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ABSTRACT

In this paper, we obtain common fixed point theorems in intuitionistic fuzzy metric spaces by using notion of absorbing
maps. Our result generalizes many known results in intuitionistic fuzzy metric spaces.
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1. INTRODUCTION:

Atanassove [4] introduced and studied the concept of intuitionistic fuzzy sets as a generalization of fuzzy sets. In 2004,
Park [9] defined the notion of intuitionistic fuzzy metric space with the help of continuous t-norms and continuous t-
conorms. Recently, in 2006, Alaca et al.[1] using the idea of Intuitionistic fuzzy sets, defined the notion of intuitionistic
fuzzy metric space with the help of continuous t-norm and continuous t- conorms as a generalization of fuzzy metric
space due to Kramosil and Michalek [5].In the literature, many results have been proved for contraction maps in
different settings such as fuzzy metric spaces [3, 7], intuitionistic fuzzy metric spaces [1, 4, 6].

In this paper, we obtain common fixed point theorems in intuitionistic fuzzy metric spaces by using notion of absorbing
maps. Our result generalizes many known results in intuitionistic fuzzy metric spaces.

2. PRELIMINARIES:

The concepts of triangular norms (#-norms) and triangular conorms (z-conorms) are known as the axiomatic skelton that
we use are characterization fuzzy intersections and union respectively. These concepts were originally introduced by
Menger [8] in study of statistical metric spaces.

Definition: 2.1[11] A binary operation * : [0,1]x[0,1] — [0,1] is continuous #-norm if * satisfies the following
conditions:

(i) * is commutative and associative;

(ii) * is continuous;

(iii)a *1 = aforall ae[0,1];

(iv) a * b <c¢ *d whenever a <c and b <d for all a,b,c,d €[0,1].

Definition: 2.2[11] A binary operation ¢: [0, 1] x [0, 1] — [0, 1] is continuous t-conorm if ¢ satisfies the following
conditions:

(i) ¢ is commutative and associative;

(ii) ¢ is continuous;

(iii)a 0 0 = aforall ae [0,1];

(iv) a 0 b <c 0 d whenever a <cand b <d for all a,b,c,d €[0,1].
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Alaca et al. [1] using the idea of Intuitionistic fuzzy sets, defined the notion of intuitionistic fuzzy metric space with the
help of continuous #-norm and continuous #-conorms as a generalization of fuzzy metric space due to Kramosil and
Michalek [5] as :

Definition: 2.3[1] A 5-tuple (X, M ,N,*, Q) is said to be an intuitionistic fuzzy metric space if X is an arbitrary set,

*is a continuous f-norm, ¢ is a continuous r-conorm and M, N are fuzzy sets on X°x[0, o) satisfying the following
conditions:

() M(x, y,t) + N(x, y,t) <Iforall x,y€ X and t>0;

(i) M(x, y, 0) = Oforall x,ye X ;

(iii) M(x, y, t) = I forall x,y€ X and t > Qif and only if x = y;

(iv) M(x, y, t) = M(y, x, t) forall x,y€ X and t >0;

(V) M(x, y, )¥* M(y, z, s) <M(x, z, t + s) forall x,y,z€ X and s,1>0;
(vi) M(x, y, .) : [0, 00) — [0, 1] is left continuous for all x,ye X ;

(vii) 1i_>mM(x,y,t) =1 forall x,y€ X and  >0;

(viii) N(x, y, 0) = I forall x,ye X ;

(ix) N(x, y, t) = O forall x, y€ X and ¢ > Qif and only if x = y;

(X)N(x, y,t) =N(y, x, t) forall x,y€ X and t >0;

(xi) N(x, ¥, ) O N(y, z, §) > N(x, z, t + s) for all x,y,z€ X and 5,1>0;
(xii) N(x, y, .) : [0, ©0)—[0, 1] is right continuous for all x,ye X ;

(xiii) }i_{nN(x, y,t)=0 forall x,ye X .

Then (M, N) is called an intuitionistic fuzzy metric space on X. The functions M(x, y, t) and N(x, y, t) denote the degree
of nearness and the degree of non-nearness between x and y w.r.t. ¢ respectively.

Remark 2.1: [1] Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric space of the form
(X, M, 1-M, * ) such that #-norm * and ¢t-conorm ¢ are associated as

xOy=1-((1-x) *(1-y)) forall x,ye X .

Remark: 2.2 [1] In intuitionistic fuzzy metric space (X, M, N,*,0), M(x, y, *) is non-decreasing and N(x, y, ¢) is

non-increasing for all x,ye X .
Alaca, Turkoglu and Yildiz [1] introduced the following notions:

Definition: 2.4[1] Let (X, M, N,*,{) be an intuitionistic fuzzy metric space. Then
(a) a sequence {xn} in X is said to be Cauchy sequence if, forall £ >Qand p >0,

lim M (x

n—oeo ntp?

x,,t)=1and limN(x

n+p?

x,,t)=0.

(b) a sequence {xn} in X is said to be convergent to a point x€ X if, forall >0,

limM (x,,x,t)=1and limN(x, ,x,1)=0.

n—

Definition: 2.5 [1] An intuitionistic fuzzy metric space (X,M ,N,* Q) is said to be complete if and only if every
Cauchy sequence in X is convergent.

Example: 2.1[1] Let X = {I/n: n€ N }U {0} and let * be the continuous z-norm and ¢ be the continuous f-conorm
defined by a * b = ab and a 0 b = min{1, a+b] respectively, for all a,be [0,1]. For each t € (0,00)and x,ye€ X ,
define (M, N) by
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;, t>0, M’ t>0,
M (x,y.1) =1 t+[x-y| and N(x,y.1) =1 t+[x-y
0 t=0 1 t=0.

Clearly, (X,M,N,*,9Q)is complete intuitionistic fuzzy metric space.

Definition: 2.6 Let f and g are two self maps on an intuitionistic fuzzy metric space (X, M ,N,*, Q) then f is called
g-absorbing if there exists a positive integer R > 0 such that

M(gx,gfx,t)ZM(gx,fx,t/R):l,N(gx,gfx,t)SN(gx,fx,t/R):O forall xe X .

Definition: 2.7 Let f and g are two self maps on an intuitionistic fuzzy metric space (X, M ,N,*,0) then f is called

pointwise g-absorbing if for given x € X , there exists a positive integer R > 0 such that
M (gx, gfx,t) 2 M(gx,fx,t/R) =1,N(gx, gfx,t) < N(gx, fx,t/R) =0 forall xe X .

Definition: 2.8[2] Let (X,M,N,* 0) be an intuitionistic fuzzy metric space. f and g be self maps on X. A point

x€ X is called a coincidence point of fand g iff fx = gx. In this case, w = fx = gx is called a point of coincidence of
f and g.

Definition 2.9[10]: A pair of self mappings (f, g) of intuitionistic fuzzy metric space (X, M ,N,*,0) is said to be

reciprocal continuous if lim fgx, = fxand lim gfx, = gx whenever, there exists a sequence {x,} in X such that
n—oco n—o0

n—oo

lim fx, legl.o gx, = x forsome xe X .

Alaca [1] proved the following results:

Lemma: 2.1 [1] Let (X, M, N, *, 0) be intuitionistic fuzzy metric space and for all x,y€ X, ¢t >0 and if for a
number k € (0,1) such that

M (x,y,kt)=M (x,y,t)and N(x,y,kt) < N(x,y,t)
Then, x = y.

3. MAIN RESULTS:

Theorem 3.1: Let P be pointwise S-absorbing and Q be the pointwise T-absorbing self maps on a complete
intuitionistic fuzzy metric space (X,M,N,* 0) with a*b=min{a,b} and a®b=max{a,b} for all
a,b € [0,1] satisfying the conditions:

(3.1 P(X)cT(X),0(X) < S(X)
(3.2) there exist k € (0,1) such that forall x,y€e X and >0,

M (Px,Qy,kt) 2 min{M (Sx,Ty,t), M (Px, Sx,t),M (Qy,Ty,t),M (Px,Ty,1)},
N(Px,Qy,kt) < max {N(Sx,Ty,t), N(Px, Sx,t), N(Qy,Ty,t), N(Sx,Ty,1)}.

If the pair (P, S) or (Q, T) is reciprocally continuous compatible maps then P, Q, S and T have a unique common fixed
point in X.

Proof: Let x, be any point in X, construct a sequence {y,} in X such that by (3.1), we have y,,.; = Txz,; = Pxz,, and
Yon = SXZ,, = Q)Czn+] forall n = 1,2,3,...
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Now, we show that {y,} is a Cauchy sequence in X.

By (3.2), we have

M (Yy,115 Yonsao kt) = M (Px,,, 0x,,,,, kt)
> min{M (Sx,,,Tx,,,,,1),M (Px,,,Sx,,,1), M (0x,,.,,Tx,,..-1), M (Px,,,Tx,, .1}

=min{M (3,,, Y2pe1ss M (V315 2o s M (V35 Y215 D5 M (V15 Yapn oD}

M (3015 Yopsa kK1) 2 M (3,5 ¥5,0051)
And

N(Yypi15 Yansaokt) = N(Px,,, 0x,, ., kt)
S max{N(Sx2n’Tx2n+1 ’ t)’ N(P‘xZn ’ Sx2n ’ t)’ N(Qx2n+l’Tx2n+1 ’ t)’ N(P‘xZn ’Tx2n+l ’ t)}
= maX{N(yZH’ y2n+l ’t)’ N(y2n+l ’ y2n’t)’ N(y2n7 y2n+1 7t)7 N(y2n+l7 y2n+l7t)}

N(Vypirs Yansas k) S N (Yo Yapirs )
In general, M(y,,y, . ..kt)2M(y, ,y,.1),N(Y,,¥,..kt) SN(y, . y,.1).

M(Y,s Yt KO ZM (Y, 15 Y, N (Yo Yyt KO SNy, 3,00
Therefore,
M (3. Yot) 200 {M (3,03, /KM (3,0 3, ot K)ecs M3y, 1K)} = 10— o0)

N, YD) SMAX{N (5,2 3ot/ KN (e Yot/ K )ece N (s 31/ K" )} = 0(n = o0)

Hence,

M(yn’yn+p’t)2min{M(yn’yn+l’(1_k)t)’M(yn+l’yn+p’kt)}

= mjn{M(yO’ yl’(l_k)t/kn)’M(ynH’ yn+2’t)’M(yn+2’ yn+p’(k_1)t)}
>min{M (y,. y,, (A= k)t/K"), M (3o, Y.t/ K"\ M (3,00 V3o D-M (3,130 - (K =200}

> min{M (g, y,, A= K)t/k"). M (3, .t/ k"), M (3, 3, (A= Kt/ k"), s M (3, 3, (k= p)t/ k"7 ™)}
n— o

M(y,,y,. ,.t)—1

and

N(yn’yn+17’t) S maX{N(yn’ yn+l’(1_k)t)’N(yn+l’ yn+p’kt)}
S maX{N(yO’ yl’(l_k)t/kn)’N(ynH’ yn+2’t)’N(yn+2’ yn+p’(k _l)t)}
<max{N (3, . A=K)t/k"), N (3o, Y1t/ K") N (Dras Vs Ds NDgs Vs (k= 200}

<max {N (3, i A=Kt/ k"), N (s 151/ k"), N (v, 31, A=K/ K"2),s N (35 3,5 (k= p)t 77}
n— oo

N3y, Ve ps!) = 0.
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{ya} is a Cauchy sequence in X. But (X, M ,N,*,0) is complete intuitionistic fuzzy metric space so there exist a

point z€ X such that {yn} —Z.

Therefore,{Px%z},{Txanl},{th},{QXZn +1} —> 7. As the pair (P, S) is reciprocally continuous. Therefore,

lim PSx,, = Pz,lim SPx,, = Sz and as (P, S) pair is compatible, therefore,
—oo

n—o n

lim M (PSx,,,SPx,,,t) =1,lim N(PSx,,,SPx,,,t) =0

M(PZ9SZ9t) =1’N(PZ9SZ9t) =O'

Hence, Pz = Sz. Since, P(X) C T(X), then there exist a point # € X such that Pz = Tu. By (3.2), we have

M (Pz,Qu, ki) > min{M (Sz,Tu,t),M (Pz,8z,t), M (Qu,Tu,t), M (Pz,Tu,1)}
=min{M (Pz, Pz,1),M (Pz, Pz,t),M (Qu, Pz,t),M (Pz, Pz,1)}

M (Pz,Qu,kt) > M (Pz,Qu,t),
N(Pz,Qu,kt) > min{M (Sz,Tu,t), M (Pz,Sz,1), M (Qu,Tu,t), M (Pz,Tu,1)}
=min{M (Pz, Pz,t),M (Pz, Pz,1), M (Qu, Pz,1), M (Pz, Pz,1)}
N(Pz,Qu,kt) > N(Pz,Qu,1),
Hence, by lemma 2.1, we have Pz = Qu. Thus, Pz = Sz = Qu = Tu. As P is S-absorbing then for R >0, we have
M (Sz,SPz,t) > M (Sz,Pz,t/R) =1
and N(Sz,SPz,1) < N(Sz, Pz,1/R) =0

This gives, Sz = SPz = Pz.

Also, by (3.2), we have

M (Pz, PPz, kt)=M (PPz,Qu,kt) > min{M(SPz,Tu,t),M(PPz,SPz,t),M(Qu,Tu,t),M(PPz,Tu,t)}
> min{M (Pz, Pz,t),M (PPz, Pz,1),1,M (PPz,Pz,t)} = M (Pz, Pz,t) =1

and

N(Pz,PPz,kt)=M (PPz,Qu,kt) < max{N(SPz,Tu, 1), N(PPz,SPz,t), N(Qu,Tu,t), N(PPz,Tu, t)}
< max {N(Pz, Pz,t), N(PPz,Pz,t),0, N(PPz, Pz, t)} =N(Pz,Pz,t)=0.

therefore, we get, Pz = PPz = SPz. Therefore, Pz is a common fixed point of P and S.

Similarly, if Q is pointwise T-absorbing, therefore, we have
M (Tu, TQu,t) > M (Tu, Qu,t/R) =1, N(Tu,TQu,t) < N(Tu, Qu,t/R) =0.

This implies, Tu = TQu = Qu.
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Now, by (3.2), we have

M (QQu,Qu,kt) = M (Pz,QQu,kt) 2 min{M (Sz,TQu,t), M (Pz, Sz,t), M (QQu,TQu,t),M (Pz,TQu,1)}
=min{M (Sz,Qu,t),M (Pz, Pz,t),M (QQu, Qu,t),M (Pz,Qu,t)} = M (QQu, Qu,t1)

and

N(QQu,Qu,kt) =M (Pz,QQu,kt) < max{N(Sz, TQu,t), N(Pz,8z,t), N(QQu,TQu,t), N(Pz,TQu,t)}
= max{N(Sz, Qu,t),N(Pz,Pz,t), N(QQu,Qu,t), N(Pz,Qu, t)} = N(QQu,Qu,t).

Therefore, by lemma 2.1, QQu = Qu = TQu. Hence, Qu = Pz is a common fixed point of P, Q, S and T.
UNIQUENESS:

Let w; and w; be two fixed points of P, O, S and 7. We show that w; = w,. By (3.2), we have

M (w,,w,,kt) =M (Pw,,Qw,,kt) 2 min{M(Swl,Twz,t),M(Pwl,Swl,t),M(Qw2,Twz,t),M(Pwl,Twz,t)}
=min{M (w,, w,,1), M (w,, w,, 1), M (Wy, w,,1), M (W, w,,0)} = M (w,, w,,1)

and

N(w,,w,,kt) = N(Pw,,0Ow,,kt) < max{N(Swl,Twz,t), N(Pw,,Sw,,t), N(Qw,,Tw,,1), N(Pwl,Twz,t)}
= max{N(w,, w,,1), N(w,, w,,1), N(w,, w,,1), N(w,, w,,0)} = N(w,, w,,1).

By lemma 2.1, we get w; = w,. Hence, P, Q, S and T have a unique common fixed point. Proof is similar when Q and
T are assumed to be compatible and reciprocally continuous.

Theorem: 3.2 Let P be pointwise S-absorbing and Q be the pointwise T-absorbing self maps on intuitionistic fuzzy
metric space (X, M ,N,* 0) with a*b=min{a,b} and a0b = max{a,b} for all a,be [0,1] satisfying the
conditions (3.1) and (3.2). If the range of one of the mappings P, Q, S or T be a complete subspace of X then P, Q, S
and T have a unique common fixed point in X.

Proof: By using theorem (3.1), we show that {y,} is a Cauchy sequence in X. Let S(X) be a complete subspace of X.
Therefore, there exist a point # € X such that {szn—z} ’{Tx2n—l} ’{szn} ’{Qx2n+l} ,{yn} — z=3Su . By using
(3.2), we get

M (Pu,Qx,,., . kt) 2 min{M (Su,Tx,,,,.t), M (Pu,Su,t),M (0x,,.,,Tx,,.,,1), M (Pu,Tx,,,,,1)}

n— o

M (Pu, Su,kt) > min {M (Su,Su,t),M (Pu,Su,t), M (Su, Su,t), M (Pu, Su,t)} =M (Pu,Su,t)
and

N(Pu,Qx,,,,,kt) <max{N(Su,Tx,,.,.t), N(Pu,Su,t), N(Qx,,.,,Tx,,.,;.1), N(Pu,Tx,, .0}
n—> oo

N(Pu,Su,kt) < max{N(Su, Su,t), N(Pu,Su,t), N(Su, Su,t), N(Pu,Su,t)} = N(Pu, Su,1).

By lemma 2.1, we get Pu = Su = Tw for some we X .
Again, by (3.2), we have

M (Pu,Qw,kt) 2 min{M (Su,Tw,t),M (Pu, Su,t), M (Qw,Tw,t), M (Pu,Tw,1)}
= min{M(Pu, Pu,t),M (Pu, Pu,t),M (QOw, Pu,t),M (Pu, Pu,t)} =M (Ow, Pu,rt)

and

N(Pu,Qw,kt) < max{N(Su, Tw,t), N(Pu,Su,t), N(Qw,Tw,t), N(Pu,Tw, t)} ,
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=max {N(Pu, Pu,t), N(Pu, Pu,t), N(Qw, Pu,t), N(Pu, Pu, t)} = N(Qw, Pu,t)
By lemma 2.1, we get Pu = Qw. Therefore, Pu = Qw = Su = Tw. Since, P is pointwise S-absorbing, then we have
M (Su,SPu,t) > M(Su,Pu,t/R) =1, N(Su,SPu,t) < N(Su,Pu,t/R) =0.
Therefore, Su = SPu = SSu. Similarly, if Q is pointwise T-absorbing, therefore, we have
M (Tw, TOw,t) 2 M (Tw,Ow, t/R) =L, N(Tw, TOw,t) < N(Tw,QOw, t/R) =0. Hence, Tw = TQw = TTw.

Therefore, Su = Tw is a common fixed point of P, O, S and 7. Proof is similar if 7(X) or Q(X) or P(X) is complete
subspace of X.
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