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ABSTRACT

The purpose of the present paper is to establish a new result concerning uniform matrix summability of conjugate
series of a Fourier series. Relevant connections of the results presented herewith various known results are briefly
indicated.
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1. INTRODUCTION AND PRELIMINARIES:

Let f be 27T periodic, Lebesgue integrable function with Fourier series given by

1 = )
f(x) = S + Y (a, cos nx+b sin nx). (1.1)

n=l1

The conjugate series of series (1.1) is given by

Z(an sin nt—b,cos nt) = - ZBH (1). (1.2)
n=1

n=1

Let T = (an’ k ) be an infinite lower triangular matrix satisfying Silverman-Toeplitz [9] conditions of regularity i.e.
n
@) Zan’k —1 as n—ow
k=0
(i) a,, =0 for k>nand

n
(iii) Z‘ a, . ‘ < M where M is finite constant.
k=0

Let Zun ()C) be an infinite series defined in [a,b] C|—m,]. The I’lth partial sum of the series Zun (X) is
n=0 n=0

given by Sn(x) = Zn:uv(x) V xe [a,b].

v=0

- * - . . .
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If there exists a bounded function S (X) such that

£0)=Y a, {S,0-50}

=o0(l),as n— oo,

uniformly V' X € [a,b] then we say that the series Zun (x) is summable (7) uniformly in @ < x < b to the
n=0

sum S (x).
Particular Cases:

Several authors such as ([1]-[4]), (see also [5]) studied the matrix summability method and obtained many interesting
results.

The important particular cases of the triangular matrix means are:

Vk.

(i) Cesaro mean of order 1 or (C, 1) meanif a,, = N
' n+

1
(n—k+1) logn

n—-k+06-1
)
n+o )
")
1 2
(iv) (H, p) means when a, , = —Hlogq (k+1) .

~ (log)"(n+1) 5

(ii) Harmonic means when a, , =

(iii) (C, 6) means when a, , =

(v) Norlund means when @, , = pl';_k , where Pn = Z D s Pn 0.
k=0

n

(vi) Riesz means (]V, pn)when a, =%, Pn #0.

n

(vii) Generalised Norlund Means (N, p, g) when a,, = % . where Rn = Z Prd, i > Rn #0.
n k=0
We denote S n (x) , the n partial sum of the series (1.2).
— 17 t
Let f =f(x) :——jy/(t)cot—dt, (1.3)
27y 2
f(x)=lim f,(x), (1.4)
n—0oo
yt)=fx+0)— f(x—1), (1.5)
t
W (1) = [y w)|du. (1.6)
0
T n
A= zan,n—k = Zan,k ; (1.7)
k=0 k=n—-t1
|:1i| :
where 7 =| — | = integral part of —, (1.8)
t t
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1 & cos(k + 1)t
and K, (t)=— ankg, (1.9)
2= sin %

Saxena [6] discussed the uniform harmonic summability of conjugate series of a Fourier series in the following form:

t
Theorem: 1.1 If lP(l‘) = J.|l//(u)|du =0 1—1 , uniformly in a set E, as  — +0, then the series (1.2) is
O 2

t

summable by harmonic means uniformly in E to the sum f (X) , provided the limit (1.4) exists uniformly in E.
Tripathi and Singh [8] extended the above result to the case of uniform Norlund summability in the following form:
Theorem: 1.2 If the sequence {qn} is real, non-negative and monotonic non-increasing sequence of coefficients such

tA(t
that Qn —> 00 as n—> o0 and the function ﬂ(l‘) ﬂ(l‘) and @)

ﬂ(n)Qn = 0[,B(Q,1 )] as n —> oo, thenif

W (1) = [y w|du=o
0

increase monotonically with f and

AlL)g,
B(0,)

uniformly in a set E, as £ — 40, then the series (1.2) is summable (N, q, ) uniformly in E to the sum f(x) , at

the point = X, provided the limit (1.4) exists uniformly in E.
2 MAIN THEOREM:

The purpose of this paper is to generalize the result of Saxena [6] and Tripathi and Singh [8] for uniform matrix
summability method. In fact, we prove the following interesting result.
Theorem: 2.1 Let 7' = (an k ) be an infinite triangular matrix such that the elements (an k) are non-negative and

non-decreasing with k < nandif

W(t) = j | ww) | du= 0( .1

tBY) )
g(}))

pn)

logn

as t = +0, uniformly inaset £ = [a,b] , where ﬂ(t) is a positive function of 7 such that —0 as

n — oo then the conjugate series of a Fourier series (1.2) is summable (7) uniformly in E to
— 175 t
fx) =——J.l//(t)00t—dt provided the limit (1.4) exist uniformly in E =[a,b].
27y 2
To prove our main theorem we require the following lemmas.

3. LEMMAS:

Lemma: 3.1 If (an k ) is a non-negative and non-decreasing with k <n . then

> a, , cosk + 1= O0(A, ) for 0 < %s i<S<x.

n n—-v n
Proof: | Y a,, cos(k +1)1|<|> a, , costk + Dl +| D a,, costk + 1)t

k=0 k=0 k=n-t
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<2a max Zcos(k + D)t + Zn:an’k|cos(k + %)t|,

n.n—7

0<k<r<n— P ket
(by Abel’s Lemma)
sin(r +1)%
2
< 2an,n—z’ —t + An,r
Slnj
L 2a
1 n,n—7
D a,, cos(k + 1) < A, 3.1)
T n
Now An,z’ = Z an,n—k = Z an,k
k=0 k=n-7
=04, + [ +..... + a, ,
2(t+Da,,_,
a, ._
> (since T H)
t
Therefore —=0(4A,,) . (3.2)

n
By (3.1) and (3.2), we have Zan,k cos(k + D1} =0(4A, ).
k=0

Lemma: 3.2 If (an k) is non-negative and non-decreasing with kK < n and Kn (t) is given by (1.9) then

A . 1
K,t)=0| — |for 0< —<t<0<T.
t n

1 ) t
Proof: Since for 0 < — <t < 8 < 7 ,sint > —,
n T

cos(k + 1)t

1|
We have Kn(t)|=g];)an,k St
= 2
1
<— a, cos(k + 1)t
27sinf ,;) ¢ 2
1 27

<— —[O(An T)] from Lemma 3.1
2t

A
n,7
Kowj=of e
t
Hence the lemma is proved.

4. PROOF OF THE MAIN THEOREM:

It is well known that the integral formula for the K" partial sum of conjugate series of a Fourier series (1.2) is given by,
(see [7]):

T cos k+ )t —cos L+
S, ( :LJ‘ ( .) 2 1
27y,

r
Sin )
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V.4

1 cos( k + Dyt
S, ()= f(x) == [y (1) ——2—di
27, sin 5
cos( k + )t
Now Z a, 15,0 -F0}= —jy/(t)z i~
2
% " k + )t
= I(//(;)LZ a, . COS(.—Z)dt
0 27 =y sin 5
jl//(t)K (1)dt @.1)
0
So in order to prove our main theorem, we have to show that
jy/(t)Kn(t)dt = 0(1), uniformly in E. (4.2)
0

We set

b4 - % - g - b -
Jy DK, (di = [y (K, (de + [y (DK, (di + [y (DK, (1)dr
0 0 L o

=Il+12+13,say 4.3)
Since limit (1.4) exists uniformly in E so

1

7 w (1)K, (t)dt = o(1), uniformly in E. (4.4)

O s |-

1
Also,for 0 < t < —,
n

1 & cos(k + J)t — cos

Zan,k

2sin(k +1){sink 4|

i

27 = sin % sin & |
n (k +1)[sin £ k|sin 3| , _
<— Zan L ' (Since [sin k#| < k|sint]
T k=0 |Sln %|

f0r0<l‘<%)

=0| > a, kk+ l)tj
k=0

=0 nthan’kJ
k=0
=0(nr), (4.5)
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Hence
:j (HK, (t)dt
0
1 1
f 1 & cos(k + )t —cos £ n
= 1)— > a — > a t)cot Ldt
_(['//() ﬂ'kzzlo n,k|: sin £ } 7[/;) k'([l//() 2

1
1| < J-|l,//(t)|.0(n2t)dt + o(1), uniformly in E, (using (4.4) and (4.5))
0

1

< O(I’l)jﬂy/(l‘)wt + o(1), uniformly in E,
0

n
<0(n).o A + 0(1) , uniformly in E, (by condition (2.1))
nlogn

< 0( ﬁ(n)J + o(1), uniformly in E,
logn

= 0(1) ,as n —> oo, uniformly in E (by hypothesis of theorem) (4.6)

o
Now I, = [ (K, (t)dt

A
LU jkﬂ (l‘)ldl‘ (by using Lemma 3.2)
t

An T
- j.‘P(t)dt

s 5
_ Ave tBCY) n, fﬂ(/) 1 fﬁ(/)
_O(D'H t 'log(%)jf! ; jlog(/) +Ir tog( 1) ¢ )
A, 1Bl "
:0[ n,[%;]ﬁ[é'] +0(—A"’"ﬁ(n) +0 IA"“ﬁ( )a’ +0 I'B(u)d(AM)
log|: logn 1 ulogu logu

AnBm) [ Bl ¢ pin) <
=oll 1 : . .
ool o 200 1 el 3o || e S

(Applying the Mean Value Theorem for integrals)

o(1)+o(1)+ 0(1).0(@j +o(1)+o(1)
logn

= 0(1), as 1 — oo, uniformly in E. 4.7
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Also by the virtue of Riemann Lebesgue theorem and regularity of method of summation, we have 1 3= 0(1), as
n—oo, 4.8)

Thus from (4.1), (4.3), (4.6), (4.7) and (4.8), we have

Z ay k {Sk (x)— f(x)}: 0(1),as n — oo, uniformly in E.
k=0

This completes the proof of the theorem.

1
Remark: 11f we put @, ; = (1—k+ DI ,ﬁ(l‘) =1 Vt,[a,b] = E then we obtain the corresponding
' n—k+1)logn

result of Saxena [6].

n
Remark: 2 The result of Tripathi and Singh [8] is a particular case of our theorem if @, ; = Dt s Q,1 = Z q; -
k=0

tA(t)q, logt
(1) =" =80 [a,b]=E.
/ a(Q)
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