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ABSTRACT
In this paper we study embedding of a non co-operative elliptic system into a cooperative elliptic system and positivity
of a solution. Using the results of Figueiredo and Mitidieri, [1], we slightly modify the Theorem and obtain positivity-
negativity Theorem. In section 3, we obtain a Theorem for positivity of a solution of 3 3 non co-operative elliptic

system by embedding it into a 4 x 4 co-operative elliptic system. Section 4 deals with positivity of solution of higher
order elliptic equations. This work is the extension of the work of Figueiredo and Mitidieri,[1].

Key words: Boundary value problems for elliptic systems. General theory of elliptic systems of PDE, BVP for higher
order elliptic equations.
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1. INTRODUCTION:

Let €2 be a bounded domainin R™ with boundary 82, O = O + &2 be the closure of € . The points of
R™ are denoted by x = (X, Xp,.., Xy ) - For U= (Ul, u,,..,u, ) , with

U, (X) € C* (2) A C* (), let Dyu, (x) :aljak—)f)(),for i=1,2,.,N, k=12,..n.

o 0 . .
D,D,u, (X):a_xi@_xjuk (x), i=12,..,N,j=12,..,N,

fork =1,2,..,n.

We consider the following system.

L (D)u, (x) = 2 @y, (x)u; (x)+ f, (x), @
i=1

where

L, (D)u, (x)=—>"b,* (x)D,D,u, +iN;bik (x) Dy, (x).k =1,2,---n

i1
b, (x), b (x), a; (x), f, (X) are real valued functions on €. The system (1) can be denoted by
L(D)U = AU + F, 2)

where, L(D)=[L,(D),L,(D),...L,(D)]is a diagonal operator matrix of second order elliptic
operators; F = ( f, (%), f,(x),.., f, (x)) are functions in C (Q), and A = [aij (X)] is a

N x N matrix of real valued functions defined on €2 .
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Consider a boundary value problem

L(D)U = AU + F,in Q ®)

U =0o0n o0Q. (4)

We state the following conditions:
() "3 (x)=0, xeQ, k= j.

(@) (@) Db ()&, = A(X)|Ef, A(x)>0, ¥xeQ, £eRY, ¥ k.

Definition: 1.1 The system (3) is said to be elliptic for X & € if condition (¢cr, ) is satisfied. It is elliptic in €2, if
it is elliptic for all X € Q.

Definition: 1.2 The system (2) is said to be co-operative elliptic system if conditions (al) and (az) are satisfied,
[5], Hiwarekar, Kasture.

Definition: 1.3 Positivity Theorem: A positivity theorem is said to hold if F = Oin € impliess U = 0in Q,
where U s a solution of a elliptic system (3), (4), [5], Hiwarekar and Kasture.

By a solution U of a boundary value problem (3), (4), we mean a classical solution. Here solution U is defined in a
given domain €2, which is continuous in €2, and belongs to C? (Q) . We are assuming that solution of a problem

exists.

Next section deals with embedding and positivity-negativity theorems. We are considering a particular case of system
(), @) bytaking L, =L =-A, k=12,---,n,

N 62
where A = Za—z, which is the Laplace operator.
i-1 OX

2. EMBEDDING AND POSITIVITY-NEGATIVITY THEOREMS:

We consider 2 x 2 non-cooperative elliptic system for u,, U, , ug under some conditions, if we can construct a
3 x 3 co-operative elliptic system in Uy, U, , Uy such that if (U, U,, Uy ) is its solution, then (U, U, )isa

solution of the corresponding 2 x 2 non-cooperative elliptic system, then this is called an embedding of the
2 x 2 system into the 3 x 3 system,[1], Figueiredo and Mitidieri.

Consider the following system:

—AU; = a;u; +a,u, + 1:11

(5)
—AU, = a,,u, +a,,u, + f,,

with &, (x) < 0,a,, (x) % 0,a,, (x) = 0. (6)
It follows from the definition (1.2) that the system (5) is a non-cooperative elliptic system. Let

u; (x) =u, (x)+ Su, (x), where 6 #0.
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Also consider the following elliptic system

—Au, =(a,;, —r)u, +(a, —ré)u, +ru; + f,

—Au, = a,,u, +a,,u, + f,, @)
—Au, =(a, —s+a,,0)u, +(a, +a,8 —sS)u, +su, + f, +5f,.

Here functions I (X)and s(X)are real valued functions to be determined such that system (7) will be co-operative
elliptic system.

Now we state the following Theorem from [1], Figueiredo and Mitidieri.

Theorem: 2.1 Part-1: The non-cooperative elliptic system (5) can be embedded into a co-operative elliptic system (7)
if there exista & (X ) < O such that the condition

(ay) @82 +(a, —a, )8 —a, <0, X e Q,issatisfied.

Further
Part-11: If
(0(5) ray; <A,

(ag):a, +a, <A,
(a7):a, +a,0 <A,

where A, is a first eigen value of —A, then f, >0, f, >0 and f, + f,&6_ = 0in Q, imply u, >0,u, >0
in Q.

Here & (X) and &, (X) are the roots of the equation
a2152+(a11_312)5_a12201 (8)

with

sup s (x)=sup &, (x). 9)

[1], Figueiredo and Mitidieri.

A further generalization of this theorem is in Fleckinger and Serag,[2], they considered following system

—Au =ap(x)u+bp(x)v+ f (x,u,v), )
—Av=cp(x)u+dp(x)v+g(x,u,v) in Q,

where U and V tends to zero as |X| tends to zero, and @, b, C, d are constants. They proved the positivity of a

solution above co-operative system with b > O, ¢ > O subject to
a<A4,d<A4, (11)

(4 -a)(4—d)>be, (12)

where A, is a first eigen value of —A. Further they generalized the results for N x N co-operative elliptic system.

The given system in (5) is non-cooperative elliptic system due to a,, (X) < O, we take @, (X) = O and obtain

the following slightly modified form of Theorem 2.1.
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Theorem: 2.2 (Positivity-Negativity Theorem): Part-l: The non-cooperative elliptic system (5) with
a,(x)=0, a, (x) =0,a, (x)<0, f,(x)=0, f, (x) < 0, can be embedded into a co-operative
elliptic system if, there exists 0 < O such that

. 2
(ag):—a,8% +(a, (x)—a, (X))o —a, (x)<0,xeQ,

Part-11: If

() 12y, (X) < Ay,

() i —ay (X) +ay, (X) < A,

() :a,(x)—a, (x)o. < A,
(a): fi(x)—f,(x)6. =0, xeQ,
then u; =0,u, <0 in Q.

Proof: Define

u, =-U,,q, =-—a,,

& = 8y, fz = _fz’
with this notations system (5) can be written as

—AU, =a,.,u, +a.,u, + f,
1* all i. a12 2 ) 1 ) in Q (13)
—AUu, =a,, U, +a,u, + f,,

The above system (13) is a non-cooperative as aiz* < 0. Using Theorem 2.1 part-I, it can be embedded into a co-
operative elliptic system

—Au, = (a, —r)uy +(a12* — r5)u2* +ru, + f,,

_Auz* = a21*u1 + a22u2* + fz*’ (14)

—Au, =(a, —s+a, 5)u, +(a,” +a,5 —sS)u,” +su, + f, +51,".
Using part-11 of Theorem 2.1 we get U, = 0,u, <0 in Q.

Remark 2.1: The elliptic system (5) with &, (X)<0,a, (x)<0,is a non-cooperative. But assuming

*

&, =—85,,8; =—8;,U, =-U,, fz = _fz’
we get the following co-operative elliptic system

—AU, =a,.,u, +a., u, + f,
1* all i. a12 2 ) 1 ) in Q (15)
—AU, =a,, U, +a,u, + f,,

In this case we get positivity-negativity theorem if f1 (X) >0, f2 (X) <0, and

(ena) 1@y, (X) —ay, (%) < A,
() i —ay (X) +ay, (X) < 4.
Remark 2.2: If the coefficients a,,, a,,, @,,, &,, of non-cooperative elliptic system (5) are constants with

a,, < 0,a,; = 0, Then the positivity Theorem hold under following conditions:
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ay t 2 —a,,8, <&,

):
A8y
alG) a5 </11 a, < /11 21 a,,
a17) —8,8, <A —ay,,
): f,(x) 20, f,(x) 20, f,(x)- f,(x)5. 20, xeQ,

( %5
(
(
( g

[1], Figueiredo and Mitidieri.

Theorem: 2.3 If &,,,a,,,a,,, &,, are constants with &, > 0, a,, < O for a non-cooperative elliptic system
(5) and if the conditions

(alg):a22+2 a8, <ay,
I R

(a): A —ay
(a21) \/ﬁ<ﬂ1_azzv
() f

L(X)20,,(x)=0,in ©,

Ay

and condition (g ) is satisfied, then u, > 0,u, <0 in Q.

*

Proof: Define U, =—U,,a, =—a,,8, =—a,T, = —f,.Withthis notations system (5) can be

written as

_Aul = a;u; + a12*u2* + f1' (16)

—Au, =a,, u +a,u, + f,7 in Q.
System (16) is a non-cooperative elliptic system as alz* < 0. It can be embedded into a co-operative elliptic system

—Au, =(a, —r)u, +(a12* — ré‘)uz* +ru, + f,

—AU,” = a,, u, +a,u, + f,°,

—Auy = (ay, —s+a,, 5)u, +(a, +a,6 —sS)u,” +suy + f, +5F,7.(17)
Using Remark 2.2we getn u; = 0,u, <0 in Q.

In next section we will extend the embedding Theorem by considering 3 < 3 non co-operative elliptic system and by
embedding itintoa 4 x 4 co-operative elliptic system, and hence derive the positivity Theorem.

3. EMBEDDING OF 3 x 3NON-COOPERATIVE SYSTEM INTO A 4 x 4 CO-OPERATIVE
ELLIPTIC SYSTEM AND POSITIVITY- NEGATIVITY THEOREM:

Here we consider the elliptic system (3), (4) of section-l with L as a self adjoint operator, in particular
L, = —A, the Laplace operator, k=12,3---,n,.Now we state positivity-negativity theorem of [5],
Hiwarekar, Kasture.

Theorem: 3.1 (Positivity-Negativity Theorem) Consider system (3),(4) of section-1 with L. = —A. Assume that the
conditions (¢r; ) to (e, ) are satisfied. Let

(a53) : max[max [sup[ZakJ(x) Z a; ()1T;

ke(1,2---m) X€Q j=1 j=m+1
max [supl- Z%(X)+ 2 a ()M <4,
ke(m+1,m+2--.n) XeQ j=m+1
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where A, is the first eigen value of —A. Then f, 20,k =1,2,---m, f, <O, k=m+1m+2,---n, imply

u =0,k=12,---m,
u <0k=m+1Im+2---n, in Q.

Now we consider the following system for functions defined on €.

_Aul =aj U +a,,u, +a,3u; + fl’
—Au, = a,,u, +a,,u, +a,u, + f,, (18)
—AU, = a,, U, + ag,u, +azu, + f,
U, =u, =u, =0onoQ. (19)

We assume that the following conditions hold:

(crp, ) iFor xeQ, a;(x) aresuch that

a,, (X)=0,a;(X)<0,a,(x)>0,a,(x)>0,a,(x)<0,a;(x)>0.
(@25 ) s @ (X) < Apy 85 (X) + 853 (X) < A, =84 (X) + 85, (X) + 855 (X) < 4,

where A, is the first eigen value of —A.
(ap): f(x)=0,f,(x)<0, f;(x)<0,and
(xy, ) s there exists constants k; <0 and k, >0 suchthat f, +k, f, +k;f, >0.

Theorem 3.2: A solution (U,,U,, U, ) of the system (18),(19) under conditions (cz,, ), (s ), (a6 )+ (a7 )
is such that

U (x)=0,u,(x)<0,uy(x)<0in Q.

Proof: We prove this positivity-negativity Theorem by using the embedding technique. For this we assume

u4:u1+&u2+%u3, r = 0. (20)
r r
Let S—f=v = alSaSZ + a22a12 — a13a33 + a23a12 (21)
a;, a3
where r(x)and S(X) are chosen latter and B _ k, < O,% =Kk, > 0. With this we have
r r
“Au, =|a, +2% gy ssu, + f, K f, + K, f 2
4 all r 1 4 1 1 "1 3 "3 ( )
—Au, = (a, —r)u, +ru, + f. (23)

Now we consider the following system

—Au, = (a11 — r)ul +ru, + f,,
—AU, = a,,U, +a,u; + f,,
—Au, = a,,u, +a,,u, + a,u, + f, (24)

—Au, =[a11+@—s]ul+su4 + f, +k, f, + k; s,

with U, =U, =U; =Uu, = 0onOQ2. (25)
© 2012, IIMA. All Rights Reserved 734
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We define

u, =u,,u, =-UuU,,u; =—U,,
l“'4* = Uy, a11* =y, azz* = Ay,
a31* = —8g, asz* = asz’ass* = 3,
a13* = 813,8.23* = a23’a12* =8y,

fl* =1, fz* =—f,, fs* =—f;,

so that the Above system can be written as

—Au,” = (all* — r)ul* +ru,” + f7,

—AU, =a,, U, +a,, u; + f,,

—AU; =ag U, +ag, U, +ag uy + f (26)
—Au, = [an* = s} u’ +su + f—k S —k, f
r
with u” =u,” =u, =u, =0onoQ. 27)
above system will be a co-operative elliptic systemif ¥ = O and a,, + M —-s2>0.
r

This will be satisfied if we choose

s<mina, +mink;a,,.
xeQ xeO

For positivity of a solution we require that

a, <A4,8, +a,; <A4,8; +3a; +38; <A4,anda; — 3r L < A.

These conditions are satisfied because of (0525) and because a,;, <O,r >0,a,; >0and a;; < A,.Choose
k,and K, sothat f, +k f,+k;f, >0.

Hence applying positivity Theorem 3.1 we get

U, (x)=0,u,(x)<0,u;(x)<0in Q.

Remark 3.1: If the condition @,; < O of [5], Hiwarekar, Kasture, Theorem 3.2 is not satisfied, then also the
positivity-negativity Theorem holds.

Example 3.1: Let
Q:{(xi,xz)/xl2 + X, <1},
6Q:{(x1, X, )1 %7 + X, :1}.
We consider system (18), (19) with
a, <0,a, :_(X12 + X22)1a13 = Xlz + X221
a, =0,a, = —10(x12 + xzz),a23 =X’ +X,* +5,

8y, =8y, < 0,8, =5,8, =—-9(X” +X,°),
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f.(x)=q, (el_l(xlzﬂzz) —1) (%74 %,7) (7% =1) = (X + xzz)(ew”zz) - e) 44147 (1— (%2 4% ))
£, (X) =10(%7 +%,7 ) (%7 +%,* =1) = (%7 + %, +5) +(e(X12+X22) —ej —4,

fy (X) =a, (el_l(XlZHZZ) —1)—5(X12 + XZ2 —1)+9(X12 + Xzz)(e(xlzJ'XZz) _e)_4e("12”22) (Xlz + X22 +1).

Here we can verify that all conditions of Theorem 3.1 are satisfied and hence we have the conclusion
U (x)=0,u, (x)<0,uy(x)<0in Q.

We can verify that

Ul(X) _ el—(x12+x22) 1> 0, UZ (X) _ X12 + X22 -1< 07
u, () = ) e,

Remark: 3.2 With the assumptions of the theorem 1.2 and with 2 _ k, < O,% =k, >0 it can be shown that last

r r
equality of (21) hold for all &; (X)

Remark: 3.2 Cardoulis [6], obtained embedding Theorem for elliptic system involving a Scrodinger operator assuming
that aij eL” ( R" ) - We obtained an embedding Theorem and positivity Theorem of a solution for embedding

of 3 = 3 non co-operative elliptic system by embedding it into a 4 x 4 co-operative elliptic system without assuming

[e’e] n
aij e L ( R ) Our system, however, does not involve Scrodinger operator.

4. POSITIVITY OF A SOLUTION OF HIGHER ORDER EQUATIONS:

Figueiredo, Mitidieri, [1], obtained a positivity of a solution of fourth order elliptic equation by transforming it into a
second order co-operative elliptic system. We extend this result to higher order elliptic equations using same technique.
Such results are found useful for the problem of oscillation of a suspension bridge, Mitidieri and Sweers, [8], Mc
Kanna and Walter, [7]. Thus positivity results of higher order elliptic equations are important.

We consider a sixth order elliptic boundary value problem.
(A+ay)(A+a,))(A+a)u, = pu, + fLing, (28)
wihU; =0,Au; =0,A%u; =0 o oQ, (29)

where a,,8,,a, and 4 are functions of X.We are assuming that solution of the problem exists. Also assume that the
following conditions are satisfied:

(ap):ia, +1< A,a, +1< A, a; — g < Ay, where 4 is the first eigen value of —A.
(a):u<0,f <O.

We state the following positivity Theorem.

Theorem: 4.1 A solution of (28),(29) is positive if conditions (cz,q ), (2,9 ) are satisfied.

Proof: Let (A + ai)ul =Uu,, (A +a, )(A + al)ul = U3, so that the given equations
(28),(29) can be written as a system
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—Au, =a,u, —U,,

—Au, =a,U, —U,, (30)
—Au; =au, —uu, -, in Q

with U, =U, =U, =0 on O (31)

System (30) is a non-cooperative elliptic system, we can transform it into a co-operative elliptic system using the
following substitution:

u, :—u*z,u3 :u*s, f, :—f*l,,u:—,u*, so that we get

~Au, =au, +U’,,

~AU, =au’, +u,, 32
2 2 2 3

AU, =au,+uu + T, in Q,
which is a co-operative elliptic system. Using Theorem 1.3 of [5], Hiwarekar, Kasture we get

u (x)=0,u’,(x)=0,u’;(x)=0in Q.

Hence U, >0 in Q.
Following Theorem is a generalization for the positivity of a solution of a higher order elliptic boundary value problem.

Theorem 4.2: Consider a boundary value problem

(A+a,)(A+a, ) -(A+a,)(A+a)u, =pu, + f, nQ (33)
Arulzo,r:]_,213...’n_11 and U, =0, on O (34)
If the conclusion

(o), +1< A, r=123.,n-1, a, +(—u)" <A,

() :(—w)" =20, (—F)" =0, are satisfied, then U, >0 in C.

Remark 4.1: If a;,a,, a,,...a, are constants then the conditions of Theorem 4.2 hold
<A, (4A-a)(4—-a,)>0,
(A-a)(h—2a)(h-2a)>0,

(A—a)(A4A—a,),..(4—a,)—u>0.

Remark 4.2: The extension of the results of the section for more general self adjoint elliptic operators
L.L,,...... , L, can be obtained on similar way.

Remark 4.3: Hsu T Ku Mci C Ku, Xin-Min Zhang, [3], obtained lower bound estimates of Dirichlet eigen value
problems of higher order elliptic equations on bounded domains in R".They also obtained similar estimates for self
adjoint operators. Such estimates may be useful in verifying conditions (cz,g ), (s, ), in our Theorems 4.1 and
4.2.
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