly) be a function
defined by f (a) =f (b) = p, f(c) = q. Then fis sgy, n-continuous but not g, ,-continuous.

Theorem: 4.6 Every pairwise continuous function is sgy, »-continuous.

Proof: Let f: (X, ,u}( s ,uf( ) —(Y, /1; , ,u,f) be pairwise continuous. Let F be a p,-closed set in Y. Then f F) is Uy-
closed in X. Since every H,-closed is U, ny-sg closed, where m, n = 1, 2 and m # n, we have f is sg, ,-continuous.

Theorem: 4.7 The following are equivalent for a function f: (X, ,u; S ,uf( )—(Y, ,u§ s ,u?)

(a) fis sgm, n-continuous
®) f1(A)is Um, ny-Sg open for each p,-open set Ain Y, where m,n=1,2 and m #n.

Proof: (a) = (b)
Suppose that f is sg,, ,-continuous. Let A be p,-openin Y. Then A®is p,-closed in Y. Since f is sg, ,-continuous, we
have f™' (A% is Hm, n-sg closed in X, m, n = 1,2 and m # n. Consequently, f™' (A) is [, n-5g Open in X.
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(b) = (@)

Suppose that f (A) iS U n-sg open for each p,-open set A in Y, where m, n = I, 2 and

m#n. Let V be u,-closed in Y. Then VCis p,-open in Y. Therefore, ™ (V°) is U, m-sgopenin X, m,n= 1,2 and

m#n. Hence £ (V)is U (m, n-8g closed in X. Therefore f is sg(m n-continuous.

-1

Definition: 4.8 Let (X, ,u§( , ,uf( ) and (Y, ,u; , ,uﬁ) be bigeneralized topological spaces. A function f : (X, ,u; , ,uf( )

— (Y, ,u,l,, ,u,f) is said to be sgy,n-irresolute if £ T(F) is U, ny-Sg closed in X for every {mn)-sg closed set F in Y,
where m,n=1,2 and m #n.

Example: 4.9 Let X =Y = {a, b, c}. Consider the generalized topologies ,u; ={¢@, {a}, {a, b}, X}, ,uf( ={@, {c},

{b,c}}, Uy=1{@, {c}, {b,c}} and 4y = { @, {a}, {a, b}, Y}. Let f: (X, iy, My ) — (Y, fy,[L) be a function
defined by f(a) = ¢, f(b) = b, f(c) = a. Then fis sg(m n-irresolute.

Definition: 4.10 Let (X, ,u; , /1§ ) and (Y, ,u; , /13) be bigeneralized topological spaces. A function f: (X, ,u; , /1§ )

— (Y, My, M) is said to be (m, n)-generalized semi continuous (briefly, gs . »-continuous) if £ (F) is i, n-gs closed
in X for every p,-closed set F of Y, where m, n =1, 2 and m # n.

Concerning the composition of functions, we have the following result:

Proposition: 4.11 Let f: (X, ,u; s ,u§ )— (Y, ,u; ,,u?) and g: (Y, ,u} ,,uﬁ) — (Z, ,u; ,,u§ ) be two functions. Then

(a) If fand g are sg, n-irresolute then geof is sg, n-irresolute

(b) If fis sgm, n-irresolute and g is sgm, n-continuous then gef is sgy, n-continuous

(c) Iffis sgm, n-irresolute and g is sgm, n-continuous then gef is gsm, n-continuous

(d) If fis sgm, n-continuous and g is pairwise continuous then gef is sg,, n-continuous.

Proof: (a) Let f: (X, My My ) — (Y, fhy. fy)and g : (Y, [y, [hy) — (Z My ML) be sgam, n irresolute. Let U be
U, n-sg closed in Z, m, n =1, 2 and m # n. Since g is sggm, w-irresolute g (U) is W, n-sg closed in Y. Since f is
sgmnrirresolute £ ' (g7 (U)) is m, n-sg closed in X. ie., (2of)'(U) = £ (g (U)) is (m, n-sg closed in X. Therefore gof is
Sg(m.n-itresolute.

(b) Letf: (X, ,u; ,,u§ ) — (Y, ,u§ ,,uﬁ) be sgmn-itresolute and g : (Y, ,u,‘, ,,uj) —(Z, ,ué ,,ué ) be
Sgmn-continuous. Let U be p ,-closed in Z. Since g is Sgm»- continuous, g" (U) iS Y(m, ny-sg closedin Y, m,n=1,2
and m # n. Since f is gy, n-irresolute, f i (g‘1 (U)) 1S U(m, ny-sg closed in X, m, n = 1, 2 and m # n. Therefore gof is
Sg(m.m-continuous.

(©.Letf: (X, iy, Hy)— (Y, fhy, ly)be sgum nrirresolute and g : (Y, fhy, fhy) —(Z, [y, IL)) be
Sgm.m-continuous. Let U be u ,-closed in Z. Since g is sg- continuous, g’] (U) is Um, n-sgclosedin Y, m,n=1, 2
and m # n. Since f is sgqq-irresolute, f ' (g7 (U)) is Um, n-sg closed in X, m, n = 1,2 and m # n. Since every . n-sg
closed set is Wy, n-gs closed, (gof)'(U) is pm, n-gs closed. Therefore gof is gsmq-continuous.

(d) Let f : (X, ,Ll;( , ,uf() — (Y, ,Ll)l,, ,ui) be sgmn- continuous and g : (Y, ,u)l,, ,uﬁ) —(Z, ,Lllz ,,ué) be pairwise
continuous. Let U be p,-closed in Z. Since g is pairwise continuous, g'1 (U) is p,-closed in Y. Since f is sgumn-
continuous, f ! (g'1 (U)) 1S Um, n-sg closed in X, m, n = 1, 2 and m # n. Therefore gof is sgmn-continuous.

Remark: 4.12 The composition of two sggy, n-continuous functions need not be a sgy, ,-continuous function as can be
seen from the following example:

Example: 4.13 Let X = {a, b, ¢}, Y = {p, q} and Z = {u, v}. Consider the generalized topologies ,u; ={@,{a}, {a b},
X}, My = {9, {ch, {b.ch) y=1{9. (p} Y}, 4y = {9, {a}}, My ={@. {u},Z}and f; = (@, {v}}.

Letf: (X, iy . My ) — (Y. [y ML) be a function defined by f(a) = f(b) = p and f(c) = q and g : (Y, iy, iy ) —

“, ,IJ]Z , ,Ll; ) be a function defined by g(p) = v and g(q) =u. Then f and g are sg,,,-continuous. But (g°f)‘1(u) ={c}is
not P 2)-sg closed in X. Hence gef is not sg,, »-continuous.
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