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ABSTRACT

In this paper, we prove a common fixed point theorem for two pairs of weakly compatible mappings satisfying
expansion type condition in fuzzy metric space.
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INTRODUCTION:

The concept of fuzzy sets was introduced by Zadeh [20] in 1965. Since then, to use this concept in topology and
analysis, many authors have extensively developed the theory of fuzzy sets and its applications. Especially, Deng [4],
Erceg [5], Kaleva and Seikkala [11], Kramosil and Michalek [12] have introduced the concept of fuzzy metric space in
different ways.

In 1988, Grabiec [9] extended the fixed point theorem of Banach [2] to fuzzy metric space. Moreover, it appears that
the study of Kramosil and Michalek [12] of fuzzy metric space paved the way for developing this theory to the field of
fixed point theorems, in particular, for the study of contractive type maps. There have been several attempts to
formulate fixed point theorems in fuzzy mathematics (see for instance; [1], [3], [6], [7], [10], [15], [16], [18], [19]).

George and Veeramani [8] have modified the concept of fuzzy metric space introduced by Kramosil and Michalek [12]
and have defined the Hausdorff topology on fuzzy metric spaces. They have also shown that every metric induces a
fuzzy metric.

Recently, Kumar and Pant [14] have given a common fixed point theorem for two pairs of compatible mappings
satisfying expansion type condition in probabilistic Menger space. In that result one of the mappings has been taken
continuous. In this paper we extend the result of Kumar and Pant [14] to fuzzy metric spaces. We improve that result
by dropping the condition of continuity of the mapping and using weak compatibility of the mappings in place of
compatibility

PRELIMINARIES:

Definition 1 [17]: A binary operation *:[0,1] * [0,1] —» [0,1] is called a continuous t-norm if ([0,1],%) is an abelian
topological monoid with unit 1 suchthat a * b < ¢ *d whenever a < cand b < d forall a, b, c,d, € [0,1]. Examples
of t-normare a * b = aband a * b = min{a, b}.

Definition 2 [12]: The 3-tuple (X, M,*) is called a fuzzy metric space (shortly, FM-space) if X is an arbitrary set,  is a
continuous t-norm and M is a fuzzy set in X? x [0, ») satisfying following conditions: for all x,y,z € X and s, t > 0

(FM-1) M(x,y,0) = 0,

(FM-2) M(x,y,t) = 1,for allt > 0 if and only ifx = y,
(FM-3) M(x'y' t) = M(y'x' t),

(FM-4) M(x,y,t) * M(y,z,5) < M(x,z,t +s),

(FM-5) M(x,y,.) : [0,0) = [0,1] is left continuous.
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Definition 3 [9]: Let (X, M,*) be a fuzzy metric space:

(1) A sequence {x,} in X is said to be convergent to a point xe X, (denoted by H_rf}o x, = x), if
1i£130M(xn,x, t)=1forallt > 0. "

2 ,g\ sequence {x,} in X is called a Cauchy sequence if li_rg M(xn+p,xn, t) =1forall t > 0andp > 0.

(3) A fuzzy metric space in which every Cauchy sequence is convergent is said to be complete.

Let (X, M,x) be fuzzy metric space with following condition:
(FM-6) 1im M(x,y,t) =1forall x,y €X.

In [9] Grabiec has given two important lemmas for contraction condition. We have the following lemmas for expansion
type condition.

Lemma 1: Let {x, } be a sequence in a fuzzy metric space (X, M, x) with (FM-6). If there exists a number h > 1 such
that

M (X 41, %, ht) < M(Xp42, %41, t) forallt > 0and n =1, 2,3, ... then {x, } is Cauchy sequence in X.
Lemma 2: If, for all x,y € X, t> 0 and for a number h > 1

M(x,y,ht) < M(x,y,t),thenx =y.

Definition 4 [18]: A function M is continuous in fuzzy metric space iff whenever x,, = x, y, = v, then

lim M (x,, y,,t) = M(x,y,t) forall t > 0.
n—o

Definition 5 [13]: Let A and B be mappings from a fuzzy metric space (X, M,*) into itself. The mappings A and B are
said to be weakly compatible if they commute at coincidence points i.e. AX = Bx = ABx = BAXx.

RESULT:

Theorem: Let (X, M,*) be a complete fuzzy metric space where * is continuous and satisfies x * x > x for all
x €[0,1]. Let A, B, Sand T be self mapping of X : X — X satisfying the following conditions.

i. Aand B are surjective.

ii. A, Sand B, T are weakly compatible.

iii. M(Au, Bv,hx) < M(Su,Tv,x) forallu,v € Xandh > 1.
Then A, B, S and T have a unique common fixed point in X.

Proof: Let u, € X .

Since A and B are surjective, we choose a point u; € X such that Au; = Tu, = v,, and for this point u; there exist a
point u, in X such that

Bu, = Su; = v;.

Continuing in this manner, we obtain a sequence {v, } in X as follows
Auypyy = Tupy = Vpn @A BUgnyy = SUpnin = Vanar

Using (iii) we have

M (v, V241, hx) = M(AUyyiq, Bugp o, hX)
< M(Sugp 41, TUzp2,X)
= M(v2n+1' Uan+2s x)

Therefore by Lemma 1, {v, } is a Cauchy sequence.

Since X is complete, {v, } converges to some point z € X. Consequently, the subsequences {Au,, 41}, {Bus, 3, {Susn 41}
and {Tu,,, } also converge to z.
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Let there exist g € X, such that Aq = z, then by (iii)
M(Aq, Bu,,, hx) < M(Sq, Tu,,,x).

Asn — »
M(Aq,z, hx) < M(Sq, z,x)

M(z,z,hx) < M(Sq,z x)
=Sq=z

= Aq=Sq=z

~ q is coincidence point of A and S.

Since A and S are weakly compatible and Aq = Sq = z

~ ASq = SAq
= Az =S5z
Again by (iii)

M(Az, Buy,, hx) < M(Sz, Tu,,,x)Asn —
M(Az, z, hx) < M(Sz, z, x), which gives
M(Az,z,hx) < M(Az, z x) implying Az = z.
“Az=Sz=z

Now let z = Bp for some p € X, then by (jii)
M(Auyy 41, Bp, hx) < M(Styp41, TP, X).
Letting n —» «

M(z,Bp, hx) < M(z,Tp,x).

But Bp = z, therefore

M(z,z,hx) < M(z,Tp,x), giving z =Tp
~Bp=Tp=z

= p is coincident point of B and T.

Since B and T are weakly compatible and Bp =Tp = z
~TBp =BTp = Tz = Bz.

Now by (iii)

M(Auyy 1, Bz, hx) < M(Suy, 44, T2,x).

Letting n — « this gives

M(z,Bz,hx) <M(z,Tz x)

But Bz = Tz, therefore

M(z,Tz,hx) <M(z,Tz,x) =>Tz=1z
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Hence Bz = z.
~Az=Bz=Tz =S8z =z
Hence z is a common fixed point of A, B, Sand T.
Finally for the uniqueness of fixed point, let w € X be another fixed point.
Thus from (iii),
M(Aw, Bz, hx) < M(Sw, Tz, x)
= M(w, z,hx) < M(w, z,x)
>Ww=7Z.
This shows the uniqueness of the fixed point and hence the proof is complete.
In [15] Kumar and Pant have proved the result for compatible mappings in probabilistic Menger space, by taking one of
A, B, S and T to be continuous. But in the present result, we have taken weakly compatible mappings in fuzzy metric
space and have omitted the condition of continuity of one of mappings A, B, S and T. Since weak compatibility is weaker
condition therefore our result is the improvement of the result of Kumar and Pant [14] and an extension to fuzzy metric
space.
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