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ABSTRACT 

In this paper, we have obtained  a precise error estimate of the  deficient discrete Quartic spline interpolate matching 

the given function values at the mesh point and its difference at mid points and also boundary points. 

 

Key word's: Error Bounds, Interpolation, Deficient Discrete Quartic splines.  
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1. INTRODUCTION: 

 

Deficient splines are  more useful than usual splines as they require less continuity requirement at mesh points. Discrete 

splines have been introduced by Mangasarian and Schumaker [7] in connection with certain studies of minimization 

problems involving difference. Rana and Dubey [8] have obtains asymptotically precise estimate of the difference 

between discrete cubic spline interplant and the function interpolated, which is sometimes used to smooth a histogram. 

In the Direction of some constructive aspect's of discrete splines, we refer to Astor and Duris [1], Jia [4],  Dikshit and 

Powar [3] and Rana [9].  The object of the present paper is to study the existence, uniqueness and convergence 

properties of deficient discrete quartic spline matching the given functional values at mesh points and its defferecne at 

mid points and also boundary point.. 

  

Let us consider a mesh P  on [0,1] , which is defined by  

 

1.=<...<<=0 10 nxxx
 

 

such that ,=1 iii Pxx −−  for .1,2,...,= ni  and ini PP max= 1 ≤≤  , Throughout, h  will be represent a given positive 

real number. Consider a real  continuous function ),( hxS  defined over [0,1]  which is such that its restriction iS  on 

],[ 1 ii xx −  is a polynomial of degree 4 or less for ,1,2,...,= ni then ),( hxS  defines a discrete quartic spline if  

 

                                                 
3..0,1,2=),(=),( 1

}{}{
jhxSDhxSD i
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j

h +                                                   
(1.1) 

where the difference operator hD  are defined as  

 

 hhxfhxfxfDxfxfD hh ))/2()((=)(),(=)( {1}{0} −−+  
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=)(
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{2}
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2. EXISTENCE AND UNIQUENESS 

 

The class of deficient discrete quartic splines is denoted by ),(4,2, hS ∆  where  ),(4,2,*
hS ∆  denotes the class of 

all discrete deficient quartic splines which satisfies the boundary condition  

 

 ),(=),( 0

{1}

0

{1}
xfDhxSD hh  

                                                        
),(=),( {1}{1}

nhnh xfDhxSD                                                   (2.1) 
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We introduce the following interpolating conditions  

 

            

�
�
�

−=

−=

.1,...,0)(=)(

.,1,...,0)(=)(
{1}{1} niZfDZSD

nnixfxS

ihih

ii
                                                                                      (2.2)                          

where  
2

1−+
= ii

i

xx
Z

  

Infact, we shall prove following: 

 

Theorem: 2.1 For any 0>h , there exists a unique deficient discrete quartic spline ),(4,2,),( * hPShxS ∈  which 

satisfies the conditions (2.1) and (2.2). 

 

Let )(ZE  be a quartic spline polynomial defined on [0,1]. It can be easily verified that  

 

)()1(')()0(')()1()()2/1(')()0()( 5

{1}

4

{1}

32

{1}

1 ZPEDZPEDZPEZPEDZPEZE hhh ++++=                 (2.4) 

where )42(
2

)1(
)( 2

2

1 zz
z

ZP −+
−

=
 

          
22

2 )1()( ZzZP −−=
 

          
)67(

2
)( 2

2

3 zz
z

ZP −+=
 

          
)4/1()1()( 2

4 zzzZP +−=
 

          4

)3()1(
)(

2

5

zzz
ZP

+−
=

 

Let  ),( hxS be a discrete quartic polynomial ],[ 1+ii xx
 
and Z

P

xx

i

i =
−

 
then we can write  

(z))Pf(xDp(z))Pf(x(z))Pf(zDp(z))P(x,h)=f(xS i

}{

niii

}{

niii 4

1

3121

1

1 +++ ++ (z))Pf(xDp i

}{

ni 51

1

++         (2.5)  

 

which  is clearly satisfy the condition (2.1) and  (2.2).  

 

Let ,=),( 22 bhapba ii +ℑ  where ba,  are real numbers and ),({1} hxSDm ihi = , we apply the continuity of the 

second difference of ),( hxS i  at ix  in (2.5) to see that  

(3,-1)mp(7,-1)}mp(9,1){p(5,1)mp 1i1i

3

1-iii

3

1i1i

3

i1-i1-i

3

i −+−− ℑ+ℑ+ℑ+ℑ *

i

1-i

3

i

i

i

3

1-i F
p

p
F

p

p
= +

     
(2.6)                

where (4,4))(2)(10,)(= 1

}1{

11 −−− ℑ+−ℑ− iiiiiii ZfpffF                                              

 

We can easily see that excess of the absolute value of the coefficient of im  over the sum of absolute value of the 

coefficients of 1−im  and 1+im  in (2.6) under the condition of theorem 2.1 is given by  

 

 (4,0)]p(4,0)[p=(h)G i

3

1i1i

3

ii ℑ+ℑ −−  
 

Thus the coefficient matrix of the system of equations (2.6) is diagonally dominant and hence invertible, therefore the 

system of equation (2.6) has unique solution, which completes the proof of the theorem 2.1. 

 

REMARK: In the case, when 0→h  theorem 2.1 gives the corresponding results for continuous 
2

C   quartic spline 

interpolation under condition (2.1) and (2.2). 

 

3. ERROR BOUNDS: 

 

Now system of equation (2.6) may be written as  

.=)()( FhMhA ⋅
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where )(hA  is coefficient matrix and ),(=)( hmhM i  However, as already shown in the proof of theorem 2.1 )(hA  

is invertible. Denoting the inverse of )(hA  by )(1
hA

−
 we note that row max norm )(1

hA
−

 satisfies the following 

inequality  

                                                        ).(||)(|| 1
hyhA ≤−

                                                                                
(3.1)  

where 
1})({max=)( −

hlhy i  for convenience, we assume in this section that Nh=1  when N  is positive integer. It 

is also assumed that the mesh points ][ ix  are such that  

 

 .0,1,...,=,[0,1] niforx hi ∈  

where discrete interval h[0,1]  is the set of points },...,{0, NhN  for a function f  and two distinct points 21  , xx  in 

it’s domain, the first divided difference is defined by  

 

 ))]/(()([=],[ 212121 xxxfxffxx −−  

and  

                     .
)(

],[],[
=],,[

13

2132

321
xx

xxxx
fxxx

ff

−

−
                    (3.2)     

 

For convenience, we write 
{1}

f  for 
{1}{1} , ih ffD  for )({1}

ih xfD  and ),( pfw  for modules of continuity of f , the 

discrete norm of a function f  over the interval h[0,1]  is defined by  

 

                           |)(|max=||||
[0,1]

xff
h

x∈

                           (3.3)    

We shall obtain in the following the bound of error functions )(),(=)( xfhxsxe −  over the discrete interval 

h[0,1] . 

 

Theorem: 3.1 Suppose ),( hxS  is the discrete quartic splines interpolant of theorem 2.1 then  

 

                       ),(),(||)(|| {1}
pfwhpkxe ≤                            (3.4) 

 

and                      ),(),()(||)(|| {1}*{1}
pfwhpkhyxe ≤                      (3.5) 

 

                                         
),(),(||)(|| {1}**{2}

pfwhpkxe ≤                                                                 (3.6)            

where ),( hpk , ),(*
hpk  and ),(**

hpk
 
are some positive functions of p  and h . 

 

Proof: Writing ii fxf =)( . Equation (3.1) may be written as  

 

       )()(=)()(=)()( {1}{1} sayLhAfxehA iii⋅                       (3.7)   

when we replace )(hmi  by  

 
{1}{1}{1} ),(=)( iiii fhxsxe −

 
 

we need following lemma due to Lyche [5,6], to obtain inequlity (3.4). 

 

Lemma: 3.1 Let 
m

iia 1=}{  and 
n

jjb 1=}{  be given sequence of non-negative real numbers such that ji ba �� =  then 

for any real valued function f , defined on discrete interval ,[0,1]h  we have  

|],...,,[],...,,[|
10

1=
10

1=

f
k

jjjj

n

j
k

iiii

m

i

yyybfxxxa �� −
!

|)1|,( )(

k

a
khfW

ik �
−≤

  

                                      (3.8)   

where hjkik yx [0,1] , ∈  for relevant values of ji  ,  and k .  
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We can write the equation (2.6) is of the form of error function as follows.  

*

i

1-i

3

i

i

i

3

1-i

iiiiiiiiiii F
p

p
F

p

p
epeppep +−ℑ+−ℑ+ℑ+ℑ +−−−−− =]1)(3,}1)(7,(9,1){(5,1)[ {1}

1

3

1

{1}3

11

3

1

{1}

1

3
     

)(=1)](3,}1)(7,(9,1){(5,1)[ {1}

1

3

1

{1}3

11

3

1

{1}

1

3 fRfpfppfp iiiiiiiiiiii −ℑ+−ℑ+ℑ+ℑ− +−−−−− (say)              (3.9) 

 

Writing equation (3.9) is of the form of divided difference and using Lemma 3.1, given by Lyche [5,6]. 

 

Since               [ ]
i

j

iiiii

i

bppa ��
=

−−

=

=ℑ+ℑ
4

1

1

33

1

3

1

(14,2)(14,2)=  

  

We get 

              fjjjfiiii yybxxafR ],[],[||))((| 1010 �� −=                (3.10) 

                                                                
j

j

i

i

bapfw ��
==

≤
4

1

3

1

{1} =),(  

  

where                    2),(10,)210(= 1

322

1

3

1 −ℑ=− −− iiii phppa  

               (14,2),)214(= 3223

12 iiii phppa ℑ=+−

 

               

(4,4),)(4= 1

32

1

23

3 −− ℑ=+ iiii pphpa  

 (5,1),)5(= 1

322

1

3

1 −− ℑ=+ iiii phppb  

 )1,7()1,9(= 3

11

3

2 −ℑ+ℑ −− iiii ppb  

 )1,3()1,3(= 3

1

3

13 −ℑ=ℑ −− iiii ppb  

 )4,4()4,4(= 3

1

3

14 iiii ppb ℑ=ℑ −−  

and 

             413020112011110 ===== ,= yyyyxxxxx ii =−  

             1511313121121 = ,=,= = +++ = iii yyxyxx βα   

             ,=,= 40130 ii zyzx +  

 

Now using the equtions (3.9) and (3.10).   

 

      ),(),()(||)( {1}{1}
pfwhpkhyxe ≤||                                                                                                (3.11) 

 

      
),(),(||)( {1}

1

{1}
pfwhpkxe ≤||  

 

This complete proof of  inequality (3.5) of Theorem 3.1.  

 

Next, we have to get )(xe . Writing equation (2.5) in form of error function as follows.  

 

          )()()(=)( 5

}1{

14

{1}
fLtPeptPepxe iiii ++ +                   

where  

)()()()()(=)( 4

}1{

3121

}1{

1 tPfptPftPzfptPffL iiiiiii +++ ++ )()(5

}1{

1 xftPfp ii −+ +        
                      (3.12)   

 

We write )( fLi  in form of divided difference and using Lemma 3.1, we get  

 j

j

i

i

i bapfwfL ��≤
2

1=

3

1=

{1} =),(|)(|  

                )2(= 432
zzzzpi +−+  

              )(),(= sayhzkpi                                                                                          (3.13)  
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where  

 )6(7
2

1
= 432

1 zzza −+  

 )72(4
4

1
= 423

2 zzzza +−+  

 )23(
4

1
= 432

3 zzza ++−  

 zb =1  

 
322

2 2= zzzb −+  

  

and  

 ixxxx == 302010 =  

 1312111 == += ixxxx  

 ixyxy = ,= 1110  

 121120 =,= ++ ii xyzy
 

 

From equations (3.11) and  (3.12) gives inequality (3.4) of theorem (3.1). 

 

This complete proof of inquality of theorem 3.1. 

 

Again we have to find error bound of second difference as follows. 

 

i.e.  )]()([=)( }2{}2{}2{
xfxSxe ii −                   

 

Now 

           )}()({)()()()([)( }2{

5

}1{

1

}2{

4

}1{}2{

31

}2{

21

}1{}2{}2{2
tAetAePtAftAzfPtAfxeP iiiiiiiii +++ ++++=  

                                          ])()}()([ }2{2}2{

5

}1{

1

}2{

4

}1{ xfPtAftAfp iiiii −++ +  
                                                       (3.14)         

 

For convience we write (3.14)  equation  

 

                      
)()]()([)( }2{

5

}2{}2{

4

}1{}2{2
fQtAetAePxeP iiiii ++=

                                                                      
(3.15) 

where  

})({)()()()([=)( }2{

5

}1{

1

}2{

4

}1{

1

}2{

3}{

}2{

21

}2{ tAfAfPtAftAzfPtAffQ iiiiiiii ++ ++++ )](}2{2 xfP ii−
 

 

We write )( fQi  in form of divided difference and using Lemma 3.1, we get
 

 |],[],[||)(| 10

1

1=

10

5

1=

fjjj

j

fiii

i

i yybxxafQ �� −=                                       

                                 ),()( }1{
1

1=

5

1=

Pfwba j

j

i

i

�� =≤                                                                                 (3.16) 

where  

             ])6(187[= 22

1 hzzPa i ++−
           

�

             ])6(2122[= 22

2 hzzPa i +−+
 

             

])6(2/132/7[= 22

3 hzzPa i +++−
 

             

])6(2/132/3[= 22

4 hzzPa i +++−
 

             
iPa =5

 

             
iPb =1   
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Since 154321 = bPaaaaa i =++++
 

i.e. 
i

i

i Pba ==�
=

1

5

1  

and 

                              
,== 401010 ixxyx =  

 514121111 == xxxxx i ==+  

 iii xxxxzx == −+ 31130120 ,,=  

 ,== 1150 yxx  

Hence  

                             
),(|)(| }1{ PfwPfQ ii ≤                                                                                                          (3.17) 

 

By using (3.5) and  (3.15) in  (3.14)  we get inequality (3.6) of theorem (3.1). 

 

This complete proof of theorem 3.1. 
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