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ABSTRACT

The concept of generalized intuitionistic fuzzy compact open topology is introduced.Some characterization of this
topology are discussed.
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1 INTRODUCTION:

Ever since the introduction of fuzzy sets by Zadeh [19] and fuzzy topological space by Chang [7],several authors have
tried successfully to generalize numerous pivot concepts of general topology to the fuzzy setting. The concept of
intuitionistic fuzzy set was introduced and studied by Atanassov [1] and many works by the same author and his
colleagues appeared in the literature [2,3,4]. The concept of fuzzy compact open topology was introduced by S.Dang and
A .Behera[9].

In this paper the concept of generalized intuitionistic fuzzy compact open topology are introduced.Some interesting
properties are discussed. In this paper the concepts of generalized intuitionistic fuzzy local compactness and generalized

intuitionistic fuzzy product topology are developed. We have used the fuzzy locally compactness notion due to
Wong[17],Christoph [8] and fuzzy product topology due to Wong [18].

Throughout this paper intuitionistic fuzzy topological spaces (X,T),(Y,S) and (Z,R) will be replaced by X ,Y
and Z respectively.

2 PRELIMINIARIES:

Definition: 2.1 [10] Let (X,T) be an intuitionistic fuzzy topological space. An intuitionistic fuzzy set A in (X,T)

is said to be generalized intuitionistic fuzzy closed (in shortly GIF-closed) if IFCI(A) c G whenever AcG and G
is intuitionistic fuzzy open. The complement of a GIF-closed set is GIF-open.

Definition: 2.2 [10]Let (X T ) be an intuitionistic fuzzy topological space and A be an intuitionistic fuzzy set in X.Then
intuitionistic fuzzy generalized closure and intuitionistic fuzzy generalized interior of A are defined by

« IFGcl(A) = ﬂ{G: GisaGlIFclosedsetin Xand Ac G }.

« IFGIint(A) = U{G: GisaGIFopensetin Xand A>G}.
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Definition: 2.3 [10] Let (X ,T) be an intuitionistic fuzzy topological space. If a family {(X, t45 ,0g ) 1€ J} of
I I
GIF open sets in (X ,T) satisfies the condition U{(X, HUg Og ) 1€ J}=1_thenitis called a GIF open cover of
1 1 :
(X,T).

A finite subfamily of a GIF open cover {(X, 15 ,0g ) 1€ J} of (X ,T),WhiCh is also a GIF open cover of (X ,T)
I I

is called a finite subcover of {(X, t5 , 95 ) 1€ J}.
1 1

Definition: 2.4 [10] An intuitionistic fuzzy topological space (X ,T) is called GIF compact iff every GIF open cover of
(X, T) has afinite subcover.

Definition: 2.5 [10] Let (X ,T) be an intuitionistic fuzzy topological space and A be an intuitionistic fuzzy set in
(X,T) . 1f a family {(X,ug,05):i€I} of GIF open sets in (X,T) satisfies the condition
1 1

Ac U{(X,,uGi ,5Gi y:ieJ}=1_thenitiscalled a GIF open cover of A.

A finite subfamily of a GIF open cover {(X, s ,0 ) :1 € J} of Awhich is also a GIF open cover of A, is called a
1 I

finite subcover of {(X,,uGi ,5Gi> e d}.

Definition: 2.6 [10] An intuitionistic fuzzy set A is called GIF compact iff every GIF open cover of A has a finite
subcover.

Definition: 2.7 [7] Let X and Y be fuzzy topological spaces.A mapping f:X —Y s said to be a fuzzy
homeomorphism if f is bijective,fuzzy continuous and fuzzy open.

Definition: 2.8 [17] An fuzzy topological space (X ,T) is called a fuzzy Hausdorff space or T, -space if for any pair of
distinct fuzzy points(i.e., fuzzy points with distinct supports) X, and Y, there exist fuzzy open sets U and V such
that X, €U ,y, €V and U AV =0,

Definition: 2.9 [18] An fuzzy topological space (X ,T) is said to be fuzzy locally compact if and only if for every fuzzy
point X, in X there exists a fuzzy open set U eT suchthat X, €U and U is fuzzy compact,i.e., each fuzzy open

cover of U has a finite subcover.

Definition: 2.10 [14] Let A= (X, 1£,(X),0,(X)) and B =(Y, 15(y),05(Y)) be intuitionistic fuzzy sets of X
and Y respectively.The product of two intuitionistic fuzzy sets A and B is defined as

(AxB)(X, ¥) = {(, y), Min(u, (X), 15 (¥)), MaX(5, (), 3 (¥)) forall (x,y) € X xY |

Definition: 2.11 [14] Let f,: X, =Y, and f,:X, =Y,. The product f, x f,: X, x X, =Y, xY, is defined
by: (f;x £)(x, %) = (f.(x)), (%)) V(X %) € X x X,

Lemma: 2.1 [14] Let f,: X, =Y, (i=1,2) be functions and U , V intuitionistic fuzzy sets of Y,, Y,
respectively, then (f,x f,) (U xV)=f U)x f,*(V) Vv UxV eY,xY,

Remark: 2.1 Let X and Y be two fuzzy topological spaces with Y fuzzy compact.Let X, be any fuzzy point in

X .The fuzzy product space X xY containing {X,}xY .Itis cleat that {X }xY is fuzzy homeomorphic[7]to Y
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Remark: 2.2 Let X and Y be two fuzzy topological spaces with Y fuzzy compact.Let X, be any fuzzy point in

X .The fuzzy product space X xY containing {X, }xY . {X}xY is fuzzy compact[6].

Remark: 2.3 A fuzzy compact subspace of a fuzzy Hausdorff space is fuzzy closed[12].
3 INTUITIONISTIC FUZZY COMPACT OPEN TOPOLOGY:

Definition: 3.1 Let X and Y be any two intuitionistic fuzzy topological spaces.A mapping f : X —Y is

generalized intuitionistic fuzzy continuous iff every generalized intuitionistic fuzzy open set V in Y , there exists a
generalized intuitionistic fuzzy openset U in X suchthat f(U)cV .

Definition: 3.2 A mapping f :X —Y s said to be generalized intuitionistic fuzzy homeomorphism if f is
bijective ,generalized intuitionistic fuzzy continuous and generalized intuitionistic fuzzy open.

Definition: 3.3 Let X be an intuitionistic fuzzy topological space. X is said to be generalized intuitionistic fuzzy
Hausdorff space or T2 space if for any two intuitionistic fuzzy sets A and B with ANB = O~: there exist

generalized intuitionistic fuzzy open sets U and V ,suchthat AcU ,BcV and UNV =0..

Definition: 3.4 An intuitionistic fuzzy topological space X s said to be generalized intuitionistic fuzzy locally
compact iff for any intuitionistic fuzzy set A there exists a generalized intuitionistic fuzzy open set G, such that
Ac G and G is generalized intuitionistic fuzzy compact.That is each generalized intuitionistic fuzzy open cover of

G has a finite subcover.

Proposition: 3.1 A generalized intuitionistic fuzzy Hausdorff topological space X ,the following conditions are
equivalent.

(@) X is generalized intuitionistic fuzzy locally compact

(b) for each intuitionistic fuzzy set A there exists a generalized intuitionistic fuzzy open set G in X such that
Ac G and GIFcl(G) is generalized intuitionistic fuzzy compact

Proof. (a) = (b) By hypothesis for each intuitionistic fuzzy set A in X , there exists a generalized intuitionistic

fuzzy open set G ,such that Ac G and G is generalized intuitionistic fuzzy compact.Since X is generalized
intuitionistic fuzzy Hausdorff, by Remark 2.3(generalized intuitionistic fuzzy compact subspace of generalized
intuitionistic fuzzy Hausdorff space is generalized intuitionistic fuzzy closed), G is generalized intuitionistic fuzzy
closed,thus G = GIFcl(G) .Hence Ac G =GIFcl(G) and GIFcl(G) is generalized intuitionistic fuzzy
compact.

(b) = (a) Proof is simple.

Proposition: 3.2 Let X be a generalized intuitionistic fuzzy Hausdorff topological space.Then X is generalized
intuitionistic fuzzy locally compact on an intuitionistic fuzzy set A in X iff for every generalized intuitionistic fuzzy
openset G containing A, there exists a generalized intuitionistic fuzzy openset V ,suchthat AcV ,GIFcl(V) is

generalized intuitionistic fuzzy compactand GIFcl(V) c G.

Proof. Suppose that X is generalized intuitionistic fuzzy locally compact on an intuitionistic fuzzy set A .By
Definition 3.4,there exists a generalized intuitionistic fuzzy open set G ,such that Ac G and G is generalized

intuitionistic fuzzy compact.Since X is generalized intuitionistic fuzzy Hausdorff space,by Remark 2.3(generalized
intuitionistic fuzzy compact subspace of generalized intuitionistic fuzzy Hausdorff space is generalized intuitionistic

fuzzy closed ),G is generalized intuitionistic fuzzy closed,thus G = GIFcl(G) .Consider an intuitionistic fuzzy set

Ac 6 .Since X is generalized intuitionistic fuzzy Hausdorff space,by Definition 3.3,for any two intuitionistic fuzzy
sets A and B with ANB =0_,, there exist a generalized intuitionistic fuzzy open sets C and D ,such that

AcC,BcD and CnD=0_.Let V=CnNG.Hence V =G implies GIFcl(V) c GIFcl(G) =G.
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Since GIFcl(V) is generalized intuitionistic fuzzy closed and G is generalized intuitionistic fuzzy compact,by
Remark 2.3(every generalized intuitionistic fuzzy closed subset of a generalized intuitionistic fuzzy compact space is
generalized intuitionistic fuzzy compact) it follows that GIFcl(V) is intuitionistic fuzzy compact.Thus

Ac GIFcl(V) c G and GIFcl(G) is generalized intuitionistic fuzzy compact.
The converse follows from Proposition 3.1(b).

Definition: 3.5 Let X and Y be two intuitionistic fuzzy topological spaces.The function T : X XY =Y x X
defined by T (X, y) = (y,X) foreach (X,y) e X xY is called an intuitionistic fuzzy switching map.

Proposition: 3.3 The intuitionistic fuzzy switching map T : X XY —Y x X defined as above is generalized
intuitionistic fuzzy continuous.

We now introduce the concept of generalized intuitionistic fuzzy compact open topology in the set of all generalized
intuitionitic fuzzy continuous functions from an intuitionistic fuzzy topological space X to an intuitionistic fuzzy
topological space Y .

Definition: 3.6 Let X and Y be two intuitionistic fuzzy topological spaces and let Y X ={f: X Y suchthat
f is generalized intuitionistic fuzzy continuous } .We give this class Y* a topology called the generalized
intuitionistic fuzzy compact open topology as follows:Let K ={K € | XK s generalized intuitionistic fuzzy compact
X} and V={V el1*:V is generalized intuitionistic fuzzy open in Y} .For any K eK and V eV et
s, ={feY i f(K)ev}.

The collection of all such {S e K €K,V eV} is generates an intuitionistic fuzzy structure on the class Y * .

4 GENERALIZED INTUITIONISTIC FUZZY EVALUATION MAP AND GENERALIZED INTUITIONISTIC
FUZZY EXPONENTIAL MAP:

We now consider the generalized intuitionistic fuzzy product topological space Y X % X and define an generalized
intuitionistic fuzzy continuous map from Y * x X into Y .

Definition: 4.1 The mapping €:Y* x X —Y defined by e(f, A) = f(A) for each intuitionistic fuzzy set A in

X and feY” iscalled the generalized intuitionistic fuzzy evaluation map.

Definition: 4.2 Let X ,Y and Z be three intuitionistic fuzzy topological spaces and f :ZxX —Y be any

function.Then the induced map f:X —Y? is defined by (fA(Al))(AZ) = f(A,, A) for intuitionistic fuzzy sets
A of X and A, of Z.

A

Conversely,given a function f : X — Y %, acorresponding function f can be also be defined be the same rule.

Proposition: 4.1 Let X be a generalized intuitionistic fuzzy locally compact Hausdorff space.Then the generalized
intuitionistic fuzzy evaluation map €:Y* x X — Y is generalized intuitionistic fuzzy continuous.

Proof. Consider (f,A)eY”* xX where f €Y”* and intuitionistic fuzzy set A of X .Let V be a generalized
intuitionistic fuzzy open set containing f(A) =e(f,A) in Y .Since X is generalized intuitionistic fuzzy locally
compact and f is generalized intuitionistic fuzzy continuous,by Proposition 3.2, there exists an generalized
intuitionistic fuzzy open set U in X ,such that A < GIFcl(U) and GIFcl(U) is generalized intuitionistic
fuzzy compactand f (GIFcl(U))cV .
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Consider the generalized intuitionistic fuzzy open set SGIFI(U)V xU in Y*xX . (f,A) is such that
Cl h
arayy A cU .Let (9,A,) be such that gESGIFcI(U),V and A, cU be arbitrary,thus
g(GIFclU))cV since A, cU we have ¢(A)cV ad e(g,A)=09(A)cV .Thus
e(SGIF (v xU) cV .Hence € is generalized intuitionistic fuzzy continuous.
c )

Proposition: 4.2 Let X and Y be two intuitionistic fuzzy topological spaces with Y is generalized intuitionistic
fuzzy compact.Let A1 be any intuitionistic fuzzy setin X and N be a generalized intuitionistic fuzzy open set in

the generalized intuitionistic fuzzy product space X xY containing {Ai}xY .Then there exists some generalized
intuitionistic fuzzy open W with A cW in X ,suchthat {A}xY cWxY < N.

Proof: Itis clear that by Remark 2.1, {Al}xY is generalized intuitionistic fuzzy homeomorphismto Y and hence by
Remark 2.2, {A}xY isgeneralized intuitionistic fuzzy compact.We cover {A }xY by the basis elements {U xV}
(for the generalized intuitionistic fuzzy product topology) lying in N .Since {A1}><Y is generalized intuitionistic
fuzzy compact,{U xV} has a finite subcover,say a finite number of basis elements U, xV/,...,U xV_ Without loss

of generality we assume that {Ai}g U, for each 1=1,2,...,n .Since otherwise the basis elements would be
superfluous.

Let W:ﬂin:lUi Clearly W is generalized intuitionistic fuzzy open and AigW We show that

W xY < Uin:l(Ui xV,) .Let (A, B) be an intuitionistic fuzzy setin W xY .Now (A, B) cU, xV, for some i
thus BcV, But A cU, for every i=12,..,n (because A =W ). Therefore, (A,B)cU,xV, as
desired.But U, xV, < N forall i=1,2,...,n and W xY Uinzl(Ui xV,) jtherefore W xY < N .

Proposition: 4.3 Let Z be ageneralized intuitionistic fuzzy locally compact Hausdorff space and X,Y be arbitrary
intuitionistic fuzzy topological spaces.Thenamap f :Z x X —Y is generalized intuitionistic fuzzy continuous iff

A

f:X>Y% is generalized intuitionistic  fuzzy continuous,where f is defined by the rule

(F(ADN(A,) = F(A,,A).

A

Proof. Suppose that f is generalized intuitionistic fuzzy continuous.Consider the functions

ZxX—2" 57 xY? —L5YZxZ —5Y where I, denote the intuitionistic fuzzy identity functionon Z ,t
denote the intuitionistic fuzzy switching map and € denote the generalized intuitionistic fuzzy evaluation map.Since

et(i, x 1)(A,, A) =et(A,, F(A) =e(f(A).A) = (F(A)(A) = F(A,A) it follows that
f =et(i, xf) and f being the composition of generalized intuitionistic fuzzy continuous functions is itself
generalized intuitionistic fuzzy continuous.

Conversely,suppose that f is generalized intuitionistic fuzzy continuous, let A1 be any arbitrary intuitionistic fuzzy

set in X .we have fA(Ai) eY?* Consider SKU ={geY?:g(K)cU,K el? is generalized intuitionistic

fuzzy compactand U € 1Y is generalized intuitionistic fuzzy open},containing f(Al).We need to find a generalized
intuitionistic fuzzy open W with A W ,such that f(Al)g SKU ;this will suffice to prove f to bea

generalized intuitionistic fuzzy continuous map.

For any intuitionistic fuzzy set A, in K ,we have (f(Al))(AZ) = f(A,,A)eU thus f(Kx{A})cU, that
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is Kx{A}c f () .Since f is generalized intuitionistic fuzzy continuous, f *(U) is a generalized
intuitionistic fuzzy opensetin Z x X .Thus f - (U) isageneralized intuitionistic fuzzy openset Z x X containing
K x{A} Hence by Proposition 4.2 there exists a generalized intuitionistic fuzzy open W with A W in X ,such
that Kx{A}c KxW < f*(U) .Therefore f(KxW)cU Now for any AcW and A cK ,

f(A,A)= (f(Al))(AZ) < U .Therefore fA(Al)(K) cU forall A cW that is f(Al) € SKU for all
A W .Hence f(\N) c SKU as desired.

Proposition: 4.4 Let X and Z be two generalized intuitionistic fuzzy locally compact Hausdorff spaces.Then for
ZxX X ~

any intuitionistic fuzzy topological space Y ,the function E:Y —(Y?)" defined by E(f)= f (that is

E(F)(A)A) = T(A,LA)= (f(Al))(Az)) for all f:ZxX —Y s a generalized intuitionistic fuzzy

homeomorphism.

Proof:

(a) Clearly E is onto.

A

(b) For E to be injective.Let E(f)=E(g) for f,g:ZxX —Y .Thus f= g where f and § are the

induced maps of f and g respectively.Now for any intuitionistic fuzzy set A in X and any intuitionistic fuzzy
st A, in Z, T(A,A)=(F(A)A) = (G(A)A,) = g(A, A)ithus f=g.

(c) For proving the generalized intuitionistic fuzzy continuity of E ,consider any generalized intuitionistic fuzzy
~ X
subbasis neighbourhood V' of f in (Y?)  , that is V is of the form SKW where K is a generalized

intuitionistic fuzzy compact subset of X and W is generalized intuitionistic fuzzy open in Y # .Without loss of
generality we may assume that W = SLU .where L is a generalized intuitionistic fuzzy compact subset of Z and

U is a generalized intuitionistic fuzzy open set in Y .Then f(K)gSLU =W and this implies that

f(K)(L) < U .Thus for any intuitionistic fuzzy set A, < K and for all intuitionistic fuzzy sets A, < L .We have

(f(Al))(AQ)gU , that is f(A,,A)cU and therefore f(LxK)cU .Now since L is generalized

intuitionistic fuzzy compact in Z and K is generalized intuitionistic fuzzy compact in X , LxK is also
generalized intuitionistic fuzzy compactin Z x X [6] and since U is a generalized intuitionistic fuzzy open setin Y ,

we conclude that f e SLxK'U gYZXX We assert that E(S LKL ) SK,W Let ge SL><K,U be arbitrary.Thus
g(LxK)cU ,thatis g(A,, A)=(G(A))(A,) cU forallintuitionistic fuzzy sets A, L in Z andforall
intuitionistic fuzzy sets A < K in X .So (§(A,))(L) cU forall intuitionistic fuzzy sets A < K in X |, that
is §(A)c SL,U =W for all intuitionistic fuzzy sets A < K in U .Hence we have §(K)<W that is
g= E(g)eSK’W for any geSI_XK'U Thus E(SLxKvu)gSK'W This proves that E is generalized

intuitionistic fuzzy continuous.

(d) For proving the generalized intuitionistic fuzzy continuity of E ! we consider the following generalized

~ ~ ~ X
intuitionistic fuzzy evaluation maps: € : (Y *)* x X —Y?* definedby €, (f,A) = f(A) where f e(Y?)
and A isan intuitionistic fuzzy setin X and €,:Y*xZ —Y definedby €,(g,A)=g(A,) where geY?’

and A, isa intuitionistic fuzzy setin Z .Let y denote the composition of the following generalized intuitionistic
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X X :
fuzzy continuous functions 1 (Z x X)x(Y?)" ——=(Y?) " x(ZxX)—=—
X _ X xi ..
(Y2)" x(XxZ)——((Y?) xX)xZ—225(Y?)xZ—2-Y ,where i,i, denote the intuitionistic
X
fuzzy identity maps on (YZ) and Z respectively and T,t denote the intuitionistic fuzzy switching maps.Thus

X
V/i(ZxX)X(YZ)X —Y thatis l//eY(ZXX)X(YZ) ,

We consider the map E:Y @ax?)” —> (Y (ZXX))(YZ)X (as defined in the statement of the proposition in fact it is
E).So é(l//) : (YZ)X — Y &%) Now for any intuitionistic fuzzy sets A, in Z, A in X and f eY®X),
again to check that (é(l,u) ocE)(f)(A,,A) = f(A,, A);hence é(w) o E = identity. Similarly for any
ge(Y?) " and intuitionistic fuzzy sets A in X, A, in Z,again to check that

(Eo E(W))(Q)(Al, A,)=(4(A))(A,); hence Eo E () =identity. Thus E is a generalized intuitionistic fuzzy
homeomorphism.

Definition: 4.3 The map E in Proposition 4.4 is called the generalized intuitionistic fuzzy exponential map.As easy
consequence of Proposition 4.4 is as follows.

Proposition: 4.5 Let X,Y and Z be three generalized intuitionistic fuzzy locally compact Hausdorff spaces. Then

themap N:Y* xZY —Z”* definedby N(f,g)=go f isgeneralized intuitionistic fuzzy continuous.

Proof: Consider the following compositions:
txi ixe

XxY*xZY —L oYX xZV x X — X 57" xY ¥ x X —5Z x (Y ¥ x X)—2 57" xY —2 37
where T,t denote the intuitionistic fuzzy switching maps, iX , 1 denote the intuitionistic fuzzy identity functions on

X and Z" respectively and €, denote the generalized intuitionistic fuzzy evaluation maps.
. . . . Xxy X xzY XY X xzY
Let ¢ =€, 0(ixe,)o(txiy)oT By proposition 4.4,we have an exponential map. E : Z —>(Z7) .

X 7Y X Y
Since peZ™"% [ E(p)e(Z*)" % Let N=E(p) that is N:Y*xZ" —Z* is an generalized
intuitionistic fuzzy continuous.For f €Y X g e Z" and for any intuitionistic fuzzy set A1 in X ,it is easy to see

that N(T,9)(A)=a(T(A)).
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