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ABSTRACT

In this paper, a theorem on A(E R Z) product summability of conjugate series of Fourier series is proved.
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1. INTRODUCTION:

Let Zan be a given infinite series with the sequence of partial sums {Sn } Let A= (amn) be a triangular

ooX oo

matrix .Then the sequence —to-sequence transformation

m
(1.1) L, =zamv Sy ’m=1’2"”
v=0

defines the sequence {tm} of the A -mean of the sequence {sn } If
(1.2) t, >SS ,as m-—oo,

then the series Z a, issaid to be A summable to §.

The conditions for regularity of A -summability are easily seen to be[3]

(i) sup i|amn

m. p=0

(i) lim a,, =0

m—>o0

< H where H is an absolute constant.

(i) lim »a,, =1
n=0

m-—»oo

Let

(1.3) (E,z)=E = ! - > [nj "5, >, as n— oo,
(1+Z) v=0\"

Then the series Z a, issaid to be summable (E , Z) to a definite number s .
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Let

n

(1.4) T, o im s, s as no
. n = _— Z as |
=0 (1+ Z)k v=0\V ’

Then the series Z a, 1issaid to be summable to S by the A(E 4 ) method .
It is known [1] that (E , Z) is regular. It is supposed that the method A(E , Z) is regular through out this paper.

Let f(#) be a periodic function with period 27, integrable in the sense of Lebesgue over (-%,T) then

(1.5) f@) =a?°+i(an cosnt+b, sinnt)=iAn ()
n=0

n=l1
where @, and b, are the Euler-Fourier constants, is the Fourier series associated with f and the conjugate series of

the Fourier series (1.5) is

(1.6) i(an sin nx — b, cos nx) = iBn (x)

n=1 n=1

We use the following notation through out this paper

(1.7 O %{f(xﬂ)— fx=0n},

(1.8) K. (1) =

COS L —COS| U+ l t
1 & a Lok 2 2
. nk z Zk v .
T o (1+ Z)k v=0 \V sinL
2
2. KNOWN THEOREM:

Dealing with (N s D, )(E 5 Z) method of a Fourier series, Nigam,et.al[2] proved the following theorem:

Theorem: 2.1 Let { pn} be a positive, monotonic, non-increasing sequence of real constants such that

n
PnZZpU—)oo as n—>oo.

v=0
If
2.1) q)(t):J.W(u)‘ du =0 t ’aS t—+0
° (3]
t
and
(2.2) a(n) —>oo as n—>oo

where @(t) be a positive, non-increasing function of ¢ , then the Fourier series ZAn (t) is summable
n=0

(N, D, NE,z) to f(x) atthepoint = x.
In this paper, we have generalized it to A(E R Z) summability of conjugate series of Fourier series (1.6).
3. MAIN THEOREM:

Theorem: 3.1 Let A = (amn ) be a regular triangular matrix and

ooX oo

t
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where () is positive, non-increasing function of f and
(3.2) a(n) > oo as n—>oo

then the conjugate Fourier series Z B, (1) is summable A(E , Z) at the point 7 .
n=0

4. REQUIRED LEMMAS:

We require the following Lemmas to prove the theorem.

Lemma: 4.11f K, (f) is as defined in (1.8), then

1
Om) . 0sis—
— n+
Kol oy
-, —<t<rx
t n+l
Proof: For 0 <t <——, wehave sinnt< n sint then
n+
t 1
. 1l 4 « k COSZ—COS(U'FZJI
|Kn(l)| — nk - Z ( Jzk—v
T k:0(1+ Z) v=0 \V sini
2
t t . .t
n k k COS— —COSDI.COS— +SIn v7f.s1n—
1 Ay ) 2 2
7 (1+ )"Z v t
k=0 Z) v=0 sin — ‘
Ll L (K cos;[Zsin2 U;J
< s ) Z [ JZ"“ +sin vt
v k=o(1+Z) v=0 \V Sini
2
1 n k k
<— ok kz i O(2sinvi sinv£J+vsint
T k:0(1+ Z) v=0 14 2 2
1|1 a ko (k
<% 0(k) ( jzk_”
T k:0(1+Z)k ; 14
1 |& a
=—> ot —-(1+2)
T =0 (1+2)
=0(n).
[t t
For <t <7 ,wehave by Jordan’s lemma, Sln[—jz— , then
n+1 2 T

B . C (k COS;—COS[U+;jt
|Kn(t)|=;;—"k Z{V)Zk_v ;

(1+2) 7= sin—
2
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k
ank Z

1
T =0 (1 + Z)k V=0

t t t . r .t
k COS— —COSV—.COos— +sinV—.sin—
e 2 2 2 2 2

1 4

.t
sin—
2

5. PROOF OF THE THEOREM 3.1:

If s, ( f; x)is the n-th partial sum of the conjugate of Fourier series given by (1.6), then by using Riemann-Lebesgue

B X cos;—sin(v+;jt
5, (£32)- F) = = po) dr
T . [t
0 2sm(j

theorem, following Titchmarch [4] we have

Thus, the (E,Z) transform E of g is given by

. 2ty B[k ro 1
E —f(x)= 7[(1+Z)n J. IJ{;[UJ z {cosa—sm(k +Ej t}} dt

0 2sin(
2

If T, denote the A(E , Z) transform of s, , we then have

2% ay Py [R(K) 5_.( lj
T, f(X)_”"Z(:’(HZ)kj;zsin(tjl“Z(:’(vjz {cos2 sin| O+ | ¢ dt
2

In order to prove the theorem, under an assumption, it is sufficient to show that

[y K, () dt=00) as n—eo
0

For 0< O <7 ,wehave
T, - f(x)=[w®) K, () dt
0
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n+1

j j w(t) K, (1) dt

n+l

=1,+1,, say
Now
1/n+1 L 1/n+1 L
[vo K,md| < ol K, 0|
0 0
1/ n+l1
<0(n) J|l//(l‘)| dt , Using Lemma -1
0
1 .
=0(n)< 0 , using (3.1).
na(n)
1
=0 , as N —>oo,
(“(”)J
= 0(1) ,as N —>oo  using (3.2).
Next

< ]E|l//(t)||K_(t)| dt
b

{ |l//( )| } using lemma -2

=
T
=

Q

1/n+1 1/n+1

0{ ‘P(t) . lpgz) p

0] ; du ¢ , where u=1/t
ua(u)

1/ n+l1

1/n+1

—0( j+0( ! J jdu , using second mean-
am )"\ nam ),

Value theorem for the integral in the 2™ term as @(#) is monotonic.

=0(0)+0(),as n—> o ,using(3.2)
=0(),as n— oo,
Thus,
T —f(x)=0(),as n—oo.

This completes the proof of the theorem.
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