ISSN 2229- 5046

International Journal of Mathematical Archive-2(1),Jan.- 2011,Page:124- 130
Available online through www.ijma.info

FORMATION OF SOME SUMMATION FORMULAE INVOLVING
HYPERGEOMETRIC FUNCTION

SALAHUDDIN

P.D.M College of Engineering,Bahadurgarh ,Haryana,India
E-mails: sludn@yahoo.com ;vsludn@gmail.com

M.P. CHAUDHARY

American Mathematical Society , U.S.A
E-mail: mpchaudhary_2000@yahoo.com
(Received on: 18-12-10; Accepted on: 29-12-10)

ABSTRACT

The main object of this paper is to establish some summation formuale involving Gauss
second summation theorem .The results derived in this paper are of general character.

Key words and Phrases: Contiguous relation, Recurrence relation, Gauss second sum-

mation theorem .

A.M.S. Subject Classification (2000): 33C60 , 35C70

A. Introduction:
The Pochhammer’s symbol is defined by

ala+1)(a+2)---(a+k—1); if k=1,2,3,---

(o, k) =(a)p=—L=< 1 3 if k=0
I(a) k! ; if a=1

(1)
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Generalized Gaussian Hypergeometric function of one variable is defined by

ay,az,--- aa ; - K
a a)e - (aa)rz
M Y ((bl))k((bzik e EbA))kk;t
bi,ba, -+ ,bg —o \V1)k(92)k BEK!
or » s
aa) s aj)j=1 > ° ((a4))s2*
al's z | = AFB z | = Z W 2)
(bB) ’ (bj)}gﬂ 5 k=0 :
where the parameters by, by, - - - ,bp are neither zero nor negative integers and A, B are

non-negative integers.
Contiguous Relation is defined by
[ Andrews p.363(9.16), E. D. p.51(10), H.T. F. I p.103(32)]

b; Lb , b+1
(a—b)2F1|ia’C . Z:|:a2F1|ia+C . Z:|—62F1|i Z + Z:| (3)

9 9 9

Legendre’s duplication formula

Recurrence relation is defined by

Iz+1)=2TI(2) (7)
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Gauss second summation theorem is defined by [Prud., 491(7.3.7.5)]

a, b ; 1 L&) ()
oF1 | o | 2| T =D T

2 9

(8)

_ 200 T T
T I

2

(9)

In a monograph of Prudnikov et al., a summation theorem is given in the form [Prud.,
p.491(7.3.7.3)]

(10)

R A 20(*)
211 { atb-1 . 2] =V [F(QTH) NG + I'(a) I'(b)

2 ’ 2

Now using Legendre’s duplication formula and Recurrence relation for Gamma function,
the above theorem can be written in the form

a, b 1} _ 9(b-1) F(%)

2F1 |i a-‘rb—l F(b)

F(%) 2(a—b+1) F(g
5 : 2 a—1

NCS Y

B. MAIN RESULTS OF SUMMATION FORMULAE

Pl b, 1 _Qbr(#)
R U RN

y r'%) {(—8@ —4a® + 4a® + 8b + 40ab + 20a*b — 4b* — 20ab® — 4b°)
I'(%) (a—b+4)(a—b+2)(a—b+1)(a—b—2)
) (—16ab + 16a2b — 16b% — 16b°) -
(a—b+2)(a—b—1)(a—b—2)(a—b—4)
_r(“Tl){ (16a* 4 16a® 4 16ab — 16ab?) N
T La—b+4)(a—b+2)(a—b+1)(a—b—2)

(@a—b+2)(a—b—1)(a—b—2)(a—b—4) (12)
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a, b ; 1 _Qbr(ﬁgﬂ)
F{ 5]—@_5) )"
y r'() { (4a(a® + 5b* + 10ab — 4a + 3)) N
L) La—=b+5)(a=b+3)(a—b+1)(a—b—1)(a—b—3)
4b(b* + 5a* 4 10ab — 4b + 3)
+a—b—|—3)(a—b—|—1)(a—b—1)(a—b—3)(a—b—5)}_

_r(“Tl){ 8(5a? + b? 4 10ab + 4b + 3) N
I'(5) lea=b+5)(a—b+3)(a—b+1)(a—b—1)(a—0b—3)

8(5b? + a® + 10ab + 4a + 3)
+(a—b+3)(a—b+1)(a—b—1)(a—b—i’))(a—b—5>}] )

a, b ; 1]_2br(#)

s ) - T
y r(g){ (8(8a — 6a® 4 a® 4 8b + 15a%b + 6b% + 15ab? + b?) N
I'(5) L(@a=b+6)(a—b+4)(a—b+2)(a—0b)(a—b—-2)(a—b—4)
N 16b(8 + 2a + 3a® — 2b + 10ab + 3b?)
(a—b+4)(a—b+2)(a—b)(a—b—2)(a—b—4)(a—b—6)}_
B I(&L) 16a(8 — 2a + 3a® + 2b + 10ab + 3b?)
F(“T“){(a—b+6)(a—b+4)(a—b+2)(a—b)(a—b—2)(a—b—4)+

8(8a + 6a* + a® + 8b + 15a*b — 6b* + 15ab* + b?) } (14)
(a—b+4)(a—b+2)(a—b)a—b—2)(a—b—4)(a—b—6)

C. DERIVATIONS OF SUMMATION FORMULAE (12) TO (14):

Derivation of (12): Substituting ¢ = “2+% and 2 = { in equation (2), we get
a, b ; 1 a+1,b; 1 a, b+1 ; 1
(@ —0) 2 F1 { atb+6 . 5} =a { atb+6 . 5} —b ol { atb+6. 5}

2 2
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Now with the help of Gauss second summation theorem, we get

2
LHS —a { (a® + 3ab+ a + 3b)

) +
(a—b+ 1)I'(b) |a I'(2) —b+4)(a—b+2)(a—0b)
2T

(a
(b% + 3ab + 2b) } bl ){ (6a + 2b + 8)
(a—b+2)(a—"0b)(a—b—2) Ity l(a—o+4)(a—b+2)(a—0)

(2a + 6b + 4)
DI —b—Q)}

2b F( a+b4-6 ) [

b
2 (5
a
2

(b

2

20 D(etbt8) 14 T(M) (a® + 3ab + 2a) (b + 3ab + b+ 3a)
atl {(a—b+2)(a—b)(a—b—2) (a—b)(a—b—2)(a—b—4)}_

2 r(g){ (6a + 2b + 4) N (2a + 6b + 8) }
) l(a=b+2)(a—b)la—b—2) (a—0b)(a—b—2)(a—b—4)

(
_ 2T (3){ (@ +3abtat3)
(a—b+1) @) | 0% lla—b+4)(a—b+2)(a—1b)
)

(b + 3ab + 2b

2 I(&L) (6a* + 2ab + 8a)
R P o pr 2)} [l {(a—b+4)(a—b+2)(a—b)+
(2a* + 6ab + 4a)
+(a—b+2)(a—b)(a—b—2)} B
B 20 D(etbt8) 14 T(M) { (a* + 3ab + 2a) (b + 3ab + b+ 3a) }_
(a—=b—1C0) | T(<) lla-b+2)(a—b)(a—b—-2) (a—b)(a—b—2)(a—b—4)
2 r'%) { (6ab + 2b* + 4b) N (2ab + 6b* + 8b) }
I'(5) ((a=b+2)(a—0b)(a—b—-2) (a—0b)(a—b—2)(a—0b—4)

_ 9b F(a—i-g—i-ﬁ) F(%)

(a—=b+1)I(b) [T(5)

(4b% + 12ab + 8b) BiGe (1242 + 4ab + 16a)
(a—b+2)(a—"0b)(a—0b—2) L) La—b+4)(a—b+2)(a—b)
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(4a® + 12ab + 8a) } B
(a—b+2)(a—0b)(a—b—2)

){ (4a® + 12ab + 8a) (40* + 12ab + 4b + 12a) }_
) l(a—=b+2)(a—b)(a—b—2) (a—0b)(a—b—2)(a—0b—4)

{ (12ab + 40 + 8b) (4ab + 12 + 16b) }]
(

2 (=) [
“(a—b—1T(0) | I(

S o
|+ w‘—i—
— —

')
L(3)

On simplification ,we get

7| @ b, 1 _Qbr(#)
2| a6 5| T b2 T(b)

y [F(%) { (—8a — 4a® + 4a® + 8b + 40ab + 20a?b — 4b* — 20ab* — 4b?)
3

12 [hofo

0= b+ 2(a—b)a—b-2) T (a=b)a—b—2)(a—b—4)

(%) (a—b+4)(a—b+2)(a—b+1)(a—b—2)
(—16ab + 16a%b — 16b* — 1663)
* a—b+2)(a—b—1)(a—b—2)(a—b—4)}_
_r(b+71) (16a2 + 16a® + 16ab — 16ab?)
P(%“){(a—b+4)(a—b+2)(a—b+ Da—b—2)"

+(—8a + 4a? + 4a® + 8b — 40ab + 20a*b + 4b* — 20ab* — 41°)
(a—b+2)(a—b—1)(a—b—2)(a—b—4)

Thus , we prove the result (12).

Similarly, we can prove the other results.
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