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ABSTRACT

In this paper, some inequalities of Hermite-Hdamard type for co-ordinated quasi-convex functions in two variables are
given. The obtained results give refimenets of the Hermite-Hdamard type inequalities for co-ordinated quasi convex
functions proved in [21].
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1 INTRODUCTION:

Let f:I >R, J#ICR beaconvexon I, a,be I with a <b. Then the inequalities:

f(a;bjﬁﬁjjf(x)dxéw, )

hold. The inequalities in (1) is known as the Hermite-Hadamard's inequalities for convex mappings. The inequalities in
(1) hold in reversed order if f is a concave function.

In recent years, many authors have established several inequalities connected to Hermite-Hadamard's inequality. For
recent results, refinements, counterparts, generalizations and new Hermite-Hadamard type inequalities see [12], [13],
[17] and [24].

We recall that the notion of quasi-convex functions generalizes the notion of convex functions. More precisely, a
function f :[a,b] — R is said to be quasi- convex on [a,b] if

[(Ax+(1=A)y) <max{f(x), f()},

for any x,y€ [a,b] and A€ [0,1]. Clearly, any convex function is a quasi-convex function. Furthermore, there

exist quasi-convex functions which are not convex (see [16]). For several results concerning inequalities for quasi-
convex functions we refer the interested reader to [1]-[5], [16], [25, 26] and [28, 29].

Let us consider now a bidimensional interval A =:[a,b]X[c,d] in R*> with a<b and c<d, a mapping
f:A—> R is said to be convex on A if the inequality
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fAx+(1=-Dz, Ay+ (A=W <A (x, )+ (1=A) f(z,w),
holds for all (x, y),(z,w)€ A and A€ [0,1] .

A modification for convex functions on A, which are also known as co-ordinated convex functions, was introduced by
S. S. Dragomir [11] as follows:

A function f:A—R is said to be convex on the co-ordinatess on A if the partial mappings
fyila,b] >R, fi(w)= f(u,y) and f :[c,d] >R, f (v)= f(x,v) are convex where defined for all
x€la,bl,yelc,d].

Clearly, every convex mapping f :A — R is convex on the co-ordinates. Furthermore, there exists co-ordinated
convex function which is not convex, (see for example [11]).

The following Hermite-Hadamrd type inequality for co-ordinated convex functions on the rectangle from the plane R?
was also proved in [11]:

Theorem: 1 [11] Suppose that [ : A— R is co-ordinated convex on A. Then one has the inequalities:

T B Ty P Y
S;J'If(x,y)dydx

(b-a)(d=c)ye
1 1 b 1 b 1 d 1 d
Z[b_aLf(x,c)dx+b_ajaf(x,d)dx +E‘Lf(a,y)dy+ﬁ£f(b,y)dy}
fla,c)+ fla.d)+ f(b.c)+ f(b.d)

4

IA

IA

. ()]

The above inequalities are sharp.

In a recent paper [23], M. E. Ozdemir et al. give the notion of co-ordinated quasi-convex functions which generalize the
notion of co-ordinated convex functions as follows:

Definition: 1 [23] A function f 1A= [a,b])( [C, d] — R is said to be quasi-convex on A if the inequality

[t (1= D)z, Ay + (1= Dw) < max{f (x, y). f (z.w)};
holds for all (x, y),(z,w)€ A and A€ [0,1] .

A function f:A—R is said to be quasi-convex on the co-ordinates on A if the partial mappings
fy Ha,b] >R, f,(u)= f(u,y) and f,:[c,d] >R, f.(v)= f(x,v) are quasi-convex where defined for all
x€la,bl,ye[c,d].

A formal definition of co-ordinated quasi-convex functions may be stated as:

Definition: 2 A function f : A — R is said to be quasi-convex on the co-ordinates on A if

fax+(1-0z,sy+(1—s)w) <max{f(x, y), f(x,w), f(z, ¥), £ (z. W)},
forall (x,y),(z,w)€ A and s,te [0,1].

The class of co-ordinated quasi-convex functions on A is denoted by QC(A). It has been also proved in [23] that

every quasi-convex functions on A is quasi-convex on the co-ordinates on A. We now give an example to show that
there exists quasi-convex function on the co-ordinates which is not quasi-convex.
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2
Example: 1 The function [ : [— 2 2] — R, defined by f X, y \_xJ_yJ where |_J is the floor function. This

function is quasi-convex on the co-ordinates on [— 2,2] but is not quasi-convex on [0, 1] .

For example, take (x, y)=(=2,1). (z,w)=(1,-1) and A = %, then

fAx+(1-Dz, Ay +(1-Dw) = f(—%,()) =0,
on the other hand

max{f (x,y), f(z,w)}= max{f (- 2,1), f(1,-1)}=—1,

which shows that

FAx+(1= )z, Ay + (1= Hw) > max{f (x, y), f (z,w)}

For further results on several new classes of co-ordinated convex functions and related results we refer the interested
reader to [6]-[9], [11], [15], [18]-[23] and [27]. Motivated by the results proved in [21, 27], the main purpose of the
present paper is to establish some new inequalities for co-ordinated quasi-convex functions which are related to the
rightmost terms of the Hermite-Hadamard type inequality (2) and to get refinements of the results for co-ordinated
quasi-convex functions proved in [21].

2 MAIN RESULTS:

Throughout in this section, for convenience, we will use the notations:

o f(a,c)(,M=‘ o f(a,d*,N—

~ [osor

dsot dsot dsot
9? c+d |82 c+d |82 [a+b j
= s = b, ,R: ) s
‘asatf(“ 2 ) Q |asarf[ 2 j‘ |asatf 2 ¢
9’ a+b
= d
asatf( 2 j‘
and
2
T=|a f(a+b’c+dj
9sar 2 7 2

The following lemma is necessary and plays an important role in establishing our main results:

Lemma: 1 Let f:ACR> — R be apartial differentiable mapping on A := [a,b]x[c,d] witha<b, c<d.If

2’ f o
359 (A),then the following identity holds:
5ot
1 e fla,c)+ f(a,d)+ f(b,c)+ f(b,d)
-_ , v ) dydx + —A
By )b :
— — 2 —_— —_—
_(b-a)d-c) J-Tts 0 f(l ta+1+tb,1 SC+1+dedsdt
16 090 Jsot 2 2 2 2
2 — —
H (1+Ia+l tb,l sc+1+sd Jeds
asat 2 2 2
2 J— —
” a (1 ta+1+tb,l+sc+1 sdjdsdt
asat 2 2 2
2 — —
][ aiatf(l+ta+12tb,lgsc+lzsdesdt}, 3)
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A= LD et Joc g T e )|

c

Proof: By integration by parts, we have
“- az; [1+ta+1;tb’1+sc+1;sdjdsdt

T e A v M G R A
_C)f(a,1+sc+l;sdjds

(
4 tet (141 1-t 1+s 1-s
e + b, + d |dsdt. 4
Hf(za 2 2 T js @

I+t  1-¢ I+s 1-s
Setting X = EN a+ Tb and y = — c+ BN d , we get from (4) the following inequality:

2
[ )92 f(1+ta+1_tb,1;sc+1;Sdjdsdt

oJo 0sot 2
“Graaa’ gl
ot WWV [ rete o

In a similar way, we can have the following inequalities:

9’ 1+ 1- 1-s 1+s
J.J‘ asat [ ta+ 2tb, 3 c+ 5 djdsdt
4 8 a+b

R e e

(b_a)?d 7 Jidf(a,y)dwﬁ f jc+df x, y)dydx, ®)
jjt—s o [ 1+t lzsc+lgsdjdsdt

8

< 7= )(d c)f(b,c)—mjmf(x ,¢)dx

—mjﬁf(b,y)dwm o] 2 £y ™
HO - (_ +1;tb,12 c+“2'Sdesdz

“Gmakaa ) Gk
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8 d 16 b pd
5 a0 Y)AY + ————5 ass |era f X,y )dyd. ®)
O e
- . o L . . (b—a)d-c)
Substituting (5)-(8) in (4), simplifying and multiplying the resulting equality by T , we get (3). Hence the

proof of the Lemma is complete.

Now we begin with the following result:

Theorem: 2 Let :AC R?> = R be a partial differentiable mapping on A = [a,b]X[c,d] witha<b, c<d.

2
If 550 is quasi-convex on the co-ordinates on A, then the following inequality holds:
sot
1 . f(a,0)+ f(a,d)+ f(b,c)+ f(b.d)
— , V) dydx+ —-A
a7 ) ;
S%[SUP{O,Q,S,T}+SUP{N,Q,R,T}+SUP{L, P.R,T}+sup{M P,S.T}] ©)
where A is defined as in Lemma 1.
Proof: From Lemma 1, we have
0 : ,d)+ f (b, b,d
L e L0 T @) () ()
—c)s 1
— — 2 — —
S—b a)d ~c) Iljlts| f(l ta+1+tb,l Sc+1+sdjdsdt
16 0% |8s8t 2 2 2 2
10l 1+t —s 1+S
+ jo jo - f[ : djdsdt
10l 1- t 1+t 1+s
+ jo jo Py f[ . djdsdt
1pl 1+t 1+S
+ j'oj'o s f( . djdsdl} (10)

By the quasi-convexity of on A:= [a, b]X [C, d ], we observe that the following inequality holds:

0sot

IJ 82 (1+ta+1_tb,1+sc+l_sdj
|asaz 2 7 2 2

|82 ( c+dj|a2 (a+b j|82 (a+b c+dj
<””5up{ d)“asatf 2 S\ 2 a2 2

1 0’ | 0’ c+d | 0’ a+b | 9’ (a+b c+dj
=_ b,d), b, , .d |, i ‘
4suPﬂasazf ( )1 / [ 2 j‘ asar ( 2 j‘ a2 2

dsdt

an
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Analogously, we also have that the following inequalities:

J'J‘ 1+ta+1_tb,1_sc+1+sd dsdt
|asat 2 2 2

! oupd| -2 1 [ cxd\|d (a+b |2’ [a+b c+dj
o a ’ .d |, , : 12
4S“pﬂasatf( )1 f(a 2 j‘|asatf[ 2 j‘ a2 2 42
2
ITSJ p) f(l_ta+1+tb,l+sc+l_sdj
o™ 959 | 2 2 2 2
! o I c+dY| @’ (a‘”? j|32 (a+b c+dj
=7 b.c). b, . .c |, , 13
4suPﬂasazf( C)(|asazf( > j|asarf > a2 2 a3
| o I+t 1-s l+s
b, d
.H. |as8t ( a+t 5 5 c+ 5 ]

1 0’ | 0’ c+d 2 a+b | 0’ (a+b c+dj
S_ bd b, P ’d 9 b k]
4max{ i )( f( j rf( 2 j‘ |8s8tf 2 2 (1

dsot ’|9sor 2
Substitution of (11)-(14) in (10) gives the desired inequality (9). This completes the proof.

dsdt

dsdt

Corollary: 1 Suppose the conditions of the Theorem 2 are satisfied. Additionally, if

2

is increasing on the co-ordinates on A, then

0sot
(b - a)(d - c)
64

f(a,c)+f(a,d)+f(b’c)+f(b’d)_A <

; [0+0+5+T] (15)

|#J‘J‘f X,y dydx+

2

359 is decreasing on the co-ordinates on A, then
sot

f(a,C)+f(a,d)+f(b,c)+f(b’d)_A‘ gw[L+R+P+T1 (16)

|m [tk 4 64

Proof: It follows directly from Theorem 2.

Theorem: 3 Let f:AC R? > R be a partial differentiable mapping on A := [a,b]X[c,d] witha<b, c<d.

2 q
If 3501 is quasi-convex on the co-ordinates on A and p, q>1, —+l =1, then the following inequality holds:
N q
! o fla,c)+ fla.d)+ f(b.c)+ f(b.d)
— , v )dydx + —A
‘(b—a)(d—c)-[t-[“f(x Y My s
—(b afd-c [( uplze, P RE, T Wi + (supfyr e, o, 59,79 )
16(p+1)»
1 1
+(sup{Nq,Qq,Rq,Tq})q+(sup{oq,Qq,sq,Tq})q} an

where A is as given in Lemma 1.
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Proof: Suppose p >1.From Lemma 1 and well-known Holder inequality for double integrals, we obtain

gz bt vt el flad)t bt 0.d)
qudth

< —(b ~ald—c) (J.;J.;t”spdsdtj;

16
1+t 1 th1+sc+1_sd
2 2 2

(e

92
* .EJOI osot

1 -
f( Jz”a+ Lp,

2

1+¢

1+s

a2
+ J.OIJ.O1 0sot

f(lgta+

b,
2

2

=

dsdt

dsdt

dsdt

=

(18)

2 _ _ q
N IT d f(l ta+1+tb’1 Sc+1+sdj
090/ 95t 2 2 2 2

2 q

on A, we have that the following inequalities hold:

Now by the quasi-convexity of
5Ot

2 —_—
Ij|a [1+l Jlory Lbs 1 sdj

|as8t 2 72 2

92 "] 9 ctd\'| 9 [(a+b
S b b ’ ’ ’
S“pﬂasatf (@ c)( a5 (“ 2 j‘ asar” [ 2 cj

q

dsdt

q

dsdt

! |82 (a+b c+dJ
2 2

" |9sar ’

q
, (19

|32 f(a+b c+djq 20)
osor '\ 2 T 2 ) [

2
“-| 0 (l+t l_tb,l_sc+1+sdj
|asar 2 72 2
92 | 92 crd\'| 9 (a+b jq
< : .d
Supﬂasatf @ )( a5 ( 2 j‘ a5/ 2
q
” (1 t 1+tb,1+sc+1_sdj dsdt
|8s8t 2 72 2
9’ ! | 0’ c+ad\’ | 9’ a+b ' |82 a+b c+d\’
S b, s b’ D) D) ) ) 21
S“pﬂasazf( c)( s f[ 2 J‘ |asatf[ 2 Cj |asatf[ 2 2 j @D
=t A+t 1=s  l+s !
b, d
“|asaz ( 2 "2 T j
2 q
’| 0 f(a+b’c+dJ } o)

dsdt
92 HKS c+d\'|9* (a+b Y
< b,d) , b, , .d
max{ /(b.d) f( 2} f[ J 9sar '\ 2 7 2

dsot 2
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Also, we notice that

.|'01 _[()lt”s”dsdt o (23)

p+1)

Utilizing the inequalities (19)-(23) in (18), we get the required inequality (17), which completes the proof of the
theorem.

Corollary: 2 Suppose the conditions of the Theorem 3 are satisfied. Additionally, if

) o4
. g aft is increasing on the co-ordinates on A, then
S
1 "4 ,c)+f(a,d)+ f(b,c)+f(b,d b—a)d-
(b—a)(d—c)”f(x’y)dydx+f(aC) fla )4f( o)+ )_A‘SL(;)[MQ””}(M)
ac 16(p+1)»
2. 501 is decreasing on the co-ordinates on A, then
N
bd
;”f(x,y)dydx+f(a’c)+f(a’d)+f(b’c)+f(b’d) —A‘ gm(d_f)[L+R+P+T]. (25)
(b-a)(d=c)x 4 16(p+1)»

Proof: It is a direct consequence of Theorem 3.

Our next result gives an improvement of the constant of the result given in Theorem 3.

Theorem: 4 Let :AC R?> — R be a partial differentiable mapping on A := [a,b]X[c,d] with a<b, c<d.

2 f|’
If 359 is quasi-convex on the co-ordinates on A and q 21, then the following inequality holds:
sot
1 bd f(a,0)+ f(a,d)+ f(b,c)+ f(b.d)
— , V) dydx + —-A
a1/ ()b :
(b—a)(d—C) R ¢ pa o il
ST (sup{L ,P' R",T })q +(sup{M ,P1,89.T })q

1

+ (sup{Nq ,07, Rq,Tq})q + (sup{Oq ,0,8,T1 })é } (26)

where A is as given in Theorem 1.

Proof: Suppose ¢ = 1. From using Lemma 1 and the power mean inequality, we have

x fla,c)+ f(a,d)+f(b.c)+f(bd —aNd =)/ oo -
Wl(d_c)ﬂf(x,y)dydw( )+ /1 )4f( Jx /1 )—A‘s(l’ l)éd )Uojotsdsdt)

dsdt

il | 9% (14t 11—t 14+s 1-s
X jojotsiasatf[ 5 a+ 5 b, 5 c+ > dj
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2 _ _ q
+| [ [s J f(1+ta+1 £p Sc+1+sdj dsdi
odo” (3501 2 2 T2

2 _ _ q q
+| [[s O 1zt Ity s 128 0N dsar
odo” (3501 2 2 T

=

2 _ _ q
Il_[ls J ! ta+1+tb,1 Sc+1+sd dsdt | | ©X))
0 |dsot 2 2 2

0

2 q

Now by the quasi-convexity of on A, we have that the following inequalities hold:

sot
2 — —
J.J. a [l+ta+1 tb,1+sc+1 sdj
asar 2 2 2
1 0’ ! | 9’ c+d ) | 0’ a+b ' |82 a+b c+d\’
St ’ ’ ’ ’ s ) ) , (28
4S“p{‘asatf(a C)( |asatf(” 2 j‘ |as8tf( 2 C] |as8tf( 2 7 2 J @9
2 _ _ q
” K [1+ta+l tb,l SC+1+de dsdi
|8sat 2 2 2
1 09’ ! | 9’ c+d )
S_ ad ’ P}
4S“pﬂasatf(a * |8s8tf[a 2 j
q
“- | 92 [ a+1+tb,1+sc+1_sdJ
|asaz 2 2 2

dsdt

2 ! | 9’ c+d\’ | 9’ a+b '
b’ s b’ ’ ’

0dsot f(b.c) s tf[ 2 j s f[ 2 Cj

q
” Kk a+1+tb,1_sc+1+sd dsdt
|asaz 2 2 2

9’ kS c+d )
b,d) , b,
Osot i )( 0sdt f[ 2 j

q

dsdt

|82 (a+b jq|82 (a+b c+djq
s\ 2 ) a2 2 )

|82 f(a+b c+djq 30)
losor T\ 2 7 2

| 92 (a+b ]
’|3satf 2 !

Iol J;tsdsdt = %

! |82 f(a-kb c+d]q 1)
osart L 2 7 2 ) [

Also, we notice that

Making use of the inequalities (28)-(31) in (27), we obtain the required inequality (26). This completes the proof.

Remark: 1 Since 2" > p+1 if p >1 and accordingly
1 1
< -
8 4(p+1)s

and hence we have that the following inequality:
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1 11 1 1 1

1 1 2
64 88 4p+1)s 4(p+1)s 16(p+1)s

>

and as a consequence we get an improvement of the constant in Theorem 3.
Improvements of the inequalities of Corollary 2 are given in the following result:

Corollary: 3 Suppose the conditions of the Theorem 4 are satisfied. Additionally, if

az
1. / is increasing on the co-ordinates on A, then (15) holds.
0sot
o’ f]| . . .
2. 359 is decreasing on the co-ordinates on A, then (16) holds.
sot

Proof: It follows from Theorem 4.
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