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ABSTRACT

In this paper the concepts of somewhat slightly fuzzy @-continuous and somewhat slightly fuzzy @-open mappings are
introduced. Several characterizations and some interesting properties are also discussed. Also interrelations among the
mappings introduced are discussed with relevant examples.
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1. INTRODUCTION:

The fuzzy concept has penetrated almost all branches of Mathematics since the introduction of the concept of fuzzy set
by Zadeh [7]. Fuzzy sets have applications in many fields such as information [3] and control [5]. The theory of fuzzy
topological spaces was introduced and developed by Chang [1]. The concept of somewhat pairwise continuous
functions was introduced by Uma, Roja and Balasubramanian [6]. The concept of -continuous mappings was
introduced and studied by Sheik John in [2]. The concept of slightly fuzzy continuous mappings was introduced by
Sudha, Roja and Uma [4]. In this paper we introduce a new class of fuzzy set called fuzzy ®-open set. The motivation
of this paper is to introduce somewhat slightly fuzzy -continuous mappings. Some interesting properties and
characterizations of these mappings are discussed with necessary examples.

2. PRELIMINARIES:

Definition : 2.1 [6] Let (X, T) and (Y, S) be any two bitopological spaces. A function f: (X, T) — (Y S) is called
-1
somewhat fuzzy continuous if L € Sand f (A) # 0 = there exists L € T such that W # 0 and pu < f (7»)

Definition: 2.2 [2] A subset A of a topological space (X, T) is called w-closed in (X, T) if cI( A ) < U whenever
A c U and U is semi-open in (X, T).

A subset A is called @-open in (X, T) if its complement, A is ®-closed.

Definition: 2.3 [4] Let (X, T) and (Y, S) be any two fuzzy topological spaces. A mapping f: (X, T) — (Y, S) is said to
X

be slightly fuzzy continuous if for every fuzzy set & € 1 and every fuzzy clopen set i with f (o) < W, there exists a

fuzzy open set ¢ with o < ¢ such that f () < L.

3. MAIN RESULTS:
3.1 Somewhat slightly fuzzy @-continuous mappings:

In this section we introduce and investigate some properties of somewhat slightly fuzzy ®-continuous mappings. Also
we obtain some characterizations of these mappings.

X
Definition: 3.1.1Let (X, T) be a fuzzy topological space. A fuzzy set A1 is called fuzzy w-open in (X, T) if int (A) >
whenever A > [t and L is fuzzy semi-closed in (X, T). The complement of a fuzzy m-open set is fuzzy w-closed.
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Notation: 3.1.1

(a) -int (A) denotes the fuzzy w-interior of a fuzzy set A in a fuzzy topological space (X, T).

(b) @-cl (L) denotes the fuzzy w-closure of a fuzzy set A in a fuzzy topological space (X, T).

Definition: 3.1.2 Let (X, T) and (Y, S) be any two fuzzy topological spaces. A map f: (X, T) — (Y, S) is called fuzzy
®-continuous if f (7») is fuzzy w-open in (X, T) for every fuzzy open set A in (Y, S).

Definition: 3.1.3 Let (X, T) and (Y, S) be any two fuzzy topological spaces. A mapping f: (X, T) — (Y, S) is said to be
X

slightly fuzzy continuous if for every fuzzy set o € 1 and every fuzzy clopen set u with f ( a0 ) < |, there exists a fuzzy

m-open set ¢ with o < 6 such that f (6 ) <.

Definition: 3.1.4 Let (X, T) and (Y, S) be any two fuzzy topological spaces. A mapping f: (X, T) — (Y, S) is said to be
somewhat fuzzy @-continuous if every fuzzy open set A in (Y, S) with f M) #0 implies that there exists a fuzzy
o-open set W # 0 such that L < £ (A).

Definition: 3.1.5 Let (X, T) and (Y, S) be any two fuzzy topological spaces. A mapping f: (X, T) — (Y, S) is said to be
X
somewhat slightly fuzzy ®-continuous if for every fuzzy set o€ I and for every fuzzy clopen set pin (Y , S) with
-1 -
f (W) #0andf () <, there exists a fuzzy ®-open set 6 #0 suchthat o <cand o <f (Ww).

Every slightly fuzzy continuous mapping is slightly fuzzy ®-continuous but the converse is not true as shown by the
following example.

Example: 311 LetX= {a, b} Define T = {0, 1, 7\41, )\Q, 7\.3}, S= {0, 1, Hl, “.2}, Q = {0, 1, 'Y], 'Yz} where 7\41, 7\.2, 7\‘3, !.l],
Wa, Y1, Y2 = X — [0, 1] are such that A;(a) = 0.3, A1(b) = 0.4, Ax(a) = 0.7, Ay(b) = 0.6, A5(a) = 0.5, A3(b) = 0.5,

wi(a) = 0.5, w(b) = 0.5, ux(a) = 1, wa(b) = 0.7, y1(a) = 0.1, y1(b) = 0.2, 1»(a) = 0.9, Y»(b) = 0.8. Clearly T, S, Q are fuzzy
topologies on X. Define f: (X, T) — (X, S) as f (a) =b, f (b) = a. Let g: (X, Q) = (X, S) be the identity function.

Then g is slightly fuzzy w-continuous. Define the fuzzy set a0 : X — [0, 1] as o (a) = 0.4, o (b) =0.5. Now g (o) < W,
where L, is the fuzzy clopen set in (X , S). But ¥, is a fuzzy open set in (X, Q) with & <y, such that g (y,) ¥ p. Hence
g is not slightly fuzzy continuous. It is easy to verify that f is slightly fuzzy continuous.

Every slightly fuzzy continuous mapping is somewhat slightly fuzzy w-continuous but the converse is not true as
shown by the following example.

Example: 3.1.2 In Example 3.1.1, g is somewhat slightly fuzzy w-continuous but not slightly fuzzy continuous. It is
easy to verify that the mapping f in the same example is slightly fuzzy continuous.

Every slightly fuzzy ®-continuous mapping is somewhat slightly fuzzy w-continuous but the converse is not true as
shown by the following example.

Example: 3.1.3 Let X = {a, b}. Define T={0, 1,A},S={0, 1, w;, Mo}, Q={0, 1, Y} where A, i;, hp, ¥ : X = [0, 1]
are such that A (a) = 1, A (b) = 0.9, uy(a) = 0, u; (b) = 0.2, Wy (2) = 1, pa(b) = 0.8, v (2) = 0.9, Y (b) = 0.7. Clearly T, S, Q
are fuzzy topologies on X. Define f: (X, T) = (X, S) as f (a) = a, f (b) = a. Let g : (X, Q) — (X, S) be the identity
function. Then f is somewhat slightly fuzzy ®-continuous. Define the fuzzy seto.: X — [0, 1] as a (a) = 0.8,

a (b) =0.8. Now f () < W, where L, is the fuzzy clopen set in ( X, S ). But there exists no fuzzy ®-open set G in

(X, T) with o < 6 such that f (6) < W,. Hence f is not slightly fuzzy ®-continuous. It is easy to verify that g is slightly
fuzzy ®-continuous.

The following diagram gives the interrelations:

Slightly fuzzy - = Slightly fuzzy

Contirusus q+ w-Cortinuaus

Somoewhat slightly fuzzy
ow-Continuous
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Definition: 3.1.6 A fuzzy set A in a fuzzy topological space (X, T) is called fuzzy w-dense (resp. fuzzy dense*) set if
there exists no fuzzy ®-closed (resp. fuzzy clopen) set W in (X, T) such that A < < 1.

Notation: 3.1.2 Let (X, T) be a topological space. For a fuzzy set A € IX, int*(A) and cI*(A) are defined as follows:
(a) int*(A) =v {ne T/u< A and W is fuzzy clopen}
(b)  cl*(\) =A{ne T/u=Aand W is fuzzy clopen}

Example: 3.1.4 Let X = {a, b}. Define T = {0, 1, A;, A,} where A;, A,: X — [0, 1] are defined as A,(a) = 0.1,
Ai(b) = 0.2, My(a) = 0.8, Ay(b) = 0.7. Clearly T is a fuzzy topology on X. Define a fuzzy set A : X — [0, 1] such that
A (@) =0.9, A (b) =0.8. Clearly A is a fuzzy ®-dense set in (X, T).

Example: 3.1.5 Let X = {a, b}.Define T = {0, 1, W, W} where i, W, : X — [0, 1] are defined as y, (a) = 0.1,
py (b) = 0.2, u, (a) = 0.9, U, (b) = 0.8. Clearly T is a fuzzy topology on X. Define a fuzzy set A: X — [0, 1] such that
A (a) =0.8, A (b) =0.9. Clearly A is a fuzzy dense* set in (X, T).

Proposition: 3.1.1 Let (X, T) and (Y, S) be any two fuzzy topological spaces and let f: (X, T) — (Y, S) be any
mapping. Then the following conditions are equivalent:

(a) fis somewhat slightly fuzzy ®m-continuous.

-1 Y

(b) If Ais afuzzy clopen set such that f (A) # 1 and A< f (1 — o), forevery oo € I , then there exists a proper fuzzy
-1

o-closed set u <1 —ovin (X, T) such thatpu >f (A).

(c) If Ais afuzzy @-dense setin (X, T) then f (A) is a fuzzy dense* set in (Y, S) with every fuzzy clopen set
X
pu<f(l-o),foreveryoel .

(a) = (b) Suppose f is somewhat slightly fuzzy ®-continuous and let A be any fuzzy clopen set in (Y, S) such that

f (M)#landA<f(1-o ), forevery oe IX.Thenclearly 1 — A is fuzzy clopen in (Y, S)withf_l(l - M) #0and

f (o) £ 1 — A. Then by (a), there exists a fuzzy ® - open setn # 0 in ( X, T ) such that & <mandm <f _1(1 — A). That is
1 - m isfuzzy oclosedand 1 - n > 1- f_l(l - M= f_l(l). Put 1 — m =W Then W is a proper fuzzy w-closed set in
(X, T) such that . > (A).

(b) = (c¢) Let A be a fuzzy w-dense set in (X, T) and suppose that f (A) is not a fuzzy dense* set in (Y, S) with every
X
fuzzy clopen set W < f (1 — o), for every v € I . Then there exists a fuzzy clopen set M| such that f (A) <m < 1. Since N
-1 X
<1,f (M) # 1. Now 1 is a fuzzy clopen set such that f (n) ;t landn <f (1 — ), forevery o € I . Then by (b), there

exists a proper fuzzy -closed set y< 1 — o such that y> f ( Mn).Butf (n)>f (f(A)= A Thatisy> A Therefore
there exists a proper fuzzy m-closed set y such that Y > A. This is a contradiction, since A is a fuzzy ®-dense set.
X

Therefore f (A) is a fuzzy dense* set in (Y, S) with every fuzzy clopen set Y<f (1 — o), foreveryoe I .

-1 X
(¢c) = (a) Let A be a fuzzy clopen set such that f (A)#0and f (o) <A, forevery o € I . Then A # 0. We want to
show that f is somewhat slightly fuzzy m-continuous. That is to show that there exists a fuzzy w-open set 6 # 0 such

that o <G and 6 <f (L). Thatis to show that o < o and @-int (f _1(7»)) # 0 in (X, T). Suppose that o < ¢ and

@-int (F (V) = 0, in (X, T). Then ol (I — f '(A) = 1, in (X, T). This means 1 — f '(A) is fuzzy @-dense in
(X, T). Then by (c), f (1 —f 4(7»)) is a fuzzy dense* set with every fuzzy clopen set u < f (1 — ), for every o € IX . But
= f ) =f(¢ (1A <l A< 1. Since 1 —A is fuzzy clopen and f (1 — f ‘(&) < 1 —A,
cl*f (1 -f ! (M) £1 —A. That is 1 £ 1 —A, which implies A = 0. This is a contradiction, since A # 0. Therefore o < ¢
and o-int (f _I(X)) # 0. This implies that f is somewhat slightly fuzzy w-continuous. This proves (c) = (a).

Proposition: 3.1.2 Let (X, T) and (Y, S) be any two fuzzy topological spaces and let f: (X, T) — (Y, S) be a somewhat

slightly fuzzy ®-continuous mapping. Let AcX be such that ya A L # 0 for all 0 # u € T. Let T/A be the induced fuzzy
topology on A. Then f/A : (A, T/A) — (Y, S) is somewhat slightly fuzzy ®m-continuous.

-1 X
Proof: Suppose that A is a fuzzy clopen set in (Y, S) with f (A) # 0 and f (o) < A, for every AeI . Since f is somewhat
-1
slightly fuzzy ®-continuous, there exists a fuzzy ®-open set L # 0 in (X, T) such that u > acand u <f ().

© 2012, IJMA. All Rights Reserved 310



P. Priyadharsini*, G. K. Chandrika and A. Parvathi/ Semi Generalized Closed Sets in Bigeneralized Topological Spaces/ IIMA- 3(1),
Jan.-2012, Page: 308-312

Now clearly p/A is fuzzy ®-open in (A, T/A) and /A # 0, since ya A L #0 forall p e T. Also W/A = o/A and

(f/A)_1 M) (x) = A (f/A) (x)
=AM (x),forxe A
'), forx e A
> u(x),forxe A
— WA (x).

That is, W/A < (f/A)_lOu). This shows that f/A is some what slightly fuzzy ®-continuous.

Proposition: 3.1.3 Let (X, T) and (Y, S) be any two fuzzy topological spaces and X = A U B where A and B are
subsets of X such that y, , yg € T. Let f: (X, T) = (Y, S) be such that f/A and /B are somewhat slightly fuzzy
o-continuous. Then f is somewhat slightly fuzzy ®-continuous.

Proof Let A be any fuzzy clopen set in (Y, S) with f 71(%) #0and f (o) < A, for every Ae IX Consider (f/A)il(k) and
(f/B ) (X) Since f (7L) # O we must have atleast either (f/A) l(7») # O or (f/B) ! (M) # 0. Also (f/A) (MA) < A and (f/B)
(MB) < A where 0/A € I and o/B € I Let us suppose that (f/A) (M) # 0 and (f/A) (MA) < A, for every a/A E IA .
Then by assumption, there exists a fuzzy w-open set 0 # WA i 1n (A, T/A) such that /A > o/A and WA < (/A ) ( A).
Then pw # 0 is fuzzy @-open in (X, T) such that u > v and p < f (7»)] Since Y, is fuzzy open and therefore is fuzzy

w-open. Clearly W/A A ya# 0 is fuzzy w-open in (X, T) such that W/A A ya = o/A and WA A Y, < f (X). Therefore f
is somewhat slightly fuzzy ®-continuous.

3.2 Somewhat slightly fuzzy w-open mappings:

In this section we introduce somewhat slightly fuzzy ®-open mappings. Also we discuss some interesting properties
and obtain characterizations of these mappings.

Definition: 3.2.1 Let (X, T) and (Y, S) be any two fuzzy topological spaces. A mapping f: (X, T) — (Y, S) is called
fuzzy w-open if for every fuzzy w-open set A in (X, T) the image f (A) is fuzzy @-open in (Y, S).

Definition: 3.2.2 Let (X, T) and (Y, S) be any two fuzzy topological spaces. A mapping f: (X, T) — (Y, S) is called
somewhat fuzzy w-open if for every fuzzy m-open set A # 0 in (X, T), there exists a fuzzy w-open set L # 0 in (Y, S)
such that u < f (A) .

Definition: 3.2.3 Let (X, T) and (Y, S) be any two fuzzy topological spaces. A mapping f: (X, T) = (Y, S) is slightly
X

fuzzy @-open if for every fuzzy @-open set A in (X, T) with A < o for every o € I , the image f (A) is a fuzzy clopen set
in (Y, S) such that f (A) <f ().

Definition: 3.2.4 Let (X, T) and (Y, S) be any two fuzzy topological spaces. A mapping f : (X, T) — (Y, S) is called
somewhat slightly fuzzy w-open if for every fuzzy w-open set A in (X, T) with A # 0 and A < o for every o € IX, there
exists a fuzzy clopen set W in (Y, S) with i # 0 and < f (cr) such that p < f (A). That is int* (f (L)) # 0 and there exists
a fuzzy clopen set 1 such that i < f (o) for A < @, for every o € IX.

Clearly every fuzzy w-open mapping is somewhat fuzzy w-open, but the converse is not true as shown by the following
example.

Example: 3.2.1Let X = {a, b}. Define T = {0, 1, A;, A,}, S = {0, 1, u}, where A;, Ay, i : X — [0, 1] are defined as
M@=0,A4®)=12%@=12A0b)=0u@=0ub)=03.Letf (X, T) = (X, S) be the identity function. Define
the fuzzy set y: X — [0, 1] as y (a) = 1,y (b) = 0.6. Now 7Y is fuzzy m-open in (X, T) but y=f (y) is not fuzzy ®-open in
(X, S). Therefore f is not fuzzy w-open. But A, # 0 is fuzzy w-open in (X, T) and W is fuzzy ®w-open in (X, S) such that
pn#0and u <Ay =f (X). Therefore f is somewhat fuzzy ®-open.

Clearly every slightly fuzzy w-open mapping is somewhat slightly fuzzy w-open but the converse is not true as shown
by the following example.

Example: 3.2.2 Let X = {a, b}. Define T = {0, 1, A}, S= {0, 1, 3,, §,}, where A, §;, &, : X — [0, 1] are defined as
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A(a) = 0.1, A (b) = 0.1, 8, (a) = 0.05, §; (b) = 0.02, §, (a) = 0.95, &, (b) = 0.98. Let f: (X, T) = (X, S) be the identity
function. Now A # 0 is fuzzy w-open in (X, T). For A < a., for every o € IX, d, is a fuzzy clopen set in (X, S) with §;# 0
and §; < f (o) such that §; < f (A). Therefore f is somewhat slightly fuzzy @-open. But A = f (A) is not fuzzy clopen in
(X, S) such that f (A) < f (cr). Therefore f is not slightly fuzzy - open.

Proposition: 3.2.1Let (X, T), (Y, S) and (Z, R) be any three fuzzy topological spaces. If f: (X, T) = (Y, S) and
g: (Y, S) = (Z, R) are somewhat slightly fuzzy w-open mappings then gof: (X, T) — (Z, R) is a somewhat slightly
fuzzy ®-open mapping.

X
Proof: Let A be a fuzzy w-open set in (X, T) with A # 0 and A < o, for every oo € I . Since f is somewhat slightly fuzzy
w-open, there exists a fuzzy clopen set [ in (Y, S) with # 0 and W < f (o) such that p < f (A).

Now w-int (f (A)) is fuzzy w-open in (Y, S) with @-int (f (A)) # 0 and w-int (f(A) ) < f (), for every f (o)e IY- Since g is
somewhat slightly fuzzy m-open there exist a fuzzy clopen set y in (Z, R) with Y+ 0 and y < g (f (o)) such that

v < g (w-int (f (A)). But g (-int (f (A) ) < g (f (A)). Thus there exists a fuzzy clopen set yin (Z, R) with y# 0 and

v < (gof ) (o) such that ¥ < (gof) (A). Therefore gof is some what slightly fuzzy w-open.

Proposition: 3.2.2Let (X, T) and (Y, S) be any two fuzzy topological spaces and let f: (X, T) — (Y, S) be a one-to-one
and onto mapping. Then the following conditions are equivalent:

(a) fis somewhat slightly fuzzy w-open.

If A is a fuzzy ®-closed set in (X, T) such that f (A) # 1 and A > o for every o € IX , then there exists a fuzzy clopen set
pin (Y, S) with w # 1 and p > f (o) such that pu > f (A).

Proof: (a) = (b) Let A be a fuzzy w-closed set in (X, T) such that f (A) # 1 and A > a., for every oL € IX. Then

X
1 —Ais a fuzzy w-open setin (X, T) with f (1 —A)#0and 1 —A<1—aq, foreveryae I .So1—A#0. Since fis
somewhat slightly fuzzy ®-open, there exists a fuzzy clopen set 0 in (Y, S) with d #0 and § < f (1 — o) such that § < f
(1=2). Now 1 -3 is a fuzzy clopen setin (Y,S)with1 -8 #1and 1 — 3> f (o) such that 1 — 3 > f (A).
Putting 1 — 3=, (b) is proved.

(b) = (a) Let A be any fuzzy ®-open set in (X, T) with A # 0 and A < o, for every o € . Then 1 - Aisa fuzzy -
X

closed setin (X, T)with 1 —A#1land 1 —-A>1-a,foreveryae I . Now f(1-A)=1-1f(A)# 1. For,

if 1= f (A) = 1, then f (A) = 0, which implies A = 0. Hence by (b), there exists a fuzzy clopen set W in (Y, S) with pu # 1

and u>f(1—a)suchthatu>f (1 —A). Thatis 1 —p#0and  —u<f(o)suchthat 1 —pu<f(A) Let 1 —p=y.

Then 7y is a fuzzy clopen set in (Y, S) with y# 0 and y < f (o) such that ¥ < f (A). Therefore f is somewhat slightly fuzzy

w-open.
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