International Journal of Mathematical Archive-3(1), 2012, page: 49-57
@§MA Available online through www.ijma.info ISSN 2229 - 5046

A STUDY OF GENERALIZATION OF DOUBLE RIEMANN ZETA FUNCTION
Kantesh Gupta* and Alpana Gupta
Department of Mathematics, Malaviya National Institute of Technology, Jaipur -302017 (INDIA)

E-mail: kantesh_g @indiatimes.com; alpana30gupta@gmail.com

(Received on: 29-12-11; Accepted on: 14-01-12)

ABSTRACT
In the present paper, we introduce and investigate a new generalized double zeta function which is a generalization of
Hurwitz-Lerch zeta function and includes their various particular cases. We study its recurrence relations, integral
representations, fractional derivatives and series expansion also.
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1. INTRODUCTION:
A generalized Hurwitz-Lerch Zeta function q) ( y,.Z, a) [3, p-27, Eq.(1)] is defined in the series form as

&0 n

¢(y’z’a): zy—z
n—o(n+a) 0

where

(ae C/{O,—l,—2,...},ze C when ‘y‘ <land Re(z)>1 when ‘y‘ =1)

This function has many special cases such as Riemann-Zeta [3], Hurwitz-Zeta [3].

Lin and Srivastava [7] investigated the Hurwitz-Lerch zeta function in the following form

= (L n
({)(p’c)(y,z,a)zz( )pn Y )

e n=O(D)Gn (n+a)z
where L€ C;a,ve C/{0,-1,-2,..};p,6€ R";p <G when y,ze C : p=6 for ye C:
P=0,Ze C for‘y‘<1; p=o0, RC(Z—},L+D)>1 for‘Z‘Il.
If we take P =0 = =1 in the above equation, we get
n

¢S,’11)(Y’Z’a)=¢ﬁ(y,z,a)5ZM 3)

*
Here Q)u (y, Z, a) stands for generalized Hurwitz-Lerch zeta function defined by Goyal and Laddha [5].
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Mridula Garg et al. [4, p.27, Eq.(1.4)] introduced a generalization of the general Hurwitz-Lerch zeta function in the
following form given as

o (@), (B), 2"

Do py(2.8,a) = )
oy HZ:%) ('Y)nn! (n+a)’
where Y,a # 0,—1,-2,...s€ C, when |Z| <1 and Re(s +vY- OC—B) > () when |Z| =1.
The double zeta function of Barnes [1] is defined by
,(z;2,0) ZZ (a+n+om) " ; )
m=0n=0
{RC(Z) > 2, a+ O, ) is a non-zero complex number } .
Bin Saad [2] recently gave a generalization of double zeta function as
o m
X
¢ (x,ysza)= ). (u)m¢(y,z,a+lm)g ©)
m=0 )
where |X| <l;peC/{0,-1,-2,..},Ae C/{0};ae C/{-(n+Am)},
{n, m}e NuU{0}.
In this paper, we present here another generalization of the double zeta function defined by
CQBY(X;y,Z,a): ZM(?(Y,Z,E[‘F;\IH)X— )
m=0 (’Y)m m!
or
y X
¢ B ¥(x:;y,z.a) ®)
mZ,OHZO )m (a+n+Am)* m!

{o.Be C,ye C/{0,-1,-2,..} for |x| < Land Re(y— 0 —B) > Otor|x|=1.Ae C/{0}:
ae C/{-(n+Am)},ze C for [y| <1 and Re(x)>1 for |y| = 1}.
2. RELATIONSHIP OF COC By (X; Y.z, a) WITH KNOWN FUNCTIONS:
(1) If we take y=0 and A=1in (8), it yields the general Hurwitz-Lerch zeta function ¢0°7|37¥ (X, Z, a) .

C?’B’Y(X;O,z,a)=¢a,g,y(x,z,a) ©)
(ii) Further on taking B =YY= 1 in (9), we obtain

?’I’I(X;O,z,a)=¢3(x,z,a) (10)

(iii) If we take x=0 in (8), we arrive at a generalization of the Hurwitz-Lerch zeta function ¢(y, Z, a) defined by (1)

as follows:

CQBY(O;y,z,a)zq)(y,z,a) (11
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(iv) For y=1, equation (11) yields the connection between generalized double zeta function and Hurwitz (or
generalized) zeta function as:

(P (0:1,2,2) = (z,a) (12)

which, further for a =1, gives the relation with the well-known Riemann zeta function C (Z) .

(v) It is not difficult to see from the definition (8), in connection with (5) and (6) that

C%’l’l(X;y,z,a)zg%(x;y,z,a) (13)

and
Ckl’l(l;l,z,a) =, (za,\) (14)

3. BASIC PROPERTIES OF THE FUNCTION C%’B’Y (x;y,z,a):
As a consequence of the definition (7), the following recurrence relations hold:

Theorem: 11f ,B€ C, ye C/{0,—1,-2,...} for [x| <1then

BLEPY (xiy.zia) + (v-B-1) 8PV (xiy.zia) = (y-1) e8PV (xiyoza).  as
By . . oB,y+l (. _RroLBHLYHL .

YO (xsy.za)—(y-B) G5 (x;3y.2,a)=BCy (x;y,z.a) (16)

and

Y (x3y,2.0) P (. 0) = x-L L (. 2.0) ™

Proof: Taking L.H.S. of equation (15), we have

B (xiy.z.a) + (v-B-1)C3PY (xiy.2.a)

:Bi (G)HE§[;+1)m ¢(y,z,a+km)%+(y—ﬁ—1) i %q)(y’z’wrxm)%

~(pem) T 0Py am) S (g-po) 3 Pl am) X

e W Bl T
=(v 1)n§ow(y” A )m!

= (y—l)C%’B’Y_l (x;y,z,a)

which is a proof of (15).

Similarly other two results can be derived in a similar manner.

The following result, which gives the differential relations for C%’B’Y ( Xyy,Z, a) , are proved by using the following

familiar derivative formula [8]:
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r 1
D;n(x ):an_m;n—mzo, szi;meN (18)
I(n—-m+1) dx
Theorem: 2 LetK € N,then
(0
Dk[CaBY(X Y.z, a)] ( ()k)( ) §a+kB+kY+k(x;y,z,a+kk) (19)
Y
DI; [XOHk ICQBY (x;y,z,2 ] Oc OCJrk’[fs’y(x;y,z,a) (20)
k| roBy - (Ot)m(ﬁ)m * x™
Dy [Ck (x;y,z,a)] =IT(k+1) Z —(|)k+1(y,z,a+k+7um)—' @1
= (y)m m!
and
[Caﬁy(x;y,z,a)] (- ) (z ) CaBY(X;y,Z+k,a) 22)
Proof: First of all using (18), we have
n m-—k
DE| (%P (x;y,2,a Y . (23)
[ J mzkg) ) (a+n+7»m)Z (m—-k)!

Now, letting M — M + K in the above result and considering the definition (8), we get the right hand side of (19).
Similarly, we can obtain the formula (20), (21) and (22).

Next, we obtain the fractional derivatives of generalized double zeta function. For this, we give the definitions of
fractional derivatives used in analysis as follows:

The Riemann-Liouville fractional derivative of order ‘Vis defined by

ﬁin _([(t—u)n_u_lf(u)du, n=[Re(v)]+1 (24)

oDY £(1)=

and the Weyl fractional derivative is given as
1 no —v—-1

) _ n-uv _

D} f(t)_—F(n—D)_dtn_ (t=u)"""f(u)du, n=|Re(v)|+1 25)

Theorem: 3 For Re (D) >0 , we have

OD:’[ty_l C%’B’Y(wt;y,z,a)} (1)t (1- )y (EPI (wiyy,z,a) 26)
oDY | TR (wisy,z,a) | = 7 (B) GV (wiy.z,a) @)
and

(.x ) mell

(v m(a+n+7\.m)

DU[COCBY X;Y,z,a } i i [log(a+n+7\.m)]u (28)
m=0n=0

© 2012, IIMA. All Rights Reserved 52



Kantesh Gupta* and Alpana Gupta/ A STUDY OF GENERALIZATION OF DOUBLE RIEMANN ZETA FUNCTION / I/MA- 3(1),
Jan.-2012, Page: 49-57

Proof: Making use of definition (24), it readily follows that for f (t) = tp [8, p.36, Eq.(6.5)]
C(p+1)

DY tP =
Ot T (p-v+1)

tP™", Re(p)>-1,Re(v)>0 (29)

Now the result (26) and (27) directly follow from (7) and (29).

Further, the Weyl fractional derivative of the exponential function e_at ,a>0is given as [8, p.248, Eq.(7.4)]

_DP e =a"%"", Re(v)>0 (30)

Since

(a tn+ Xm)—z _ e—zlog(a+n+km) ’

we have

C%’B’Y(x;y,z,a)= Z

m

((X)m (B)m men —zlog(a+n+Am)
( €

!

0 Y), m!

Finally on applying the formula (30), we get the desired result.
4. INTEGRAL REPRESENTATIONS:

In this section, we present some integral representations for the generalized double zeta function.

First of all, we establish an integral representation for C%’B ’Y(X;y,Z,a)which is derived directly from the

corresponding integral representation of the Hurwitz-Lerch zeta function q)
[3,p.27, Eq.(3)]

1 " -1 _-—at —e\ !
o(y,z,a)=——|t"" e (1-ye dt 31)
F(z)'l. ( )

where Re(a)>0 and either ‘y‘ < 1, y * 1, RC(Z) >0 or y =1, Re(z)>1.

Theorem: 4 For Re(a) >0, Re(?L) > 0;’Y?’-‘ 0,—1,—2,...and either ‘X‘ <1,

y‘Sl,x #Ly#1,
Re(z) >Qorx=1, Re(’Y—OC—B) > 0,y= 1, Re(z)>1, we have

(P (x:y.2.0) = Ofotz—l e (1-ye!) R oBirxe™ ot o
0

WY (x-v 7 3)= S (a)m(B)m 1T ~(a+hm) (¢ ~t)7! ﬁ
g8 Y( A ,a)—mzzo (’Y)m F(Z)gt e (1 ye ) o

The desired result (32) can be easily obtained by changing the order of summation and integration and using the
definition of Gauss hypergeometric function [3].

Next, we establish two double integral representations for the generalized double zeta function.
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Theorem: 5 For Re(a) >0, Re(B) >0, Re(?») > O;Y#-' 0,—1,—2,...and either ‘X‘ <1,
ly|<Lx#1y#1, Re(z)>0orx=1. Re(y—0)>0.y=1.Re(2)>1. we have

[ee)o0)

1 1z —t)7! At
C%’ﬁ’Y(X; y’Z,a) = e —u 1,1[3 1- ye 1F1 oY, Xue dudt (33)
o | o) )
Proof: Using

o0

(a+n+Am) " = Ie (atnAm)t 21 ¢ (34)
)0
and
B), = L I Pl dy (35)

r
(B) 5
in the definition (8), we readily obtain the required result.

Theorem: 6 For Re(a) > O, RC(Z) > () and RC(U) <1, we have

B. . _ 1 T —a(t+u) —v  z-1 —(t+u)
CQ’BY X,y’z’a e c ( u t (') ye ,D_l,a
o ) ['(z)C(1-v) b[i ( ) (36)

»F (OL,B;’Y; xe M )dt
Proof: On applying equation (34) in (8) we obtain

[ee]

m_n
m X - —
y e (a+n+Am)t 1 gt

|
mOnO m'o

C%BY(X y,z,a)

which on doing simple manipulations and using the definition of 7 Fl [3] and (I)( y,Z, a) leads us to the result (36).

The Hurwitz-Lerch zeta function has the following contour integral representation [3, p.28, Eq.(5)]:

0+
__F(I_Z) z—1 _—at —t\7!
o(y,z,a) = I (-t)" e (l—ye ) dt 37)

arg (—t)|,
t= log z*t 21’17'Ei, (1’1 = O, 1, 2, ) which are the poles of the integrand of (37).

valid for Re(a)>0,zeC and

For the function C%’B v (X; y,zZ, a) we have the following contour integral representation.

Theorem: 7 Let Re(a) >0, Re(?») >0 and

arg(—t)‘ < T, then

r(1-z)"% | -1
(X"B”Y . __ - _ z— _at t . . —?\.t
Gy (x,y,z,a)_—27ti ;[( t) (1 ye ) 2F1(oc,[3,y,xe )dt (38)

Proof: It follows from (7) and (37) that

o 0+ m
C%’B’Y(X;y,z,a): Z (a)m(B)m _F(I_Z) J'(_t)z—le—(aﬂum)t (l—ye_t)_ldt X

= (1), 2mi m!
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On interchanging the order of summation and integration and using the definition of ZFI’ we easily arrive at the result
(38).

5. SERIES EXPANSIONS:

Series expansions play an important role in the investigation of various useful properties of the sequences which they
expand. In this section, we obtain certain series relations for the generalized double zeta function based on following
two forms of Taylor’s theorem [9, p.21-22]:

m

X+y me (39)

and

— i fm(x)% (40)

where ‘y‘ <P, P being the radius of convergence of the analytic function f(x).

Theorem: 8 Let ‘(D‘ <1, then
k

> (a
P (x+ory.za)= ) %C%mﬁ +k”+k(x;yyz,a+7»k)% @
k=0 k '
oo [} o m_n
Z;“BY(xy+0)za ZZ( m¢k+1(mza+n+7»m)xm}: 42)
m=0n=0 m '
oo k _k
o -1
C%’B’V(xw;y,z,a) _ Z ( ()1;)([3)1( Coc+k Bk, y+k (x;y,z,a+7uk)% (43)
k=0 k '
and
0 oo (a)m(B)m . Xm w—1 n_n
C%’B’y(x;yw,z,a)z > ZT¢k+l(y,z,a+n+km) ( m') Y (44)
m=0n=0 m '

Proof: The proof is a direct application of the formulas (39), (40) and the results (19) and (21).

Another expansion function for C%’B’Ycan be derived by using the result [6, p.374, exercise 9.4(7)]:

ZF{a a % %;x}z%(1+\/;)_2a +%(1—x/;)_2a 45)

Theorem: 9 Let Re(a) > 0, ‘X‘ < 1, <1 and ‘0)‘ < ‘a‘.Then

= (z+2k—1

Z 2k

C%’B’x (x;y.z+2k,a) 0> = %[C%’B’Y(x;y,z,a +)+ C%’B’Y(X;y,z,a - 0))]
k=0

(46)
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Proof: we have

= 2k —1
Z 2t C%’B’Y(x;y,z+2k,a)w2k
=0 2k

C$ 5@, S (o

m=0n=0(7)_m!(a+n+Am)”* o (2k)!(a+n+im)* o

By applying the formula (45) to the last summation in the right-hand side of equation (47), we arrive at the desired
result.

By

Next, we derive a series expansion for the function C%
the series [10, p.23 (3)]

involving Appell’s function of two variables defined by

oo b b’ m_n
B [a,b,bc,¢ix,y]= D] ()10 )m( XY (48)
o (€),(c), m!n!
Theorem: 10 Let max{‘ }<1, ‘b‘<Rea and A # 0 .Then
%) () () m_n
B,y (B)y x™y
2 (0), G (xs y,z+ka+b ZZ Y ot
XF2|:Z,D,1;Z,1; @ , b }(a+n+km)_z
a+n+Am a+n+Am
Proof: Since
—(z+k)
(a+n +7um+b)_(z+k) =(a+n +km)_(z+k)(l+$J
a+n+Am
It follows that
[} k [ (e (x m_n
Z(D)kcaﬁy(x y,z+k,a+b)— :Z Z ( ) (B ) Y
k=0 k m=0n=0 ('Y m '(a+n+km)
k S 0
U () -b
y 2)ias k( J ( j
1?)322) kl!s!(z )k a+n+Am/) \a+n+Am

The result (50) now follows from the definition (48).
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