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ABSTRACT

This paper introduces the notion of Cauchy sequence, convergent sequence and completeness in . n-normed linear
space.
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1. INTRODUCTION:

Gahler [4] introduced the theory of n-norm on a linear space. For a systematic development of n-normed linear space
one may refer to [5, 6, 8, 9]. In [5], Hendra Gunawan and Mashadi have also discussed the Cauchy sequence and
convergent sequence in n-normed linear space. A detailed theory of fuzzy normed linear space can be found in [1, 2, 3,
7, 11]. In [10, 13], Vijayabalaji extended n-normed linear space to fuzzy n-normed linear space and complete fuzzy n-
normed linear space.

Our object in this paper is to introduce the notion of Cauchy sequence and convergent sequence in ~-fuzzy n-normed
linear space and to study the completeness of the */-fuzzy n-normed linear space.

2. PRELIMINARIES:

Definition: 2.1 Let ne N (natural numbers) and X be a real linear space of dimension d 2 n. (Here we allow d to be infinite). A real
valued function [ls... *ll on X x X x...x X (ntimes) =X satisfying the following four properties:

(1) I x,, X,,....xp Il = 0 if any only if x,, X,,...,Xp are linearly dependent .
(2) I1X;, X,5...,Xp Il is invariant under any permutation of x,, X,,....Xp

(3) X5 XypseesCxpy 1 =l X, Xe X I, for any real c .

D) X5 XpoeerXp-py ¥+ Z 11 S WX XX Y I+ 1%, XXy, 21
is called an n-norm on X and the pair ( X, lls,...,*ll ) is called an n-normed linear space.

Definition: 2.2 A sequence {Xn }in an n-normed linear space (X, lls,..., *Il ) is said to converge to an x € X (in the n-
norm) whenever |im ” X1,X2,...Xp_1-Xp — X” =0.

n—yoo
Definition: 2.3 A sequence {Xn }in an n-normed linear space (X, lle,...,*ll ) is called a Cauchy sequence if sequence if

lim || X1,X2,...Xp—1>Xp —xk”:O.
n,k—oo

*Corresponding author: S. Jeevitha*, *E-mail: sjee.maths @gmail.com
International Journal of Mathematical Archive- 3 (1), Jan. — 2012 318



S. Jeevitha*/ L F - N-NORMED LINEAR SPACE/ IMA- 3(1), Jan.-2012, Page: 318-323

Definition: 2.4 An n-normed linear space is said to be complete if every Cauchy sequence in it is convergent.

Definition: 2.5 Let & = (L, <; ) be a complete lattice and U a non — empty set called universe. An £-fuzzy set in U
is defined as a U—L mapping. For each u in U, A(u) represents the degree (in L) to which u satisfies A.

Lemma: 2.1 Consider the set L" and operation SL* defined by

L= {(xlaxz) 2(x,x,)€ [0, 1]2 and x, + x, 51},

(xX,%) <0 (V) © xSy and xg 2 yg, for every (X;,X,),(y,,Y,) € L. Then (L*,SL*) is a

complete lattice.

Definition: 2.6 An intuitionistic fuzzy set 4., in a universe U is an object A, ={ X,{a(u),Ma(u ) u € U }, where
forallu € U, {s(u)e[1,0] and na( u ) € [1,0] are called the membership degree and the non-membership degree,
respectively , u in set 4 ,.and furthermore satisfy {a(u )+ na(u) <1.

Classically, a triangular norm T on ([0,1], <) is defined as an increasing, commutative, associative mapping

T:[0,1* > [0,1] satisfying T(1,x)=x, for all xe [0,1].These definitions can be straight forwardly extended to any lattice
v=(L,<))

Definition: 2.7 A triangular norm (t-norm) on £ is a mapping ./ : L>>L satisfying the following conditions:

(1) (Vxepyrixl -, )=x (boundary condition);

(ii) (V (x,y)e L2)(. 7 (X, y)=-/ (y,X) (commutative);

(ii1) (V (x,y.z) € L3/ (x,./ (y,2)=- /(-7 (X, y), z) (associativity);

(iv) (V(x, x5y, y)eL{(xSp x'and y < y= ./ (x,y) £ -/ (x}y ) (monotonicity)

There are recursively defined by ./ =.7and ./ (X1 - - Xa1))= -~ (S “'l(x(l),. ..X@+1)) for n>2 and x; € L.

Definition: 2.8 A continuous t- norm ./ on / * is called continuous t- representable if and only if there exist a
continuous t-norm * and a continuous t-conorm ¢ on [0, 1] such that,

forall x=((x;, Xy, X, ), (X, X5,.0.%)), Y=V, Ypoeees ¥, )s (V15 V3 V) E %

)= (Y, X, F Y, e X, ¥ Y,), (X 0V X0 ¥y, X, 090)).

Definition: 2.9 A negator on Lis any decreasing mapping . / : L—L satisfying. / (0, )=1 , and

A A =0 I/ T (X Xy yenny X)) = (x,,xz,...,xn) forall X;, X,,...,X, € , then. / is called an involutive
negator. The negator A; on ([0, 1], <) defined as, for all X5 Xy5es X, €10, 1], . / (x) = 1- (x,, xz,...,xn) is called
the standard negator on ([0, 1], <).

3. Complete <~ fuzzy n — normed linear space:

Definition: 3.1 Let X be a linear space over a field F, ./ is a continuous t-norm on & and.» isan o/ fuzzy set on
X"x[0,00) is called a /- fuzzy n-norm on X if and only if :

(Nl ) -7 (Xl’ X254405Xns t) > LO /e
Ny) .7 (X1, X2,....Xp, t ) =1 ., if and only if x4, X,,...,X, are linearly dependent.
N3) 7 (X1,X2,.-.,Xp,t) 18 invariant under any permutation of Xy, Xa,...,X; -

(Ny) P (X1,X290005C Xy 1) = .7 (X1, X2,..0,Xp, t/lcl) i ¢ #0, c€ F(field).
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P ((X1X25000r Xp) F+ (Y15Y 2000y Yn) 5 S+ 2> 0 F( 7 (X1, X200 %05 8 ) 5 -7 (Y1,Y 2505 Vo> ).

7 (X1, X25.-0,Xp, 1) 18 left continuous and non-decreasing function such that lim

Then (X, .%. /") is called a /- fuzzy n-normed linear space or in short ~/. n-NLS.

To strengthen the above definition, we present the following example.

Example: 3.1 Let (X, lls,...,*ll ) be an n-normed linear space.

7 (X1 Xy ) =1 L

Define ./ (a,b)=min {a,b } and . (X, X2,....Xp, t ) = t/(t+ 11Xy, Xs,....x, 11 ). Thenisa (X, ., /) isa ~./-n-NLS.

Proof:

(Ny) Clearly .7 (xq, Xa,...,.Xp, t) > 0.

(NZ) - (X], X25ee5Xp 5 L ) =1,

S t/(t+1lxy, X, x,00) =1

S Xy, Xo,..,X, 1=0

& Xj, Xp,....X, are linearly dependent.

(N3) -7 (X1, X25000Xpy 1)

t/ (t+ 11Xy, Xp,...,x, 1)
t/ (t+ 11Xy, XppeeesXp, Xpogll)

7 (X1,X250005Xny X et 5 D).

It follows similarly for the rest.

(Ns) Without loss of generality assume that . 7 (y1,¥2,.., Yn, t) < -7 (X1,X2,-.., Xn» S ). Then

/(YY) < s/ (s HI X1, X050, Xp 1)

= t(s +Hl X1, X000, Xy 1) < s (t+Hy1,y2,0, Yall)

=t XX Xp I < sy LYo,., Yall

= X, X050e0 Xp I < (876) 1y 1,Y25, Yall ©

Therefore,

But,

=

=

© 2012,

I X1,X05eees Xn T+ 1Y 1Y02500, Yall < (S78) 1y LY25ees Yall + 11y 1,Y0,.0, Yall
S(/t)+ 1) y,yz,..., yall
=(+t)/t)1y,Yae. Yall.

(X1, X250, Xn) + (Y 1,Y250005 Y ) | S U X1 X0y X 1+ 1y1,Y2505 Yl

S((s+t)/t)yyz,e Yall.
I (X1,X25005 Xn) + (Y15Y25000s Yu) | / (5Ht ) < Ny ,y0,.., yall /€
1+ (X1,X2500s Xn) + (Y15Y250000 Yo ) 1 7 (5+8) ) S T+ (Hy Y0, Yall) /

((s+t) + 11 (X1,X2e00r Xn) + (Y 15Y20000 Yu) 1)/ (s+8) < (tH y1,y2,..., Ya )/ t
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= (sH+t) / (s+t) + 11 (X1,X0eees Xn) + (Y1,Y 2000 Y ) | = €/ (411 y1,y2,ee0, Yall)

= 7 ((X1:X25000s Xn) F (Y15Y25000s Y ) 5 S+ 1) = A .7 (X1,X250005 Xn» S )y -7 (Y15Y 250> Yis D}
(Ng) Clearly . Axy, X,,....X; , t ) is a left continuous function.
Suppose that t, > t; > 0 with t;, t, € [ 0, ) then,
to/ (t Il X1,Xo,.., Xpll) - t1/ (t; + 11 X1,X00ey Xy 1) = 11 X1,X0,..0, Xl (t2- 1) 7/ ((t +l X1,X0,..., X)) C (8 + 11 X1,X2500y Xp 11))>0
for all ( X;,X3,..., X, ) € X ".
= ty/ (b + XX Xy 1) >ty /() + 11 X,X0,..0, X 1)
= (X1, X250 Xn 5 1) = 7 (X1, X2peesXn 5 L ).

Thus P (x4, X,....Xn , t ) is a non-decreasing function of t € [ 0, o ).

Also,
Iim 77X XpXn t) = lIm t /7 (t+11X,X0,..., X 1)
t—o0 t—o
= lim t/t(1+1/0)0X,X00 Xo 1)
t—o
=1

Thus (X,.~,./ ) isa ~./-n-NLS.

Definition: 3.2 A sequence {x,}ina £F-n-NLS (X, .~, /) issaid to converge to x if given €,t>0, € €L/{0,, 1,
}, there exists an integer nygEN such that . 7 (X},Xa,..., Xp.1, Xp-X, t) > . / (€) for all n>ny.

Theorem: 3.1Ina & /-n-NLS (X, . % F) is a sequence {xp} converges to x if and only if

XX gpeens X 15 X = X, ) > 1 as n—>eo,

Proof: Fix t > 0. Suppose {xp } converges to x. Then for a given €, € € L/{0., 1, }, there exists an integer n,eN such
that .~ (X Xgsees X 5 X =X, 1) >0/ (€).

Thus 1 -.» (X Xgpeeer X, 5 X, =X, 1) <€ and hence .~ (X Xgseeer X, 5 X, =X, 1) =1 as n—oo,

Conversely, if for each t > O,fP(Xl,Xz,..., X ,X -X,t)—>1 ,asn—>eo, then forevery €, € € L/{0,, 1, }, there exists an

n-1> “n
integer n, such that 1-.7(X . X,.... X, X - X, ) < € foralln 2n, Thus .7 (X ;X500 X, X =X, ) > 1- € forall n 2 n,

n-1° n-1°

Hence {xp} converges tox in (X, .7,/ )

Definition: 3.3 A sequence {X,},exin a ~/./-n-NLS (X, .7, /) is said to be Cauchy sequence if given € €L/{0 ,,1 .},
t> 0, there exists an integer no€ N such that P (X,,Xy,..., X, X = Xm, ) >1. / (€) for all n, m>ny.

Theorem: 3.2Ina & /-n-NLS (X, .»#, ./) every convergent sequence is a Cauchy sequence.
Proof: Let {x,} be a convergent sequence in (X, . ~,. /). Suppose {x,} converges to X.

Lett>0and €€L/{0,1 ,}. Chooser € L/{0 4,1 ,} suchthat. /(. / (r),. / (r))>./(E).

Since {x,} converges to x, we have an integer ny such that . (X, X,,..., X_|, X, - X, t/2) > / (1)

Now,
.//'(xl,xz,...,x xn—xm,t): A%(xl,xz,...,x X - X+X -Xp,t)

n-1° n-1> "'n

= /(. AKXy Ky X 5 X = X t/2),. AKX Xgpees X 15 X = X t/2))

n-17 n-17

>. /(. /(r),. /(1)) for all n,m>n,
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>. /(g) foralln,m>n,
Therefore {x,} is a Cauchy sequence in (X, .7, /).
Definition: 3.4 A /. /-n-NLS is said to be complete if every Cauchy sequence in it is convergent.
The following example shows that there may exist Cauchy sequence in a /. /-n-NLS which is not convergent.

Example: 3.2 Let ( X, lle,...,ell ) be an n-normed linear space and define . /(a, b) = min {a, b} for all a, b € [0,1] and
P (X1,X25000,Xp, 1) = t / (t + 11 X1,X,..., Xu II). Then (X, ., . /") is shown to be a /. /-n-NLS.

Let {x,} be a sequence in LF-n-NLS, then

(a) {x,}is a Cauchy sequence in ( X, lle,...,ell ) if and only if {x,} is a Cauchy sequence in (X, .7, /).
(b) {x,} is a convergent sequence in ( X, lls,....,ell ) if and only if {x,} is a convergent sequence in (X, .7, /).

Proof:

(a) {x,} is a Cauchy sequence in ( X, Ile,...,Il )

o Im 1 x,X0,0 X0 5Xn — X 1= 0.
n, m—»co

o lim AKXy X5 X = Xy, D)
n, m—oo

o lim ¢ /(t+ XX, X -Xpll) =1
n, m—eo

S AX Xy X 5 X, - X, ) > 1 as n— oo

S AX Xy X, s X = Xm 5 1) >/ (g), forall n,m > n,.

n-1°

& {Xx,} is a Cauchy sequence in (X, .7, /).

(b) {x,} is a convergent sequence in ( X, lle,...,oll )

< lim Xy, Xo,..0 Xy Xp — X 1= 0.
n—oo

e  lim  Ax, XX
n—oo

o Xy~ Xms )

&  lim t/t+IxX. X X -Xpll)=1

n—oo
= AX Xy XX =X, 1) > 1, as n— oo
S AX Xy X X =X, 1) >/ (g), forall n>n.

< {x,} is a convergent sequence in (X, .7, /).
Thus if there exists an n-normed linear space ( X, lle,...,*ll ) which is not complete, then the ~ - fuzzy n-norm
induced by such a crisp n-norm lle,....eIll on an incomplete n-normed linear space X is an incomplete ~ - fuzzy n-

normed linear space.

Theorem: 3.3 A ./ -n-NLS (X, .~,./") in which every Cauchy sequence has a convergent subsequence is complete.
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Proof: Let {x,} be a Cauchy sequence in (X, .7,/ )and { xnm } be a subsequence of {x,} that converges to x. We

prove that {x,} converges to x.Let t >0 and € €L/{0 ,,1 ,}. Choose r€L/{0 ,,1 .} such that /(. / (r),. / (1)) > / (g).

Since {x,} is a Cauchy sequence, there exists an integer ng€EN such that . (x,,x
21,

X, o X, = Xm, ¥2)>p. / (r) forall n, m

preeey

Since {xp,_} converges to X, there is a positive integer i > n, such that

.//(xl,xz,..., X

Xj, =X, U2)>.. 1 (1) .

n-1°
Now,

Xy Kgperes X 5 X - X, ) = AKX

n-1> "n X

- Xj, FXi, - X+ X - Xp, /2 +1/2)

goeees X ps Xn

2L AKX Xsees Xy X = X5 U2), AKX Xy X X - X, U2))

n-1°
> /@, /(D)
>/ (g)
Therefore {xp} converges to x in (X, ., . /") and hence it is complete.
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