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ABSTRACT
A Merton’s type portfolio optimization problem with HARA utility function and transaction costs in finite-horizon case
is considered in this paper. One case for a particular class of utility and bequest function of the Merton’s problem of an
investor has been solved analytically.
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1. INTRODUCTION:

Since von Neumann and Morgenstern (1944), many researchers have tried to model portfolio optimization problems
within an expected utility maximization framework. Different utility function have been used in this approach, and the
most notable recent works in this area are belonged to Long (1990) and Luenberger (1993), where log optimal
portfolios are constructed and analyzed.

Merton has used stochastic control theory with continuous time dynamics to model multi-period portfolio optimization
problems by reducing the problem into solving Hamilton-Jacobi-Bellman equations. His most important contributions
include two papers: Merton (1969) and Merton (1971).

In general, all the studies on portfolio optimization with transaction costs different from each other through the
modeling of transaction costs structure or with respect to the objective function of investors. Structures of transaction
costs have been modeled in several ways.

Under a first approach, the investor has to pay a fixed fraction of his current wealth at the time of the transaction. This
is called portfolio management fee approach. These types of models were investigated by Morton& Pliska (1995),
Cadenillas & Pliska (1996), Atkinson & Willmot (1995).

In second approach, the transaction costs are assumed to be proportional to the trading volume of the risky assets,
where the proportionality rate is constant and less than one. Under this cost formulation, the optimal consumption-
investment policy has been studied by many authors in the continuous as well as the discrete time framework.
Constantinides (1979) considers a discrete time of the proportional transaction cost model when there are one risky and
one risk-free asset.

In the continuous time framework, when the price of the risky asset follows a geometric Brownian motion,
Constantinides (1986), Davis &Norman (1990), and Dumas & Luciana (1991) investigate the problem for the investor
maximizing his expected utility of the future consumption.

FORMULATION OF THE MODEL AND ITS SOLUTION NECESSARY CONDITION:

Merton’s portfolio problem is a well known problem in continuous time finance. An investor with a finite lifetime must
choose how must to consume and must allocate his wealth between stocks and a risk-free asset so as to maximize
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expected lifetime utility. The problem was formulated and solved by Robert C. Merton in 1969, where research has
continued to extend and generalize the model.

Objective functions and Budget Equation for Investor:
In our case the investor lives from time O to time T; his wealth at time t is denoted W,. He starts with a known initial
wealth IW,. At time t he must choose what fraction of his wealth to consume: ¢; and what fraction to invest in a stock

portfolio.

Let’s assume that U(c;) is the period utility function for consumption at time ¢, and B(Wr, T) is the utility function for
bequest. Then the optimization problem for the investor is

T

max FE fe‘th(ct)dt+B(T,WT) ,
{cesi(0)} .

where E is the expectation operator, p is the subjective discount rate, T is the planning horizon.
Here the wealth evolves according to the stochastic differential equation.

Suppose there are n assets, and the price (P;) of each asset follows correlated n-dimentional geometric Brownian
motion

dPl(t) = ,LlLPl(t)dt + Pl(t) Z?:l O'UdB](t) ) i= 1,2, e, n,

where p;-drift function, o;;-diffusion coefficient shock of jasset effect to i-asset price, B;(t)-standard Brownian
motion.

If we assume that, at time t the investor owns N;(t) units of asseti, then the total wealth is determined to be
n
W) = ) N(OP(O).
i=1

The portfolio {N;(t)} remains unchanged over the time interval[t, t + dt[. Then the change in wealth over that time
interval is

AW (©) = D N(©dP(0),

if there is no consumption. Assuming the consumption pattern is constant in interval [¢,t + dt) in the same way as for
portfolio selection, the budget equation becomes

AW (t) = Z N, ()dP,(t) — c(t)dt. )
Let =
sy = 20

the share of wealth in asset i, with
n

Zsi(t) -1

i=1
Then the budget equation (1) can be written as

n

AW () = Z si(OwW (£)de — c(t)dt + Z s (OW(D) Z 0,dB;(2). @
i=1 =1

i=1

Suppose the n-th asset is rick-free (g,, = 0) with constant rate of return y,, = r > 0. Then the budget is found as
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AW () = Z(“i — P, (OW(E)de + (FW (L) — c(t)dt + Z sOW®) Y 0,dB;(t). 3)
i=1 i=1 Jj=1

Transaction costs are considered as comprising of two parts, an asset exchange or brokerage fee and a liquidity or
marketability cost. Transaction costs are assumed to be proportional to the volume of the risky asset traded. In that
case, the transaction cost is expressed following.

i=1

n-1
(p(t) = Y(l - Sn)W(t) = V(Z Si) W(t)
where  @(t)-transaction cost, y-proportional coefficient.

Then the change in transaction costs is
n-1

do(t) = V(Z sl-) w(t)dt. @

i=

Substituting (4) into (3), we have

AW (t) = Z(“" = PsOW Dt + W () — c())dt + Z s, (OW (D) z 0,,dB;(£).
i=1 i=1 Jj=1

T
Where we denote (&) = (51, 5n 4 (©) ¥ = (s =7 =¥, sty =7 = I 5 = (0o

dB(t) = (dB,(t),..,dB,_,(t))T respectively, change in wealth is determined following stochastic differential
equation.

dw (t) = W(@)sTvdt + (W(t)r — c(t))dt + W(t)sTZdB(t) 5)
Finite-Horizon Problems, necessary condition of solution:

If we will suppose that the problem for investor is written below

T

max E J e PU(cy)dt + B(T,Wy), s.t(5), with W, = W given, (6)

cesi(t) ]
then the solution to this problem is the well-known consumption-portfolio rule.
Let the present value of the indirect utility function at time ¢ be

T

J(&, W) = max_E.y fe_TU(CT)dT+B(T,WT), s.t (5).
{czsi(D)} 'tt

Now we will write HIB equation for (6) problems. HIB equation is

0= max {e_th(c) + ]+ WsTv+Wr — o)y, + % (WZSTDS)]WW}, @)

{cesi

which is a Bellman equation and it is necessary condition for stochastic optimal control problems. Where D = X - 27,
Transversality condition is the boundary condition

](Tl WT) = B(Tl WT)
In the absence of a bequest motive, the model assumes J (T, W) = 0.

The optimal consumption/portfolio rules are governed by

) ()
W=em-l’c+]w=0: ¥=WVJW+W2DS]WW=O'

The first equation
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e PtU'(c) = Jw, (8)

says that consumption is so chosen that, in current values, the marginal utility of consumption equals the marginal
utility of wealth. The second equation determines the optimal ratio for each risky asset:

s= (— W]]V;vw) D™y, 9)

The term of the bracket is the reciprocal of the Arrow-Pratt relative risk aversion. Substituting expressions (8), (9)
into(7), we obtain

2
0=e"PU(c) +], —%(VTlTl\/)]]i +(Wr —c) Jw. (10)

2. MAIN RESULTS:

1

Proposition: In the case the utility function is of the form HARA, U(c) = ﬁ (ac + B)" "« and the bequest function
1
is of the form B(T, Wy) = Ae™*T - ﬁ (aWy + b)'"a , then solution of problem (6) and it’s parameters are determined
by followings:
o ' =-[A%aW +b)—p], s =D

oma b=t a=fueDE-E-bo)

T

Proof: Using the first-order condition (8), we have
e PU'()=Jw = U'(c) =]y et =>c*=UN(J, - ePh).
Hence consumption is determined by the marginal utility function and the marginal value function as
¢ =U) 0w - e”).

For the utility function, we have chosen to be
U(e) = - (ePt - Jy)' ™.

Substituting this into the Bellman equation (10), we have the following equation:

1 1 5
(rw + g ey iGe )™ +Je = 5 7D ) ]{V—W =0. an

The equation (11) is a nonlinear partial differential equation.

In the case that, the following system was hold, equation (11) can be solved analytically.

w F,_1
" +a+a(a—1)
Jiv

— =W +m)j, (12)
]WW

2
]i = k]t

]WW

(e’ Jw)™* =pW +q

where p, q, m, n, k-are unknown coefficients.

From first equation of (12), we have found (e”?J,,)™® = a(a — 1) <(p —rW+q-— g)’ and here we denote a =

al@—1) (p—r)and b =a(a—1) (q - g) respectively. Hence the marginal value function becomes
1
Jw =e P (aW + b) "«

By integrating both sides, we get the value function in general case to be
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J(t, W) = de~Pt - i T (aW + b)l‘%. (13)

Now we will show that above function (13) satisfies second and third equation of the system (12). Since

Aa 1 Aa? 1,
Jw = Fe“’t(aW + b)7a, Jww = —?e“"(aW +b)a (14

= —Ap—tept(aw + )"
Je=—Ap_—7e(a ),

Substituting above derivatives into the second equation of the system (12)

Jw

= Ae~Pt(aW + b)'7 = — L (aw + b)J,,.
]WW a

. . b . 2 o .
Here if we will denote m = a, n = %, then it becomes ]]i = (nW + m)Jy,, and satisfies second equation of (12).
w

Also if we will count

z 1 a+1
Jw = Ae Pt(aW + b)a*! = < )]t,
Jww
2
and denote k = — aTH, then it becomes /& = kJ,, and satisfies third equation of (12).
ww

Therefore, we can choose the value function of the form(13).

Substituting Jy, Jww, J; and above result into(10), we have

(ac + ,8)1__

A 1 1 ,
p1 e~ Pt(aW + b)l_E - E( —AePt(alW + b)l_E) W'D W) + W —c)e™PtU'(c) = 0.
Now we can find parameters 4, a, b using condition (8)

a 1 1
Aae_pt(aW +b)7a =e P (ac + B)a.

Hence
Aa\“
aW +b = (7) (ac + B). (15)
If we will account (15), then above equation is
-1 A% a1 1-1 1
(ac+[3) a——l(a) (ac+ﬁ) a——(vTD V)A“( ) (ac+pB) a+ (W —c)(ac+ B) a.

=0.

1
All terms in the Bellman equation, except possibly the term(rW — ¢)(ac + ) a, have a common factor (ac + )"«
1
Last term is of the order(ac + ) «, it suggests that we should choose a, b in such a way that rW — c is proportional to

ac + . Therefore, we have chosena = @, b = éso

a

W -c¢) =£(aW+b)—%(rb+ac) =£<(ac+ﬁ)<%) —%(rb+ac)>.

1
Substituting them into the Bellman equation and dividing it by (ac + )" "a, the Bellman equation is obtained

1 1 1
--—Aa<L—1—-(vTD—1v)> =0
a 2

a—1 «a a—1

Where, this determines the constant A, i.e.,
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1
Natwe i (—P——T L rp-in)| ©
A—[a(a 1)<a—1 p 2(vD V) . (16)
From (15), the optimal consumption is

c= %(A‘“(aW +b) — B),

and substituting (16), (14) into (9), the optimal portfolio rule is found to be

_aW+bD_
ST Tw

It gives proof.

Now substituting above results into the budget equation(5), the wealth process is determined as

dw(t) = [r —-p+ ! -I2- avTD‘lv] (aW + i—;) dt + (aW + g) vT2~1dB(t).

Using the Ito formula with f(W) = In (aW + g) we get

a 1 a?

2 __ 1.,Tp- Ty-—
de_?(amﬁ)z (aw) ——a(r—p+5v D 1v)dt+av T71dB(t) .

r

dln(aw+§)=

Integrating gives

1
In (a'Wt + g) —In (aWO + g) =a (r —p+ EVTD‘H/) t+ avTZ71B(0).

If we denote X, = In (aWt + g), then we have a strong solution

1
X;=In (aWO + g) +a <r —-p+ EVTD_IV) t+ avTZ71B(b).
Using the Ito isometries, its mean and variance are

B 1 -
EX, = ln(aWo +;) +a(r—p+;vTD 1v)t,
E(X, — EX,)? = a?vT D tvt.

Hence X, is a normal distribution with following parameters

Xt~N[ln(aWo +§)+a(%-(ﬂ;r)z—p+r>t,a2(ll;r)2t]

or W, is determined with e*t. Le., W, is a lognormal distribution.
CONCLUSION

e In this paper explicit solution of Merton’s type portfolio optimization problem in finite horizon with HARA
utility function and transactions costs was investigated.
e By assuming the utility function is of the form HARA, following results have been investigated;
o investor’s wealth are log-normally distributed with linear trend,
o optimal consumption and the optimal portfolio rule are linear in wealth
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