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ABSTRACT
In this paper, we prove some fixed point and common fixed point theorems for non contraction rational mappings in
Banach space. Also we generalized many more known results.
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1. INTRODUCTION

It is well known that the differential and integral equations that arise in many physical problems are mostly non linear
and fixed point technique provides a powerful tool for obtaining the solutions of such equations which otherwise
are difficult to solve by ordinary methods. While stating this, however, we mention that some qualitative properties
of the solution of related equations are lost by functional analysis approach. Many attempts have been made to
formulate fixed point theorems in this direction and the well known Schauder’s fixed point principle formulated by J.
Schauder in 1930.

Brouwder [1], Gohde [5], and Kirk [12], have independently proved the fixed point theorem for non-expansive
mappings defined on a closed bounded and convex subset of a uniformly convex Banach space and in spaces with
richer structure. Many other mathematicians gave a number of generalizations of non- expansive mappings, like
Dotson [3], Emmouele[4], Goebel[6], Goebel and Zlotkiewicz [7],Goebel, Kirk and Shimi [8], Massa and Roux [13],
Rhodes [14], are of special significance. A comprehensive survey concerning fixed point theorem for non-
expansive and related mappings can be found in Kirk [10].

Let X be a Banach space and C a closed subset of X. then the well known Banach Contraction Principle states that
a contraction mapping of C into itself has a unique fixed point. The same holds good if we assume that only some
positive power of a mapping is a contraction (For example, Bryant [2]). But this result is no longer true for non
expansive mappings. Many mathematicians have studied the existence of fixed points of non expansive maps
defined on a closed bounded and convex subset of a uniformly convex Banach space, and in a space with a normal
structure. For the results of this kind one is referred to Browder [1], Goebel[6], and Kirk [10], it is natural with a
non expansive iteration. The answer, in general, is negative However Goebel and Zlokiewicz [7] have answered this
problem in affirmative with some restriction, and thus generalizing a result of Browder [1].

MAIN RESULTS

Theorem :2.1 Let F be mappings of a Banach space X into itself. If F satisfies the following conditions;

F? =1, where | is identity mapping (2.1.1)
X —FOOv -FO_, 5 [X=FOl¥ -F)

[X=FOO+[x =FO] X =F+]¥ - FX)]

+r X =Ry = FM1+sT[X = FO)[+[Y = FOO1+2 |X =]

IF(X)-F(Y)| <«

(2.1.2)
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For every x,y € X where  , B,7,0,7 20and 7 +8 B +4y <8

B

If E) +2 0 +17<L.Then F has a unique fixed point

then F has a fixed point.

1
Proof: Suppose X is a point in the Banach space X. Taking Y= E (F+ 1) X, Z=F(Y), U =2Y-Z, We have

J2=x|= [FN) - F*(x)|

= [FO)-F(F(X)
|Y FON[|F2(x)- F(X)H IV -F2(X)||F o) -Fx)|
”Y FPO|+Y =FM)| 7 Y =F2)|+[F ) - F(X)|

+ 7 [FOO=F20)|+ [V =FM18 tIF OO~ F ¥ =F2 0|1 +n]F (X) Y|

_o WZFOUX=FOO I =X[FO-FOO
VX[l =Fe0] " Y =X+ F-F]
#[Y =Fe s X =Y[+[F () =FOOf1n [F ) -V

—F(X)|

1
¥ -FOlIx -Fx)|,, oIX =FOOF =X+ X ~F(X)]

[X =F) ;”X—F(X)||+||F(Y)—X+X—F(X)||

+y[[X =FX)|+|v —F(Y)||]+5[%||X —F(X)|+[|F(Y)-X+X =F(X)[1

1
+17§||F(X)—X||

1
- F(Y)||||X FOX)| ﬁ2||><—F(X)IIIHF(Y)—X||+IIX—F(X)Hl
SIx=F o) S IX=F OO+ [Fr) =X ~Fx)]
+H||X—F<X)||+IW—F(Y)||1+5[%IIX—F(X>||+HF(Y>—><II+|I><—F(X>H1
+77%||F(X)—X||
SIX = FOOIE R0 - Xfx = F OOl

2a |V ~F(V)|+ g2 +rIX=FX)
SIX=FOO]+5|FOO-XJx =F(0)

+[Y - F(Y)||]+§[E||X - F(X)||+E [F ) = X[+ X = F(X)| +17%||F(X)—X||

=a+y)|Y —F(Y)|+ (g ﬂ+y+25+%)”X —-F(X)|
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Therefore
[2-x|< 2a s Y ~FO)|+ € ey s20+ L)X = F(X)|

and

Ju=x|=[2Y =Z = X||=[(F + 1)X = F(Y) = X]=|F(X) - F(Y)|

< g IXFlY-FO)] | o [X-FOIlY -F(x)]
— X=FEOJH X =FO] T X =R +]Y = F(X)]
7 X =FOO+ Y =FM)1e X = FO ¥ ~FOO[1+7 [X =]

1
[X OOy —F )| 2X=FOx =F X

X -FOO+ZIX=FOO] X ~FOOJ+ X = FX)]

1 1 1
+ y[|X=FX)| | - F(Y)||]+5[E||X - F(X)||+E||X —F(X)|1 += X =F(X)|

1
- -~ X =F(X)[|X =F(X)
o xoFooly-Fof, ] I ||

T —FO]
* |} -F(x)]

F L X=FO+ [V =F)|1+68 [X - FX)|+ % 7 |X —F(X)|

~ar ) =FO+ € poyr2d+ X -F(X)|
Therefore

3
u=x| <@a+r)|Y -F)| +(§,8+7/+25+777)||X—F(X)|| 2100
Now
z=ul <z=x|+[x-u
<ea+plY -F()| §ﬂ+7/+25+%)”x—F(X)||+(2a+7/)||Y—F(Y)||

3
.G ﬂ+7/+25+%)”X —F(X)|

=@aw2p)Y-F)| %ﬂ+27/+45+77)||x -F(X)|

Thus

3
[2-ul <@as2pny -FM| 5 Br2yasem|x -FX) 21(0)

Also
z=ul=|F() -2 -2)]
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= |F(Y)-2v +2)|

=2[Y =F )|

Combining 2.1(a) and 2.1(b) , we have
3
Y =F()| < ¢a w2p)|[Y =F(Y)| . (Z B2y +48+m)|X —F(X)|

Therefore,

Y =FM)< dofx -FX)|

2 P+2y+46+n

Where q: 2_4a_27/ <1
Since Ta+8p+4y <8

1
Let G= E”F * I” then for every xeX

le*(x)-6(x)|=]ev)-Y|

Eevy
1
SIY-F)

q
SlIX=FX)

By the definition of g, we claim that {Gn(X)} is a Cauchy sequence in X.

By the completeness, {Gn(X)} converges to some element X0 in X.

ie. lim G"(X) =X,

n—o0
Which implies that G(X0) = XO0.
Hence F(X0) = X0
i.e. X0 is a fixed point of F.

For the uniqueness, if possible let YO(= X0) be another fixed point of F then
”Xo _Yo” = ”F(Xo) - F(Yo)”

<a ||X0_F(XO)||”YO_F(YO)” + ”XO_F(YO)””YO_F(XO)”
X =R Xo = F OO T X = F ()] + (Yo —F(Xo)]
+”Yo - F(Yo)||]+5 [”Xo - F(Yo)” "‘”Yo - F(Xo)”] tn ”Xo _Yo”
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_ g Xo=YollYo = X
[Xo = Y[ +[¥o = X

+ 7[||Xo —Yo||+||Yo - X0||] tn ”Xo _YOH

~C+20m) X, Y|
Therefore

%o Yol B+25m) X, o]

Therefore

-2 ~25-) [, Y| <0

B
Since E+25+77<1

||X0—Yo||:0

Therefore

X, =Y,

Hence
2.2 Now we prove the following theorem which generalises the theorem-2.1

Theorem: 2.2 Let K be closed and convex subject of a Banach space X. Let F: K —K, G: K —K satisfy the following
conditions

F and G commute (2.2.1)

F? =1andG2 =1 where | denotes the indentity mapping (2.2.2)

[FO)-GX)[[FM -G , , [F)-GX)F(X)-G(¥)|
IGX)=F(X)|+[G(X)-F)| " [|G(X)=FY)|+|G(Y)-F(X)|

+7[G(X)=F )|+ [6(Y) - F()|1+ [[G(X) - F)|+[G(Y) - F(X)]1
+17[G(X)-G(Y)]

[F(X)-F(Y)|< e

2.2.3)
€ D
For every xy SK where &, 8,7 .6, ;7 20and 7 +8 B+4y _g o0 thoere exists at least one fixed point, Xqe K

B . I .
such that F(Xs)=G(Xo)=Xo.Further if > +2 0 +17 <1.Then X, is the unique fixed point of F and G.

Proof: From (2, 2, 1) and (2.2.2) it follows that (FG)?=I and (2.2.2) and (2.2.3) implies
[FG?*(x)-GG*(X)||FG* (V) -GG*(Y)|
|66 (X) - FG? (X)|+|66* (X) - FG*(v)|
. [FG2(v)-GG* (X)||FG°(X) -GG (Y)|
|67 (X) - FG2 (V)| + 66> (V) - FG* (X))
+|GG? (Y) - FG?(Y)| 1+ 6 [|GG*(X) - FG*(Y)|+|GG*(Y) - FG* (X)|

+17 |GG (X)-GG*(Y)

[FG.G(X)-FGG(Y)|< e

+ 7 [|[GG*(X) - FG* (X))
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., IFG.G(X)-G(X)[|FG.G(Y)-G(Y)|
IG(X) = FG.G(X)|+|G(X)-FG.G(Y))
p IFG.G(Y)-G(X)||[FG.G(X)-G(Y)|
IG(X) = FG.G(Y)[+[G(Y)-FG.G(X)|
+[G(Y)-FGG(Y)|1+ 8 [|[G(X) - FG.G(Y)[+|G(Y) - FG.G(X)[1
+77 |[G(X)-G(Y))|

+7[|G(X) - FG.G(X)|

Now we put G(X) =Z and G(Y)=W then we get

[Fo@)-Zl|Few)-w| , . |Few)-Z[|Fe@)-w]|
|z-Fe@)|+[z-Few)| " |z -Few)|+W -FG(2)|
+y 1|2 -FG(Z)|+|W - FGW)|1+ 5 [|Z - FGW)| +|W - FG(Z)|1+7 [Z -W]|

|FG(Z) - FGW)| < e

Where (FG) 2= and so by theorem-1, FG has at least one fixed point, say X, in K

i.e. FG(Xo )= Xo (A)
and so FFG(Xg )=F( Xo)

or G(Xo) =F( Xo) (B)

Now,

[F(Xo)= X, = [F(Xo) = F2(Xo)| = [F(Xo)=F(FX,)]|

"F(Xo)_G(Xo)””FF(Xo)_GF(YO)”
- ”G(Xo)_F(Xo)”"‘”G(Xo)_FF(Xo)”
[FF(Xo) = G(X)||IF (X4) =GF (X,))
”G(Xo)_ FF(XO)||+||GF(XO)_ F(Xo)”
+y [”G(XO) - F(XO)||+||GF(XO) — FF(XO)”]+5 [”G(Xo) — FF(XO)”
+||GF(X0) - F(Xo)||]+77 ”G(Xo)_GF(Xo)”

[F(X0) = FOOMXo =X, 5 [Xo = FXIIF(Xo) = X
”F(Xo)_ F(Xo)||+||F(Xo)_ Xo” ”F(Xo)_ X0||+||X0 - F(Xo)”
+7 [[F(Xo) = F(Xo)[[+[Xo = Xo| 1+ S [[F (Xo) = Xo [+ [Xo = F (X,)]1

+tn ”F(Xo)_ Xo”

= @5-4) [FOX) = Xol+ 2 [F (X0) = X,

_ (§+za+n) X, —Y,|
Therefore

FXo) =X, E+25+m) X, -y

This is contradiction
© 2012, IIMA. All Rights Reserved 506
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Since (§+ 20 +n) <1

Therefore F(Xo) = X,
I.e. X0 is fixed point of F, but F(X) =G(X,) and therefore we have G(Xg) = X,
I.e. X0 is the common fixed point of F and G.

Now, we shall prove that X0 is the unique common fixed point of F and G. If possible let YO be another fixed point of
F and G.

Now by (2.2.1), (2.2.2), (2.2.3), (A) and (B) we have

”Xo _Yo” = HFZ(XO)_ FZ(YO)H:”FF(XO)_ FF(YO)”

IFF(X,) = GF (X,)||FF (Y,) - GF(Y,)]
IGF (X)) = FF(X,)||+[GF (X,) = FF(Y,)|
iy IFF(Yy) —GF (X)[|[FF (X,) —=GF (Y,)|

IGF (X,) = FF(Yy)[+[GF (Y,) - FF(X,))
+||GF(Y0) - FF(Y0)||]+5 [”GF(XO) - FF(Y0)||+||GF(Y0) - FF(XO)”]

tn ||GF(XO) _GF(YO)”

<

+7’[||GF(X0)_ FF(XO)”

_ 5 X0 =Yoll¥o— X

= + 7 [IIX =Yoll+[Yo = X1+ 7 [ X, =Y
||X0—Y0||+||Y0—X0|| 7’” 0 0” ”0 0” 77” 0 o||

:(§+25+77))||x0—vo||

Therefore ”XO _Y0|| < (§+25+77) "Xo _Yo”

(§+ 20 +1n)<1 X =Y, Proving the uniqueness of X0, the proof of theorem 2 is

Since it follows that

complete.

Theorem: 2.3 Let K be a closed and convex subset of a Banach space X. Let F, G and H be three mappings of X into

itself such that

FG = GF, GH = HG and FH = HF (2.3.1)

F?=1,G?*= |, H*= |, where | denotes the identify mapping (2.3.2)

FOO)=F(Y)| < [FX)-GHX[FM-GHM)| ., [F()-GHX)[|F(X)-GH(Y)|

IGH(X)=F(X)|+[GH(X)-F(Y)| ~ [GH(X)-F(Y)|+|GH(Y)-F(X)|

+y[[GH(X) = F(X)|+|GH(Y) = F(Y)|1+ S [|[GH (X) = F(Y)[ +|[GH (Y) - F(X)|1

+17 |GH(X)=GH(Y))|
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For every X, Y e Kand «, ,7,0,17 > 0such that 7a +8/ + 4y <8 then there exist at least onefixed point X, eX

such that F(Xg) = GH(Xo) and FG(Xo) = H(Xo). Further if (g +206 +1n) <1 then X, is the common fixed point of
F, G and H.

Proof: From (2.3.1) and (2.3.2) it follows that (FGH)?*=l where | is the identity mapping. And by (2.3.2) and
(2.3.3) we have,

|[FGH.G(X) - (GH)* G(X)[|FGH G(Y) - (GH)* G(Y)|
HFGH.G(X)—(GH)Z.G(X)H+ ‘FGH.G(Y)—(GH)ZG(X)H
HFGH.G(Y)—(GH)Z.G(X)NFGH.G(X)—(GH)ZG(Y)H
' |GH)? G(X) - FGH.G(Y)|+|(GH)* G(Y) - FGH.G(X)
+7[|(GH)*G(X) - FGH.G(X)|+|(GH)* G(Y) - FGH G(Y)[1
+8[|(GH)* G(X) — FGH.G(Y)[+|(GH)* G(Y) - FGH.G(X)[]
+17 [(GH)* G(X) - (GH)* G(Y)|

[FGH.G(X)-FGHG(Y)| < «

. IG(X) - FGH.G(X)[|FGH.G(Y) -G(Y))|
" |FGH.G(X) -G (X)|+|FGH.G(Y) -G(X)||

iy IFGH.G(Y) - G(X)[||FGH.G(X) - G(Y))|
IG(X) = FGH.G(Y)|+[G(Y)- FGH.G(X)|
+ 7 [[G(X)=FGH.G(X)|+||G(Y) - FGH.G(Y)[1
+S[|[G(X) = FGH.G(Y)[+|G(Y) - FGH.G(X)|1+7|G(X) - G(Y)|

Now if we put G(x) = Z and G(x) = W, we get
IFGH(Z)-Z||[FGHW)-W| . IFGHW)-Z||FGH (2)-W|
IFGH(Z)-Z|+|FGHW)-Z| " [Z-FGHW)|+|W —FGH (Z)|

+y 1|2 =FGH(Z)|+|W —FGHW)|1+5 [|Z - FGH W) +|W - FGH ()|
+n |2 -w|

|FGH(Z)-FGHW)| < «

Where (FGH)*=l and 7 o + 8 3 + 4y <8

Then by theorem 1, we write that FGH has at least one fixed point , say X, in K

i.e. FGH( Xo)= Xo 3.(A)
and so GH(FGH)( Xo)=GH(Xo) or .F( Xo)=GH( Xo) 3.(B)
Also H (FGH) (Xo)=H(Xo) or .FG( Xo)=H(Xo) 3(C)

Now by using (2.3.1), (2.3.2), (2, 3, 3) and 3(A), 3(B) and 3(C), we have

[H(Xo) = Xo[ = [FG(Xo) = F2(X,)| = [FG(Xo)—F(F (X))
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IFG(X,) =GHG (X, )[||FF (X,) —GHF (X,)|
IFG(X,) —GHG(X,)|+|FF (X,) —GHG(Y,)|
IFF(X,) =GHG(X,)|[[FG(X,) = GHF (X,)|
IGHG(X,) = FF(Y,)|+|GHF (X,) - FG(X,)|
+7 [[GHG(X,) = FG(X,)|+|GHF (X,) — FF (X,)[1
+S [[GHG(X ) — FF (X,)|+[GHF (X,) = FG(X,)||1
+17 |GHG(X,) - GHF (X, )|

<

TR OO X X HOXOHOG) %,

T HX) = H (X[ +][Xo =H(X,)] [H (X0) = Xo)][+]Xo = H(X,)|
+y [H(Xg) = H(X)| +]Xo = Xo |1+ 8 [H (X) = X +] X o = H(X,)| 1
+17 [H(Xo) = X,

=(§+25+n) [H (X)X

Therefore,
MOt~ Xl 20 JHOK) -

B
Since (E +20+n) <1 it follows that H(Xq)=Xo

i.e. X, is the fixed point of H. Thus we have from 2.(b), G(Xo)=F(Xo)

Again,

[F(Xo)=Xo] = | F (X) = F(X)|=[F (Xo) = F (F (X))

IF(X)—GH (X,)[|[FF (X,) —GHF(X,)|

IF(Xg)—GH (X,)]+|FF(X,) —GH(X,)|
[FF(X)=GH(X,)[[F (X,)-GHF(X,)|
|GH(X,)—FF(X,)|+|GHF (X,) - F(X,)|
+ 7/[”GH(X0)_ F(Xo)”"' ||GHF(XO)_ FF(XO)”]

+8[ [GH(Xy)—FF(Xy)|+|GHF (X,) = F(X,)[1
+77|GH (X4) = GHF (X,)|

<

g AFX)FX)[Xo=Xo] o [Xo = FOO[IF (Xo) = X,

B ”F(Xo)_F(Xo)”"‘”Xo_F(Xo)” ”F(Xo)_xo)”"‘”Xo_F(Xo)”

+7’[||F(Xo)_ F(Xo)”"'”Xo —X0||]+5[||F(XO)—X0||+||X0 _F(Xo)”]
#77 [F(Xo) = X

- C 25+ [F(x0)- %,
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Therefore
[F(Xo)— X, < (§+ 25 +1) [F(Xo) = X,
(§+ 20 +1n)<1

Which is a contradiction ,Since Hence, it follows that F(Xg)=X, But F(Xq)=G(Xo)

Therefore, F(Xq) =G(Xg) =H(Xq) =Xq
i.e. Xp is the common fixed point of F,G and H.
Now to show the uniqueness of X, , we let Y, be another common fixed point of F, G and H.

Using (2.3.1),(2.3.2),(2.3.3) and 3.(a),3.(b),3.(c), we get

[Xo Yol = [F?(Xo)=F?(Yo)| = [FF(Xo)—FF(Y,)
[FF (X,) = GHF (X, )[[[FF (Y,) - GHF (¥,)]
IFF(X,) —GHF (X,)[+|FF (Y,) —~GHF (X,)|
IFF(Y,) —GHF (X,)[|FF (X,) —GHF (Y, )|
IGHF (X)) = FF(Y,)| + |[GHF (Y,) — FF (X,))|
+ ¥ [|GHF (X,) = FF(X,)|+[GHF (Y,) — FF (Y,)[ 1
+ S [|GHF (X,) — FF(Y,)[+|GHF (Y,) = FF (X,)|1 +1|GHF (X,) — GHF (Y,)|

<

= L 1%o Yol + 26 [ Y, 41

_ (§+za+n) X, — Y,

Therefore
%o -Yol < £+ 254 X, ~Yo|

Which is a contradiction, since (g +20+m) <1
Hence, it  follows that Xo=Y,,
Proving the uniqueness of X,

This completes the proof of the theorem.
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