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ABSTRACT

In this paper, a new class of intuitionistic fuzzy topological spaces called ordered intuitionistic fuzzy pre semi basically
disconnected spaces is introduced. Tietze extension theorem for ordered intuitionistic fuzzy pre semi basically
disconnected spaces has been discussed as in [15] and several other properties are also discussed.

Key words: Ordered intuitionistic fuzzy pre semi basically disconnected spaces, ordered intuitionistic fuzzy pre semi
continuous functions, and lower FG (resp.upper ch) intuitionistic fuzzy pre semi continuous functions.

1. INTRODUCTION:

After the introduction of the concept of fuzzy sets by Zadeh [18], several researches were conducted on the
generalizations of the notion of fuzzy set. The concept of “Intuitionistic fuzzy sets” was first published by Atanassov
[2] and many works by the same author and his colleagues appeared in the literature [3-5]. Later this concept was
generalized to “Intuitionistic L-fuzzy sets” by Atanassov and stoeva [6]. An introduction to intuitionistic fuzzy
topological space was introduced by Dogan Coker [9]. Several types of fuzzy connectedness in intuitionistic fuzzy
topological spaces were defined by Coker (1997). The construction is based on the idea of intuitionistic fuzzy set
developed by Atanassov (1983, 1986; Atanassov and Stoeva, 1983). In this paper a new class of intuitionistic fuzzy
topological spaces namely, ordered intuitionistic fuzzy pre semi basically disconnected spaces is introduced by using
the concepts of [11,13,15]. “Intuitionistic fuzzy pre semi closed sets’ was introduced by [1]. Tietze extension theorem
for ordered intuitionistic fuzzy pre semi basically disconnected spaces has been discussed as in [15].

2. PRELIMINARIES:

Throughout this paper let X be anon empty setand | =[0,1].

Definition: 2.1[4] Let X be a non empty fixed set. An intuitionistic fuzzy set (IFS for short) A is an object having
the form A= { <X,uA(X),yA(X)>: X e X} where the functions g, : X —1 and y, : X — | denote the degree

of membership (namely ¢, (X)) and the degree of non membership (namely 7, (X)) of each element X € X to the

set A, respectively, and 0 < gz, (X)+7,(X)<1 for each x € X.
Remark: 2.1[4] For the sake of simplicity, we shall use the symbol A = <X, Has ;/A> .
Definition: 2.2[9] Let X be a non empty fixed set. Then, 0_ :{ <X,O,1>: X e X} and 1 :{ <X,1, 0>: Xe X} .

Definition: 2.3[9] Let X be a non empty set. An intuitionistic fuzzy topology (IFT for short) on a non empty set X
is a family 7 of intuitionistic fuzzy sets (IFSs for short) in X satisfying the following axioms:

(Tl) O__ ,:I.~ er,
(T) G,NG, et forany G,,G, e,
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(Ts) U G, e forany arbitrary family{Gi e J}.
cT

In this case the pair (X,r) is called an intuitionistic fuzzy topological space (IFTS for short) and any IFS in 7 is

known as an intuitionistic fuzzy open set (IFOS for short) in X .

Definition: 2.4[9] Let (X,T) be an IFTS and A= <X,MA,yA> be an IFS in X . Then the fuzzy interior and fuzzy

closure of A are defined by
CI(A):ﬂ{K :KisanIFCS in X and Ac K}, int(A) :U{G:G isanIFOS in X and G A}.

NOTATION: 2.1 An IFTS (X,T) represent intuitionistic fuzzy topological spaces and for a subset A of a space

(X,T), IFcl(A), IFint(A), IFPScl(A), IFPSint(A), IF spint(A), IF spcl(A) and A denote an intuitionistic fuzzy

closure of A, an intuitionistic fuzzy interior of A, intuitionistic fuzzy pre semi closure of A, an intuitionistic fuzzy
semi pre interior of A, an intuitionistic fuzzy pre semi interior of A, an intuitionistic fuzzy semi pre closure of A and

the complement of Ain X respectively.

Definition: 2.5 17] A subset A of an IFTS (X, T) is called an IF semi pre open set if A< IFcl(IF int(1Fcl(A)))
and an IF semi pre closed set if IF int(IFcI(IF int(A))) < A;

Definition: 2.6[14] A subset A of an IFTS (X,T) is called an IF generalized closed (briefly IF g-closed) set if

IF cl(A) cU whenever Ac U and U is IF open in (X, T). The complement of an IF g-closed set is called an IF
g-open set;

Definition: 2.7[1] A subset A of an IFTS (X, T) is called intuitionistic fuzzy pre semi closed (IF pre semi closed for
short) if 1F spcl(A) cU whenever AcU and Uis IF g-openin (X,T).

Definition: 2.8[1] A subset A of an IFTS (X,T) is called intuitionistic fuzzy pre semi open(IF pre semi open for

short) if AisIF pre semi closed.

Definition: 2.9[1] A function f :(X,T)— (Y,S) is called intuitionistic fuzzy pre semi continuous (IF pre semi

continuous for short) if f (V) isan IF pre semi closed set of (X, T) for every IF closed set V of (Y, S).

Definition: 2.10 Let (X, T)be an IFTS. Let A be any IF pre semi open F; in (X,T). If IF pre semi closure of A is

IF pre semi open , then (X,T) is said to be intuitionistic fuzzy pre semi basically disconnected(for short, IF pre semi
basically disconnected).

Definition: 2.11[11] An ordered set on which there is given a fuzzy topology is called an ordered fuzzy topological
space.

3. ORDERED INTUITIONISTIC FUZZY PRE SEMI BASICALLY DISCONNECTED SPACES:

In this section, the concept of ordered intuitionistic fuzzy pre semi basically disconnected spaces is introduced. Some of
its characterizations and properties are studied.

Definition: 3.1 An ordered set on which there is given an intuitionistic fuzzy topology is called an ordered intuitionistic
fuzzy topological space (for short ordered IFTS).

Definition: 3.2 An IFS A in a partially ordered set (X,T,<) is said to be an

(a) Increasing IFS if X <y implies A(X) < A(Y).

Thatis, 12, (X) < g, (Y)and y, (X) =74 (Y).
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(b) Decreasing IFS if X <y implies A(X) 2 A(Y).

Thatis, £, (X) = 22, (Y)and y, (X) <74 (Y)-
Definition: 3.3 Let (X,T,<) be an intuitionistic fuzzy topological space (for short IFTS) and A be an intuitionistic

[o o]
fuzzy set (for short IFS) in (X, T). A'is called an intuitionistic fuzzy Gg (for short IF Gg) if A= () A where each

A isIF open.
Definition: 3.4 Let (X,T,<) be an intuitionistic fuzzy topological space (for short IFTS) and A be an intuitionistic

o0 J—
fuzzy set (for short IFS) in (X, T,<). A'is called an intuitionistic fuzzy F; (IF F;)if A= A where each A is
i=1
IF open.

Definition: 3.5 Let (X,T,<)be an ordered IFTS and let A be any IFS in (X,T,<), A is called increasing IF pre

semi open if IF spint(A) oU whenever ADU and U is IF g-closed in (X,T,<). The complement of an
increasing IF pre semi open set is called decreasing IF pre semi closed.

Note: 3.1 (a) Let (X,T,<) be an ordered IFTS. An IFS Ain (X, T,<) which is both intuitionistic fuzzy pre semi
open and IF F is denoted by IF pre semi open F .

(b) Let (X,T,<) bean IFTS. AnIFS Aiin (X,T,<) which is both intuitionistic fuzzy pre semi closed (for short IF
pre semi closed) and IF Gy is denoted by IF pre semi closed Gg .

(c) An IFS A which is both IF pre semi open F; and IF pre semi closed Gg is denoted by intuitionistic fuzzy pre semi
COGF (IF pre semi COGF).

Definition: 3.6 Let (X,T,<) bean IFTS. Forany IFSAin (X,T,<),

| 'FPSGs (A) = increasing intuitionistic fuzzy pre semi closure G5 of A

= ﬂ{B/B is an increasing intuitionistic fuzzy pre semi closed Gy setand B © A},

D'FPSGs (A) = decreasing intuitionistic fuzzy pre semi Gg closure of A

=N { B/B isa decreasing intuitionistic fuzzy pre semi closed Gg setand B o A},

0IFPSF, . L L
| S (A) = increasing intuitionistic fuzzy pre semi F interior of A

=U { B/B isan increasing intuitionistic fuzzy pre semi open F_ setand B < A},

DOIFPSFs (A) = decreasing intuitionistic fuzzy pre semi F interior of A

=U { B/B is a decreasing intuitionistic fuzzy pre semi open F; setand B < A}.

Clearly, | IFPSGs (A) (resp. D'FPSGs (A) is the smallest increasing (resp.decreasing) intuitionistic fuzzy pre semi

closed Gg set containing A and IOIFPSF"(A) (resp. DOIFPSF"(A) is the largest increasing (resp.decreasing)

intuitionistic fuzzy pre semi open FG set contained in A.
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Definition: 3.7 Let (X,T,<) be an IFTS. Let A be any IF pre semi open F in(X,T,<).If  IF pre semi closure

of A is IF pre semi open F_, then (X,T,<) is said to be intuitionistic fuzzy pre semi basically disconnected (for
short, IF pre semi basically disconnected).

Proposition: 3.1For any IFS A of an ordered intuitionistic fuzzy topological space (X, T,<), the following statements
are hold.

@ 1'"FPS%s () = pOIFPSFo (Y.
() D'FPSSs (a) = |O1FPSFo (Y.
© 1°FPSFo(p) = DIFPSSs (Y.
@ DOFPSFo(p) = | 'FPSSs (Y.

Proof: (a): Since | IFPSGs (A) is an increasing IF pre semi closed G5 set containing A, | IFPSGs (A) is a decreasing
IF pre semi open FG set such that | IFPSGs (A) c A. Let B be another decreasing IF pre semi open FG set such that
B gz\. Then B is an increasing IF pre semi closed Gg set such that B D A. It follows that | IFPSGs (A) gE.
That is, B | FPSGs (A). Thus, | 'FPSGs (A) is the largest decreasing 1F pre semi open F; set such that
IIFPSGB(A) c A Thatis, IIFPSGS(A) _ pOIFPs G(Z\).

The proofs of (b), (c) and (d) can be proved in a similar manner.

Definition: 3.8 Let (X, T,<) be an ordered IFTS . Let A be any increasing (resp. decreasing) IF pre semi open ch

(resp. IF pre semi closed Gg) set in (X, T,<). If | 'FPSGs (A) (resp. D'FPSGs (A)) is increasing (resp.
decreasing) IF pre semi open Fj in (X,T,<), then (X,T,<) is said to be upper F (resp. lower F,)
intuitionistic fuzzy pre semi basically disconnected (for short IF pre semi basically disconnected). An IFTS (X,T,<

is said to be ordered IF pre semi basically disconnected if it is both upper F and lower K intuitionistic fuzzy pre
semi basically disconnected.

Proposition: 3.2 For an IFTS (X, T,<), the followings are equivalent:

@ (X,T,<) isupper F; IF pre semi basically disconnected.

b) For each decreasing IF pre semi closed G5 set A, DOIFPSF" A) is decreasing IF pre semi  closed Gy .
(o) (o)

(c) For each increasing IF pre semi open F set A, D'FPSCs (I IFPSGs (A)=1 IFPSGs (A).

(d) For each pair of increasing IF pre semi open FG set A and decreasing IF pre semi open FG setBin (X,T,<5)

with 1'"FPSGs A— g pIFPSGsg _ | IFPSGs 4

0IFPSF,

Proof: (a) = (b): Let A be any decreasing IF pre semi closed Gg set. We claim that D (A) is decreasing IF

pre semi closed Gg. Now, A s increasing IF pre semi open F . So by assumption (), | IFPSGs (K) is increasing IF

OIFPSF,

pre semi open F . Thatis, D (A) is decreasing IF pre semi closed Gg .

| IFPSG5 ( p) — pOIFPSFo

(b)=(c): Let A be an increasing IF pre semi open F_ set. Then, (/K) Consider

| 'FPSGs (A)+ D'FPSGs (1 IFPSGs (A)) = 1'FP3%s () 4+ D'FP5Cs (DO'FPSFs (A)) . Since A is increasing IF pre
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semi open F, A is a decreasing IF pre semi closed G5 set and by (b), pOIFPSFo (K) is a decreasing IF pre semi

closed Gs set. Therefore, D'FPSCs (DOIFPSFG (A)= DOIFPSFs (A) .Now,

Hence, D' %% (DOIFPSFG (A) = | | FPSGs (A) . By Proposition 3.1, (c) holds.

(c)=(d): Let A be any increasing IF pre semi open FG set and B be any decreasing IF pre semi open FG set such

that 17708 (A) =B. By Proposition 3.1, B = p°FPsFo (A).
By(c), DIFPS%s (1 IFPSCGs (p)y _ pIFPSGs (| OIFPSFs 1y _ g (3.1)

Therefore, D' >0 (I IFPSGs (A)) = D'F7% (B) (3.2)

From (3.1) and (3.2), we have, 1705 (A) = D'FP3Gs (B).

(d)=(a): Let A be any increasing IF pre semi open FG set. Let IIFP565 (A) = B. From (d), it follows that

D'FP3Gs (B) =1 IFPSGs (A) . Hence, (X,T,<) isupper F; IF pre semi basically disconnected space.

Proposition: 3.3 Let (X,T,<) be an ordered IFTS. Then (X,T,<) is an upper F, IF pre semi basically

disconnected space if and only if for any decreasing IF pre semi open FG set A and decreasing IF pre semi closed GS

setBsuchthat Ac B, D'FPSGs (A c p°'FPsFo (B).

Notation: 3.1 An ordered IFS which is both decreasing (resp. increasing) IF pre semi open F and IF pre semi closed

G5 is called a decreasing (resp. increasing) IF pre semi clopen set (for short IF pre semi COGF).

Remark: 3.1 Let (X, T,<) be an upper F; IF pre semi basically disconnected space. Let {A1 ,gi/i € N} be a
collection such that A; s are decreasing IF pre semi open F sets, B;’s are decreasing IF pre semi closed Gg sets

and let A,E be decreasing IF pre semi open FG and increasing IF pre semi open FG sets respectively. If

AcAc Bj and A cBc Bj for all i, je N, then there exists a decreasing IF pre semi COGF set C such that

p!FPSGs (A)cC gDOIFPSFG(Bj) forall i,jeN.

Proposition: 3.4 Let (X,T,<) be an upper Fj IF pre semi basically disconnected space. Let (Aq) Qand
ge

(B ) be the monotone increasing collections of decreasing IF pre semi open F_ sets and decreasing IF pre semi
9/4eQ ©

closed G5 sets of (X, T,<) respectively and suppose that Aq C Bq whenever q1 < q2 (Q is the set of rational
1 2

numbers). Then there exists a monotone increasing collection {Cq} o of decreasing IF pre semi COGF sets of
qge

(X,T,<) such that D'FPSGs (Aql) - qu and qu c DY'FPSFo (qu ) whenever g, <, .

© 2012, IMA. All Rights Reserved 358



D. Amsaveni*, M. K. Uma and E. Roja/ ORDERED INTUITIONISTIC FUZZYPRE SEMI BASICALLY DISCONNECTED SPACES/ IIMA- 3(2),
Feb.-2012, Page: 354-361

4. PROPERTIES AND CHARACTERIZATIONS OF INTUITIONISTIC FUZZY PRE SEMI BASICALLY
DISCONNECTED SPACES:

In this section various properties and characterizations of intuitionistic fuzzy pre semi basically disconnected spaces are
discussed.

Definition: 4.1 Let (X, T,<) be an ordered IFTS. A function f : X — R(l) s called lower F (resp.upper F)
IF pre semi continuous, if f (R ) (resp. f (L)) is an increasing or decreasing IF pre semi open F set (resp. IF

pre semi open F / IF pre semi closed Gg) foreach t e R.

Proposition: 4.1 Let (X,T,<) be an ordered IFTS. Let A bean IFSin X, and let f : X — R(I) be such that

1 if t<0,
F)O) =1AX) if 0<t<1,
0 if t>1

for all X € X . Then fis lower F(F (resp.upper ch) IF pre semi continuous iff A is an increasing or decreasing IF pre

semi open F (resp. IF pre semi open F/ IF pre semi closed Gg) set.

Definition: 4.2 The characteristic function of any IFS A in X is the function 1, : X = I(L) defined by
%, (X) = (A(x)), xe X..

Proposition: 4.2 Let (X,T,<) be an ordered IFTS, and let A be an IFS in X . Then XA is lower F(F (resp.upper

FG) IF pre semi continuous iff A is an increasing or decreasing IF pre semi open ch (resp. IF pre semi open ch/ IF

pre semi closed Gg ) set.
Proof: The proof follows from Proposition 4.1.

Definition: 4.3 Let (X,T,<) and (Y,S,<) be IFTSs. A function f :(X,T,<)— (Y,S,<) is called increasing

ch (resp. decreasing GS) intuitionistic fuzzy strongly pre semi continuous (for short, increasing ch (resp. decreasing

Gs ) IF strongly pre semi continuous) if f_l(A) is increasing F (resp. decreasing Gg) IF pre semi clopen in

(X,T,<) for every IF pre semi open F setin (Y,S,<). If fis both increasing F; and decreasing G IF strongly
pre semi continuous, then it is called ordered IF strongly pre semi continuous.

Proposition: 4.3 Let (X,T,<) be an ordered IFTS. Then the following statements are equivalent:
(@) (X,T,<) isupper F IF pre semi basically disconnected,

(b) 1fg,h: X — R(l), gis lower F; IF pre semi continuous, h is upper F IF pre semi continuousand g — h
then there exists an increasing F IF strongly pre semi continuous function, f :(X,T,<)— R(l)such that
gc fch.

(c) If A is increasing IF pre semi open FG set and B is decreasing IF pre semi open FG set such that B < A, then

there exists an increasing F; IF strongly pre semi continuous function f :(X,T,<)—[0,1](l) such that

Bgflf cRyf cA.

© 2012, IMA. All Rights Reserved 359



D. Amsaveni*, M. K. Uma and E. Roja/ ORDERED INTUITIONISTIC FUZZYPRE SEMI BASICALLY DISCONNECTED SPACES/ IIMA- 3(2),
Feb.-2012, Page: 354-361

Proof: (a) = (b) can be established by the concepts of increasing ch (resp. decreasing G5) IF pre semi clopen set in
(X,T,<) and the theorem 3.7 of Kubiak [15] with some slight suitable modifications.

(b) = (c): Suppose Adis an increasing IF pre semi open FG set and B is an decreasing IF pre semi closed GS set,
such that B < A. Then g & XAand Xg: X, are lower F; and upper Fs IF pre semi continuous functions
respectively. Hence by (b), there exists an increasing FG IF strongly pre semi continuous function

f:(X,T,)>R(l)such  thaty . < f S, Clearly, f(x)e[0,2](1) for all xeXand
B=(L)x, =(L)f cRof =Ryx, =A.

(c)= (a): This follows from Proposition 3.2 and the fact that (fl) f and Ry f are decreasing IF pre semi closed G5

and decreasing IF pre semi open F sets respectively.

5. TIETZE EXTENSION THEOREM FOR ORDERED IF PRE SEMI BASICALLY DISCONNECTED
SPACES:

In this section Tietze extension theorem for ordered IF pre semi basically disconnected spaces is studied.

Proposition: 5.1 Let (X,T,<) be an upper F; IF pre semi basically disconnected space and let A< X be such
that , , isincreasing IF pre semi open F; set in(X,T,<). Let f:(A T/A)—[0,2](I)bean increasing F_ IF

strongly pre semi continuous function. Then f has an increasing FG IF strongly pre semi continuous extension over
(X,T,2).

Proof: Let g,h: X —[0,2](1)besuch that g = f =h on A and g(X) =<0>, h(x) :<1> if Xx¢g A.
We now have,

1 if t<0,
Where B is increasing IF pre semi open F set such that Bt/Az R f and
N if t<1,
Lh- AN, !
1 if t>1,

where A is increasing IF pre semi open F such that A[/Az L; f . Thus, g is lower F; IF pre semi continuous, h

Ny if t>0
Rtg:{Bt X a

is upper ch IF pre semi continuous and g < h. By Proposition 4.2, there is an increasing FG IF strongly pre semi
continuous function F : (X,T,<) —[0,1](1) suchthat g = F < h;hence F = f on A
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