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ABSTRACT

In this paper some new Hadamard-type inequalities for S -convex functions are estalished by using fairly elementary
analysis.

1. INTRODUCTION:

The following definition for convex functions is well known in the mathematical literature:

Afunction f:I >R, d#Ic R,issaid to be convex on [ if inequality

fax+(A=-ny)<tf () +1=0)f(y),
holds forall x,y€ I and t€ [0,1] .

Many inequalities have been established for convex functions but the most famous is the Hermite-Hadamar's
inequality, due to its rich geometrical significance and applications, which is stated as follows:

Let f:1 R — R beaconvex mapping and a,b€ I with a <b . Then

atb)_ 1 p f@+f(b)
f[ : jSELf(x)de#. (1)

Both the inequalities hold in reversed direction if f is concave. Since its discovery in 1883, Hermite-Hadamard's
inequality [3] has been considered the most useful inequality in mathematical analysis. Some of the classical
inequalities for mean can be derived from (1) for particular choices of the function f . A number of papers have been

written on this inequality providing new proofs, noteworthy extensions, generalizations and numerous applications, see
[1]-[9] and the references therein.

In the paper [4], Hudzik and Maligranda considered, among others, the class of functions which are § -convex in the
second sense. This class is defined as follows:

A function f: [O, 00) — R is said to be s -convex in the second sense if

flx+(A-Dy) < f)+A-1)" f (),
holds forall x, ye [0,00), te [0,1] and s€ (0,1].

The class of s -convex functions in the second sense is usually denoted by K Sz . It is easy to observe that for § =1, the
class of s -convex functions in the second sense is merely the class of convex functions defined on [0, 00). It was also

proved in [4] that the functions from K 52 , SE (0,1) are non-negative.

In [2], Dragomir and Fitzpatrick proved a vartiant of Hermite-Hadamard's inequality which holds for s -convex
functions in the second sense:
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Theorem: 1 [2] Suppose [ : [0, 00) - [0, 00) is an S -convex function in the second sense, where § € (0, 1), and let
a, be [0, 00), a<b.If fe L ([a,b]), then the following inequalities hold:

o fatb)_ 1 p f@)+ fb)
2 f( : jsb_ajaf(x)de—Hl : 2)

The constant k = is the best possible in the second inequality in (2).

s+1
For the new inequalities for convex and § -convex functions in the second sense we refer the interested readers to [8]
and [9], the recent work of M. Tung. The main purpose of this paper is to establish new integral inequalities like those
established in [8] but for the class of § -convex functions in the second sense by using the same techniques as used in
[8] and we believe that inequalities proved in the present paper are of independent interest.

2. MAIN RESULTS:

We begin this section with the following result:

Theorem: 2 Let f,g: [a,b] —>R, a, be [0,00), a < b, be functions such that such that [, g, fg€ Ll([a,b]).
If fis 8, -convex function in the second sense and g is §,-convex function in the second sense for some fixed S,

€ (0,1], then we have the following inequality:

8O (o) fodr+ LD (b2 g ()

m (b a)s+1
gb) fo) !
+WJ'( x)*2 f(x)dx+(b a)”lj(a x)'" g (x)dx
M(a.b) (s, + ) (s, +1)
Jf(x)g()C)der 5 45, +1 *N(a.b) (s, +s,+2) v

where M (a,b) = f(a)g(a)+ f(b)g(b) and N(a,b) = f(a)g(b)+ f(b)g(a).

Proof: Since f is s, -convex function in the second sense and g is §,-convex function in the second sense for some

fixed s, §, € (0, 1], we have that

fla+(1-b) <t f(a)+(1-1)" f(b)

and
glta+(1=0)b) <t g(a)+(1-1)2 g(b),
for te [a,b].

By using the elementary inequality ¢ < f and p <r then er+ fp <ep+ fr for e, f, p,r € R, we get from the
above inequalities that

Fa+1-0b)|2g(@+1-02 g+ gta+A-p)l @)+ 1-0" b))
< f(ta+(1—t)b)g(ta+(1—t)b)+Itslf(a)+(1—t)slf(b)ltszg(a)+(1—t)sz g(b)J

which gives the following inequality:

t2g(a) f(ta+(1=t)b)+(1-1)2 g(b) f (ta+(1—1)b)
+11 f(a)g(ta+(1-t)b)+(1-1)"1 f(b)g(ta+(1—1)b)
< flta+(1=0)b)g(ta+(1-0)b)+1"" f(a)g(a) +1" (1-1)" f(a)g(b)
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+12(1=-0)"1 f(B)g(a)+(1-1)"""2 £ (b)g (D).

Integrating the above inequality over [0,1], we get that
g(@[ 1 fta+(1=nb)de+ gB)[ (1= f (ta+ (1-b)di
+ f(a) jolf' g(ta+(1=0)b)dt + f(b) I;(l—t)sl g(ta+(1—-1)b)dr
< J.:f(ta +(1-1)b)g(ta+(1—t)b)dt + f(a)g(a)j;tslﬂzdt

+F@g®) 11 (=02 de+ fb)g@) 12 (1= dr+ f(b)g )] (1-1)" 2

By making use if the substitution ta+(1—1)b = x, (a — b)dt = dx , we observe that

"(b-x)> f(x)dx,

1
boa

j;r’z Flta+(1=0)b)dt =

J;t‘*l g(ta+(1-t)b)dt = m .f:(b - x)ﬁ g(x)dx,

[[a1=0 faa+1-bydr = m [[(a=x)2 rxyar,
[[a-0" gta+(1-nypydr = m [[(a=x) gx)dx

and

Jlf(ta+(1—t)b)g(ta+(1—t)b)dt - %be(x)g(x)dx.
0 —ave

By using Beta function of Euler type

(g D))
,B(u,v)—‘[ot (1—[) dt—m,u,v>0,
we obtain that
rtsz (1) di = (s, +1)[(s, +1)

0 I‘(s1 +s, + 2)
rtsl (1) di = (s, +1)I(s, +1).
0 l“(s1 +s5, + 2)
Also it can easily be seen that
1 si+s 1 s +s 1
1-0)" 2dt=|t" 2dt =—.
J‘)( ) ’L s +s,+1

By taking the above obervations into account we get the desired inequality. This completes the proof of the theorem.

Theorem: 3 Let f,g: [a,b] —>R, a, be [0,00), a < b, be functions such that such that f, g, fge Ll([a,b]).
If fis 8, -convex function in the second sense and g is §,-convex function in the second sense for some fixed S,

s, € (0,1], then we have the following inequality:
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zsl—lf[a;bj ) 232—1g(a;'bj )
—Lg(x)dx+—b_a [ £ (xdx

b—a
1 (s, +1)0(s, +1)
- M
2(b—a)Lf (g (x)des 20 (s, +5, +2) (@b)
1 ) sl+s272 a+b a+b
Yol 2, a1) V@02 f( 2 jg( 2 ) @

where M (a,b) = f(a)g(a)+ f(b)g(b) and N(a,b) = f(a)g(b)+ f(b)g(a).

Proof: Since f is s, -convex function in the second sense and g is §,-convex function in the second sense for some

fixed s§,, $, € ((), 1], we have that

f(a+bj= f(ta+(1—t)b+(l—t)a+th

2 2 2
< f(ta+(1—t)b)+f((l—t)a+tb)
2“1 251
and
(a+bj_ (ta+(l—t)b+(1—t)a+th
872 )78 2 2
- glta+(1-0b) g((1-t)a+1)
< o + = .

Arguing similarly as in Theorem 2, we get that

f£a+bj[g(m+(l—t)b) g((1- t)a+tb)}+g(a+bj{f(m+(l t)b) f((l—t)a+tb)}

2 2%2 2 2° 2°1
S{f(ta+2(511—t)b) Fla- t)a+tb} g(ta+(1 t)b ((l—zts)2a+tb)}+f(a42rbjg(a;bj

which gives

! f(a+bJ[g(ta+(1 0b)+ g((1=)a+1b)]

1 (a
+ —8
21

2‘2
[f(ta+(1 Hb)g(ta+(1-0)b)+ f((1-t)a+1b)g((1-1)a+1b)]

J[f(ta+(1—t)b)+ FlA-t)a+1b)]

251 +S

[t (i- )“+fl(1—r)S2lf(a)g(a>+f(b)g(b)]

+32

"2 (@)g )+ f(D)g(@)

Y1+Y2 [

Integrating both sides over [0, 1], we obtain

1 b
. f(a; JJ:[g(ta+(l—t)b)+ g((1=t)a+1b)ar
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+2—£lg(a;bjjol[f(ta+(l—t)b)+ f((1=1)a+1b)dr

< 2511+s jl[f(ta+(1—t)b)g(ta+(1—t)b)+ FlA=t)a+1tb)g((1-1)a+1tb))dr

L=+ =02 fr@s @+ r ok

2 51%5

o j(,[(l—r)“l”z w2 @)+ f g b

+f(a+bj (a+bjj-d )

By making use of the substitution x = at+(1—¢)b, dx = (a—b)dl and y=(1-t)a+tb, dy = (b—a)dt , we
observe that

jfza+(1 b dr_jf(l Ha+1th)d ——jf(x)dx

jg ta+(1—1)b dt—jg (1-)a+1b)d

and

[ lta+(1-0)b)g(ta+(1-r)b)dr = j;f((l—r)a +1b)g((1—t)a +1b)d

1 b
= EL F(x)g(x)dx.

We also notice that

[ir20=yde= [ (-1)2de = s, +1)0(s +1)
0 0 [(s, +s,+2)
and

F(l—t)”“2 dt = Ilt”“'zdt -

0 0 s +s, +1
Thus (5) reduces to

a+b a+b
! 12 —~ 22"
— Nz 7/ x)dx
252—1 b— b_a a
1 1 (s, +1)0(s, +1)

1 b
e e e i v

1 N(a,b) +f(a+bjg(a+b} ©

21T g s, +1 2 2

- 251+x2 -1

Multiplying both sides of (6) by 21727 e get the desired inequality.
Remark: 1 If we choose s, = 5, = 1 in [3] and [4] we get those inequalities proved in [8].
3. APPLICATIONS TO SOME SPECIAL MEANS:

In this section we consider the applications of our result to the following special means:

1 P
1. The power mean: Mp =Mp(x1,...,xn):= [—Zn x.pj ,a,b>0,
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a+b
2. The arithmetic mean: A = A(a,b) = T,a,b >0,

3. The geometric mean G = G(a,b) := \/E,a,b >0,

4. The Harmonic mean: H = H(a,b) := 2ab ,a,b >0,
a+b
2, 72
+
5. The quadratic mean: K = K(a,b) := a 5 b ,a,b>0,
a, ifa=b
6. The logarithmic mean: L = L(a,b):= b—a  ifasb.ab>0.
Inb—Ina
a, ifa=>b

1
7. The identric mean: [ =1(a,b):=11( p> Yo-a
—|— , ifa#b,a,b>0,

e\ a”

a, ifa=b
1
8. The p -logarithmic mean: L, = L (a,b):=q( pr* —g*' \r £ , pe R\{-1,0},a,6>0.
— a
(p+1)b~a)

The following inequality is well know in literature

H<G=<LLI<A<LK.
It is also know that L, is monotonically increasing over p € R, denoting Ly =1 and L, = L.

Now we quote a very important example from [4]:

Let s€ (0,1), a. b, ce R . We define the function f : [0,00)—) R as

a, ift =0,
bt’ +c, ift>0.

f(x)={

1
It >0, 0<c<a then fe& K_. Therefore, for a=c=0, b=1, S=E, we have f:[O,l]—)[O,l],
1
f=t*, fek:.
Proposition: 1 Let 0 < a <b and 0 < s <1. Then we have

A(a',b")A’(a,b) (C(s+1)°
< A 2 RUChL)
2 <bo(@byto = AT b+ 26T@h) Lo

)

Proof: The inequality follows when we take the § -convex functions f, g : [0, 1] - [0, 1] , fx)=x", g(x)=x",

. . atb . .
X€E [0, 1] , applied to (3) with x = T . The details are let to the interested readers.

Proposition: 2 Let 0 < a <b and 0 < s <1. Then we have
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(F(S'H))z' 25 725 1 2s
I(2(s+1)) Ala™,b )+2s+1G (@,5)

+277 A% (a,b) ®)

2°A’(a,b)L,(a,b) < %LZS(a,b) +

Proof: The inequality follows when we take the s -convex functions f, g :[0,1]—[0,1]. F(x)=x", g(x)=x",
X€E [0, 1] , applied to (4), however the details are left to the interested readers.
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