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ABSTRACT

The Purpose of this paper is to obtain a common fixed point theorem for six weakly compatible mappings in
intuitionistic fuzzy metric space. We extend some earlier results.

Keyword: Intuitionistic fuzzy metric space, R-commuting maps, weak-compatible maps, common fixed point.

2000 Mathematics Subject Classification: 47H10, 54H25.

INTRODUCTION

As a generalization of fuzzy sets introduced by Zadeh [11], Atanassav [2] introduced the concept of intuitionistic fuzzy
sets. Recently, using the idea of intuitionistic fuzzy sets, Park [6] introduced the notion of intuitionistic fuzzy metric
spaces with the help of continuous t-norms and continuous t-conorms as a generalization of fuzzy metric spaces due to
George and Veeramani [3] and introduced the notionof Cauchy sequences in an intuitionistic fuzzy metric space.
Turkoglu et al. [9], gave generalization of Jungck’s common fixed point theorem [4] to intuitionistic fuzzy metric
spaces. Recently, many authors have studied fixed point theory in intuitionistic fuzzy metric spaces (See [1], [5], [6],

[9], [20D).

In this paper, we prove a common fixed point theorem for six self maps in intuitionistic fuzzy metric space under the
assumption of weak compatibility of maps.

PRELIMINARIES

Definition 1[8]: A binary operation *: [0, 1] x [0, 1]—[O0, 1] is continuous t-norm if * is satisfying the following
conditions:

(i) *is commutative and associative;

(if) * is continuous;

(iia*1=aforallae]0,1];

(ivya*b<c*dwhenevera<candb<dforalla,b,c,de][0, 1].

Definition 2[8]: A binary operation¢: [0, 1] x [0, 1] —[0, 1] is continuous t-conorm if ¢ is satisfying the following
conditions:

(i) ¢ is commutative and associative;

(if) ¢ is continuous;

(iii) a0 0=aforall a € [0, 1];

(iv) a0b>cOdwhenevera<candb<dforalla,b,c,de[0,1].

Definition 3[1]: A 5-tuple (X, M, N, *, 0) is said to be an intuitionistic fuzzy metric space if X is an arbitrary set, * is a
continuous t-norm, ¢ is a continuous t-conorm and M, N are fuzzy sets on X?x (0,:0) satisfying the following
conditions:

(M) M(X, y, 1) + N(x, y, ) <1 forall x,y e Xand t > 0;

(i) M(x, y, 0) =0 forall x, y € X;
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(iii) M(x, y,t) =1 forall x,ye Xand t > 0 if and only if x = y;

(iv) M(x, y, t) = M(y, x, t) forall X, y e X and t > 0;

(V) M(X, y, t) * M(y, 2, 8) <M(x, z, t +s) forall x,y,z € Xand s, t > 0;
(vi) For all x, y € X, M(x, Y, .): [0, ©0)—[0, 1] is continuous;

(vii) lim,_,, M(x,y,t) =1 forall x, ye X and t > 0;

(viii) N(x, y,0) =1forall x,y € X;

(iX) N(x,y,t)=0forallx,ye Xand t>0ifand only if x = y;

(X) N(x, y, t) = N(y, x, t) for all x, y e X and t > 0;

(Xi) N(x, ¥, t) O N(y, z,8) > N(x, z, t + s) forall x, y, z€ Xand s, t > 0;
(xii) For all x, y € X, N(X, y, .) : [0, ©0)—[0, 1] is continuous;

(xiii) lim,, N(x,y,t) =0 for all x, y in X;

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(x, y, t) and N(X, y, t) denote the degree of
nearness and the degree of non-nearness between x and y with respect to t, respectively.

Remark 1: Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric space of the form (X, M, 1-M, *,0)
such that t-norm * and t-conorm ¢ are associated as X ¢ y = 1- ((1-x) * (1-y)) for all x, y € X.

Example 1[6]: Let (x, d) be a metric space, define t-norm a * b = min{a, b} and t-conorm a ¢ b = max{a, b} and for all
X, yeXandt>0,

d(x, y)

Mg (X y, 1) = t+d(x, )

t —
m,Nd(X,yyt)-

Then (X, M, N, *,0) is an intuitionistic fuzzy metric space. We call this intuitionistic fuzzy metric (M, N) induced by
the metric d the standard intuitionistic fuzzy metric.

Definition 4[1]: Let (X, M, N, *, ) be an intuitionistic fuzzy metric space. Then
(@) asequence {x,} in X is said to be Cauchy sequence if, forall t >0 and p > 0,
limy, 5,00 M (Xnsp, Xn, ) = 1, limy, o, N(Xnsp, Xn, 1) = 0.

(b) asequence {x,} in X is said to be convergent to a point x € X if, for all t > 0,
lim,,_, ., M(X,, X, t) =1, lim,,_,,, N(X,, X, t) =0.

Since * and ¢ are continuous, the limit is uniquely determined from (v) and (xi) of definition (3), respectively.

Definition 5[1]: An intuitionistic fuzzy metric space (X, M, N, *,0) is said to be Complete if and only if every Cauchy
sequence in X is convergent.

Definition 6[7]: Let A and B be mappings from an intuitionistic fuzzy metric space (X, M, N, *,0) into itself. The
maps A and B are said to be compatible if, for all t > 0,

lim,_,, M (ABXx,, BAX,, t) =1 and lim,,_,,, N (ABXx,, BAX,, t) =0
whenever {x,} is a sequence in X such that lim,,_,, AX, = lim,,_,,, BX, = X for some xe X.

Definition 7[7]: Let A and B be mappings from an intuitionistic fuzzy metric space (X, M, NQ)*into itself. The
maps A and B are said to be semi-compatible if and only if

lim,_, M (ABx,, Bx,t) =1and lim,_. N (ABX,, Bx,t)=0 forallt>0,
whenever {x,} € X such that lim,,_,, AX, = lim,,_,,, BX, =%, for all xe X.

Definition 8: Two self maps A and B in a intuitionistic fuzzy metric space (X,M,N, *, 0) is said to be weak compatible
if they commute at their coincidence points.

Lemma 1[1]: In intuitionistic fuzzy metric space X, M(X, Y, .) is non-decreasing and N(X, y, .) is non-increasing for all
X, ye X.

Lemma 2[7]: Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space. If there exists k €(0, 1) such that

M(X, y, kt) > M(x, y, t) and N(x, y, kt) < N(x, y, t) for X, y eX. then x = y.
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Theorem: Let A, B, S, T, P and Q are self maps on a complete intuitionistic fuzzy metric space (X, M, N, *0) with t-
norm * and t-conorm ¢ defined by a*b = min{a, b} and a0b = max{a, b} for all a, b €[0, 1]. Satisfying:
() P(X) = ST(X), Q(X) = AB(X)
(ii) AB=BA, ST=TS, PB=BP, QT=TQ
(iii) Either AB or P is continuous;
(iv) (P, AB) is compatible and (Q, ST) is weakly compatible;
(v) There exists k €(0, 1) such that
M(Px, Qy,kt)= Min{M(ABx, Px, t), M(STy, Qy, t), M(STy, Px, Bt), M(ABx, Qy, (2-p)t), M(ABX, STy, t)}
and N(Px, Qy,kt) < Max {N(ABX, Px, t), N(STy, Qy, t), N(STy, Px, Bt), N(ABx, Qy, (2-p)t), N(ABX, STy, t)}
Forall x,y €X, B € (0, 2) and X, y>0
Then A, B, S, T, P and Q have a unique common fixed point in X.

Proof: Let xo €X, from condition (1) there exists Xy, X, €X such that Px, =STx; =y, and Qx; =ABX, = y; Inductively we
can construct sequences {x,} and {y,} in X such that

PXon = STXon+1 = Yon and QXons1 = ABXpne2 = Yo foralln=0,1,2 . ..
Step 1: Putting X = Xon, ¥ = Xon+y for all x, y> 0 and p=1- q with g €(0, 1) in (5) we get,

M(PXzn, QXzn+1,Kt) = Min {M(ABXzn, PXaq, 1), M(STXzn+1, QXan+1, £),M(STXz041, PXan, PY),
M(ABXZny QX2n+1a (Z'ﬁ)t), M(ABXZna STX2n+1; t)}

M(Yans Yons1, Kt) = Min{M(Yzn-1, Yo, ©), M(Yan, Yans1, ©), 1, M(Yan-1, Yons1, (1+0)8), M(Yana1s Yon, )}
> Min {M(Yzn-1, Yon 1), M(Yan, Yone1, £, M(Yane1, Yon, 1), M(Yan, Yonea, O3
2 Min {M(y2n—1: Yon, t), M(an-1, Yan, t): M(yZn: Yon+1s t), M(yZm Yon+1s t)}

and  N(PXzn, QXanse1 ,Kt) < Max{N(ABxzn, PXan, 1), N(STXzn41, QXons1, 1), N(STXon41, PXon, Pt),
N(ABXZn: QX2n+1’ (Z-B)t), N(ABXZn: STX2n+lr t)}

N(Yzn, Yzn+1, Kt) < Max{N(Yzn-1, Yan, 1), N(Van, Yans1, 1), 0, N(Vana, Yaner, (1+0)), N(Yan-1, Yan )}
< Max{N(Yzn-1, Yan, 1)s N(Yans Yans1s )y NV, Yan, 1), N(Yan, Yons1, D}
< Max{N(Yzn-1, Yan, ), N(Yan-1, Yon, 1), N(Van, Yanet, 1), N(Yan, Yoner, )}
As t-norm and t-conorm are continuous, letting g—1, we get,
M(Y2n, Yan+1, KE) = Min{M(Yzn-1, Y2n, 1), M(Yan, Yone1, ), M(Yzn, Yane1, O}
= Min{M(Yzn.1, Y2n, ), M(Y2n, Yons1, )}
and N(Yzn, Yzn+1, Kt) < Max{N(Yzn-1, Yzn, 1), N(Yzn, Yansss 1) N(Yan Yoner, )}
< Man{N(Yzn-1, Yzn, 1), N(Yzn, Yane1, 1)}
Hence, M(Yan, Yans1, kt) = Min{M(Yan-1, Y2n, t), M(Yzn, Yans1, £)}
and  N(Yan, Yons1, kt) < Max{N(Yzn-1, Yon, £)s N(Yan, Yons1, D}
Similarly, M(Yan+1, Yan+2, Kt) = Min{M(Yzn, Yon+1: 1), M(Yan, Yons1, )}
and N(Yans1, Yansz, Kt) < Max{N(Yzn, Yzns1, )y N(Yan, Yans1, D}
Therefore, for all n even or odd we have,

M(Yna Yn+1a kt) > Min{M(Yn-l, yny t)a M(Yn, Yn+1, t)} and N(yny Yn+1y kt) < MaX{N(yn—ly yna t)v N(ynv yn+1v t)}
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Consequently, M(Yn, Yns1, £) = Min{M(Yn-1, Yn, K1), M(Yn, Yas1, K1)}
and N(Yn, Ynet, £) < Max{N(Yn-1, Ya, K™'t), N(Vn, Yner, K}
by repeated application of inequality, we get,
MY, Ys1, 1) = MIn{M(Yn1, Yo, K1), M(Y, Ynes, KT8}
and  N(Yn, Yne1, ) < MaX{N(Yn1, Yo K1), N(Yn, Ynes, K™}
Since M(Yn, Yns1, K™)—1 and N(yp, Yne1, K™)—0 as m—oo, it follows that
M(Yn, Ynets Kt) = M(Vn1, Yo, 1) and N(Yn, Yner, Kt) < N(Yn1, Yo, ) forall n eN and x, y eX.

Therefore by lemma (2), {y.} is a Cauchy sequence in X. which is complete. Hence {y,}—z €X. Also its subsequences
converge as follows.

{QXzn1} — z and {STxzni1} — 2 (3.1)
{Pxon} — z and {ABxz41} — 2 (3.2

Case I: AB is continuous. As AB is continuous, (AB)?,, — ABz and (AB)Px,, — ABz. As (P, AB) is> ABz.
compatible, we have P(AB)xy,

Step 2: Putting X = ABXa,, ¥ = Xon+1 With B = 1 in condition (5), we get

M(PABXZn, QX2n+1, kt) > Min{M(ABAXZn, PABXZn, t), M(STX2n+1, QX2n+1, t),
M(STX2n+1, PABX,,, t), M(ABABXZn, QX2n+1, t), M(ABABXZn, STX2n+1, t)}

and N(PABXZn, QX2n+1, kt) < MaX{N(ABAXZn, PABXZn, t), N(STX2n+1, QX2n+1, t), N(STX2n+1, PABXZn, t),
N(ABABXon, Q¥onea, 1), N(ABABXon, STXgmea, )}

Letting n —oo, we get,
M(ABz, z, kt) > Min{M(ABz, ABz, t), M(z, z, t), M(z, ABz, t), M(ABz, z, t), M(ABz, z, t)}

and N(ABz, z, kt) < Max{N(ABz, ABz, t), N(z, z, t), N(z, ABz, t), N(ABz, z, t), N(ABz, z, t)}
i.e. M(ABz, z, kt)>M(ABz, z, t) and N(ABz, z, kt)<N(ABz, z, t)
Therefore by lemma (2), we get ABz = z. (3.3)
Step 3: Putting X = z, y = Xan+1 with B = 1 in condition (5), we get,

M(Pz, QXan+1, kt) > Min{M(ABz, Pz, t), M(STXon+1, QXon+1, ), M(STXon41, Pz, t), M(ABZ, QXzn41, 1),
M(ABz, STXzn41, 1)}

and N(Pz, QXan41, kt) < Max{N(ABz, Pz, t), N(STXon+1, QXon+1, 1), N(STXon+1, PZ, 1), N(ABZ, QXop41, 1),
N(ABz, STXpn+1, 1)}
Letting n—oo, we get
M(Pz, z, kt) > Min{M(z, Pz, t), M(z, z, t), M(z, Pz, t), M(Pz, z, t), M(Pz, z, 1)}
and N(Pz, z, kt) < Max{N(z, Pz, t), N(z, z, t), N(z, Pz, t), N(Pz, z, t), N(Pz, z, t)}
i.e. M(Pz, z, kt)>M(Pz, z, t) and N(Pz, z, kt) < N(Pz, z, t)
Which gives Pz = z. Therefore ABz =Pz = z.
Step 4: Putting X = Bz, y = X,n+1 with = 1 in condition (5), we get,
M(PBz, QXan+1, kt) > Min{M(ABBz, PBz, t), M(STXzn+1, QXon+1, 1), M(STXp041, PBZ, t), M(ABBzZ, QXons1, 1)}
and N(PBz, Qxan+1, kt) < Max{N(ABBz, PBz, t), N(STXzn+1, QXon+1, 1), N(STXon+1, PBZ, t), N(ABBZ, QXpn41, 1)}
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As BP = PB, AB = BA so we have P(Bz) = B(Pz) = Bz and AB(Bz) = B(ABz) = Bz.
Letting n—oo, we get, M(Bz, z, kt) > Min{M(Bz, z, t), M(z, z, t), M(z, Bz, t), M(Bz, z, t), M(Bz, z, t)}
and N(Bz, z, kt) < Max{N(Bz, z, t), N(z, z, t), N(z, Bz, t), N(Bz, z, t), N(Bz, z, t)}
i.e. M(Bz, z, kt)>M(Bz, z, t) and N(Bz, z, kt)<N(Bz, z, t)
which gives Bz =z and ABz = z implies Az = z. Therefore Az=Bz =Pz =z. (3.4)
Step 5: P(X) < ST(X), there exists v eX such that z=Pz=STv. Putting X=X,,, y=v with B=1 in condition (5), we get,
M(PX,p, Qv, kt) = Min{M(ABX2,, PXon, 1), M(STv, Qv, t), M(STv, PXy,, t), M(ABXy,, Qv, t), M(ABX,,, STv, t)}
and N(Pxa,, Qv, kt) < Max{N(ABXan, PXan, t), N(STv, Qv, t), N(STV, PX,, t), N(ABXz, QV, t), N(ABX2,, STV, 1)}
Letting n—oo0 and using eq". (3.2), we get,
M(z, Qz, kt) > Min{M(z, z, t), M(z, Qv, t), M(z, z, t), M(z, Qz, t), M(z, z, 1)}
and N(z, Qz, kt) < Max{N(z, z, t), N(z, Qv, t), N(z, z, t), N(z, Qz, t), N(z, z, t)}
i.e. M(z, Qz, kt) > M(z, Qz, t) and N(z, Qz, kt) < N(z, Qz, t).
Therefore by lemma (2), Qv = z. Hence STv = Qv.
As (Q, ST) is weakly compatible, we have STQv = QSTv. Thus STz = Qz.
Step 6: Putting X = Xz, ¥ = z with =1 in condition (5), we get,
M(PXzn, Qz, kt) > Min{M(ABXz,, PXan, t), M(STz, Qz, t), M(STz, PX,y, t), M(ABX,,, Qz, t), M(ABX,,, STz, 1)}
and N(Pxg,, Qz, kt) < Max{N(ABX,,, Pxan, t), N(STz, Qz, t), N(STz, Pxzp, t), N(ABX,,, Qz, t), N(ABX,,, STz, 1)}
Letting n—o0 and using eq". (3.1) and Step (5), we get,
M(z, Qz, kt) > Min{M(z, z, t), M(Qz, Qz, t), M(Qz, z, t), M(z, Qz, t), M(z, Qz, t)}
and N(z, Qz, kt) < Max{N(z, z, t), N(Qz, Qz, t), N(Qz, z, t), N(z, Qz, t), N(z, Qz, t)}.
i.e. M(z, Qz, kt) > M(z, Qz, t) and N(z, Qz, kt) < N(z, Qz, t)
Hence z = Qz.
Step 7: Putting X = Xy, Y = z with = 1 in condition (5), we get,
M(PXzq, QTz, kt) > Min{M(ABXz,, PXzn, t), M(STTz, QTz, t), M(STTz, PX, t), M(ABXz,, QTz, t), M(ABX,,, STTzZ, t)}
and N(Pxzn, QTz, kt) < Max{N(ABXan, PXon, 1), N(STTz, QTz, t), N(STTZ,PXn, t), N(ABX21,QTZ, t),N(ABXz,, STTzZ, t)}
AsQT =TQand ST=TSwe have QTz=TQz=Tzand ST(Tz) =T(STz) =Tz.
Letting n—oo, we get,
M(z, Tz, kt) > Min{M(z, z, t), M(Tz, Tz, t), M(Tz, z, t), M(z, Tz, t), M(z, Tz, t)}
and N(z, Tz, kt) < Max{N(z, z, t), N(Tz, Tz, t), N(Tz, z, t), N(z, Tz, t), N(z, Tz, 1)}
i.e. M(z, Tz, kt) > M(z, Tz,t) and N(z, Tz, kt) <N(z, Tz, t). Therefore by lemma (2), Tz = z.
Now STz=Tz=zimpliesSz=z.Hence Sz=Tz=Qz =z (3.5)
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Combining (3.4) and (3.5), we get, Az=Bz=Pz=Qz=Tz=Sz=2.

Hence, the six self maps have a common fixed point in this case also.

Case I1: P is continuous. As P is continuous, PX;»—Pz and P(ABx,,)—Pz. As (P, AB) is compatible, we have
(AB)PxXy—Pz.

Step 8: Putting X=PXz,, y=Xon+1 With B= 1 in condition (5), we get,

M(PPXZn, QX2|’1+11 kt)ZMln{M(ABPXZn, PPXZn, t), M(STX2n+1, QX2n+1, t), M(STX2n+1, PPXZn, t),
M(ABPXZn’ QX2n+1’ t), M(ABPXZn’ STX2n+1’ t)}

and N(PPXzn, QXon+1, K)<Max{N(ABPX;,, PPXan, t), N(STXan+1, QXons1, 1), N(STXon+1, PPXon, 1),
N(ABPXZna QX2n+1a t), N(ABPXZna STX2n+1a t)}
Letting n—o0, we get,
M(Pz, z, kt) > Min{M(Pz, z, t), M(z, z, t), M(z, Pz, t), M(Pz, z, t), M(Pz, z, 1)}
and N(Pz, z, kt) < Max{N(Pz, z, t), N(z, z, t), N(z, Pz, t), N(Pz, z, t), N(Pz, z, t)}
i.e. M(Pz, z, kt) > M(Pz, z, t) and N(Pz, z, kt) < N(Pz, z, t).
which gives Pz = z. now using Step (5) and (7) givesus Qz=STz=Sz=Tz=z.

Step 9: As Q(X)SAB(X) there exists w €X suh that z=Qz=ABw. Putting X=w, y=Xpn.+; with =1 in condition (5), we
get,

M(PW,QXan+1, K)=MIin{M(ABwW, Pw, t),M(STXan+1,Q@Xzn+1, £), M(STXon+1,PW, t),M(ABW, QXon+1,t), M(ABW, STXon1, t)}
and N(Pw, Qxon+1, kt) < Max{N(ABw, Pw, t), N(STXan+1, QXon+1, £), N(STXon+1, PW, t), N(ABW, QXons1, t),
N(ABwW, STXpq+1, 1)}

Letting n—oo, we get,

M(Pw, z, kt) > Min{M(z, Pw, t), M(z, z, t), M(z, Pw, t), M(z, z, t), M(z, z, t)}
and N(Pw, z, kt) < Max{N(z, Pw, t), N(z, z, t), N(z, Pw, t), N(z, z, t), N(z, z, t)}
i.e. M(Pw, z, kt) > M(Pw, z, t) and N(Pw, z, kt)<N(Pw, z, t)
which gives Pw=z= ABw. As (P, AB) is weakly compatible.
We have Pz=ABz. Also Bz=z follows from Step 4.
Thus, Az=Bz=Pz=z and we obtain that z is the common fixed point of the six self maps in this case also.
Step 10: (Uniqueness) let u be another common fixed point of A, B, P, Q,Sand T.
Then Au=Bu=Pu=Tu=Qu=Su=u. Putting x=z, y=u with =1 in condition (5), we get,

M(Pz, Qu, kt) > Min{M(ABz, Pz, t), M(STu, Pu, t), M(STu, Au, t), M(ABz, Qu, t), M(ABz, STu, t)}

and N(Pz, Qu, kt) < Max{N(ABz, Pz, t), N(STu, Pu, t), N(STu, Au, t), N(ABz, Qu, t), N(ABz, STu, t)}
i.e. M(z, u, kt) > M(z, u, t) and N(z, u, kt)<N(z, u, t)
which gives z=w. Therefore z is a unique common fixed point of A, B, P, Q, Sand T.
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