International Journal of Mathematical Archive-4(1), 2013, 130-135
@ IMA Available online through www.ijma.info ISSN 2229 - 5046

ON SOME TOPOLOGIES INDUCED
BY BI" OPEN SETS IN SIMPLE EXTENSION IDEAL TOPOLOGICAL SPACES

T. Noiri
1869-5142, Shiokita-cho, Hinagu, Yatsushiro-shi, Kumamoto-ken, Japan

?|. Arockiarani
Department of Mathematics, Nirmala College for women, Coimbatore, India

3F. Nirmala Irudayam*
*Department of Mathematics with Computer Applications, Nirmala College for Women,
Coimbatore, India

(Received on: 25-10-12; Accepted on: 18-01-13)

ABSTRACT
This paper aims at extending the idea of bl open sets in Simple Extension ideal topological spaces. Here we introduce
the new concept of Q," and 4" sets via bl™ open and bl* closed sets in simple extension ideal topological spaces.

Furthur Q,"" and 25" functions are defined and their results are discussed.

1. INTRODUCTION

A new class of generalized open sets called b- open sets in topological spaces was defined by Andrijevic [8]. This type
of sets was discussed by El Atik [13] under the name of y open sets. The class of all b open sets generates the same
topology as the class of all pre-open sets. In 1986, Maki [24] introduced the concept of generalized A sets and defined
the associated closure operators by using the work of Levine [22] and Dunhem [12]. Caldas and Dontchev [9]
introduced Agsets, vs sets, g Vs sets and gAssets. Ganster and et al. [14] introduced the notion of pre A sets and pre v
sets and obtained new topologies via these sets. M.E. Abd EI-Monsef et al. [3] defined bA sets and bv sets on a
topological space and proved that it forms a topology. In 1963 Levine [23] introduced the concept of a simple extension
of a topology 7 as T (B) = {(Bn0) L0 / Bet}. The concept of | open sets in ideal topological spaces were introduced
by Jankovic and Hamlett [18], [19]. Further Abd EI-Monsef et al. [2] investigated | open sets and | continuous
functions. Dontchev [11] introduced the notion of pre | open sets and obtained a decomposition of | continuity. The
notion of semi | open sets to obtain decomposition of continuity was introduced by Hatir and Noiri [16], [17]. In
addition to this, Casksu Guler and Aslim [10] have introduced the concept of bl sets and bl continuous functions and
futher research was done by Metin Akdag [28] on these sets. Nirmala and 1. Arockiarani [30] have introduced the
concept of bl open sets in the light of simple expansion topology. Using the above defined bl *sets in simple extended

ideal topological space (SEITS), we introduce the notion of Q,*" sets and U,"" sets in SEITS and study their properties.

We also introduce Q,"" functions and ©,*" functions and investigate some of its properties.

2. PRELIMINARIES

All through the paper the space X is a SEITS in which no separation axioms are assumed unless and otherwise stated.
For any subset A of X, the interior of A is the same as the interior in usual topology and the closure of A is newly
defined as a combination of the local function [30] in ideal topology and simple extension. In SEITS the new local
function [30] is defined as A"™"={xeX/ UnAgI for each neighbourhood U of x in t*} and cl*"(A) =AUA"". Also t*" =
{V/ cI*(X\V) = X\V}, where t* < .

Definition 2.1: A subset A of a topological space X is said to be
(1) a- open [29] if A < int(cl(int(A))),

(2) semi-open [22] if A c cl(int(A)),

(3) preopen [25] if A c int(cl (A)),

(4) B-open [26] if A < cl(int(cl(A))),

(5) b-open [8][13] if Ac int(cl(A)) L cl(int(A)).
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The class of all semi-open (resp. pre-open, a-open) sets in X are denoted by SO(X,t) (resp. PO(X,t), aO(X,1))

Definition 2.2: A subset A of X in SEITS (X, t*, 1) is said to be
(1) al* open [30] if A < int(cl™(int(A))),

(2) semil” open [30] if A = cl*(int(A)),

(3) pre 1" open [30] if A < int(cl" (A)),

(4) BI* open [30] if A < clI*” (int(cl*” (A))),

(5) bl*open [30] if A < int(cl*"(A)) U clI”(int(A)).

The class of all semil™ open (resp. prel*-open, al® open) sets in X are denoted by SI"O(X, t*, I)(resp. PI"O(X, ", I),
al’O(X, <, 1)

The complements of these sets are called semil” closed (resp. prel*-closed, al® closed) sets in X and are denoted by
SI"C(X, t°, 1) (resp. PI'C(X, %, I), al"C(X, 1%, 1))

Definition 2.3: A topological space (X,1) is said to be resolvable [15] if there is a subset A of X such that A and (X-A)
are both dense in X.

3. Qb SETS

In this section we introduce the new idea of Q," (resp. U,") sets via the concept of bl open sets under simple
extension topology.

Definition 3.1: Let (X, 1", I) be a simple extension ideal topological space (SEITS) and A a subset of X. We define
Q.7 (A) and U,"" (A) as follows,

a) Q7 (A) =N{GAESG,GeBI'OX .t 1},

by U, (A)=U{F:FSA FeBI*C(X, 1% )}

The class of all bl “open (resp. bl "closed) sets of a SEITS (X, ', 1) is denoted by BI'O(X, t *, I) (resp. Bl *C(X, 1", I)).

Example 3.2: Let X = {a, b, c},t ={X,¢ {a}.{a, b}}, I={¢,{b}} and B={b}. Then " (B) ={X.¢, {a}.{b}.{a, b}},
t7={X,¢ {a}{b}{a b}.{a c}}.

Here BI'O(X .,z %, I) ={X, ¢,{a}, {a, b}.{a, c}}and Bl *C(X ,= *, N={X ,¢,{b}.{c}.{b, c}}.

Here Q" (a) = {a}; Q" (b) = {a, b} Q" () ={a, c}; 2™ (a, b) = {a, b}; Q" (a,) = {a, c}; Q" (b, €) = X. Also
U, (@)= {0} Op" (0)={b}; Uy (c) ={ c}; V" (a b)={b}; U," (a,c) ={c}; Uy~ (b, c)={b, c}.

Lemma 3.3: For subsets A, B and Ai (i 1) of a space (X, 1, I), the following properties hold:
i) Ac Q" (A),

ii) If A SB,then Q" (A) € Q," (B),

i) Q7 (@7 (A) = @ (A),

iv) If AeBI O(X,t"1), then A=Q,"" (A),

V) 7 (UfA i el}) =u{," (A el},

vi) Q7 (N{A T el cn{Q"™ (A):iel},

vii) Q" (X \A) = X\ T, (A).

Proof: (i), (ii), (iv), (vi), (vii): These are immediate consequences of the Definition 3.1(a).

(iii): We know from Definition 3.1(a)Q »" (A) € Q" (Q" (A)). Now we prove the converse inclusionQ ,* (€,"" (A)
)E Q,F(A). Let us consider x & Q,"(A), then there exists a G € Bl *O(X, 1", 1) such that A€ G, and x € G. By (ii)
and (iv), Q" (A) < Q.7 (G) = G. Since Q" (2" (A)) = N{G: " (A) €G, G € Bl *O(X, 1%, 1)}, consequently we
have x € Q" (Q," (A)). Therefore, we have Q, 7 (€, (A)) € Q" (A) and hence Q, (" (A) ) = Q" (A).

(v): Let A= U{A; i € I}. Since A;S A, by (ii) we have Q,"" (A) € Q" (A) and hence U{Q,"" (Ai ):i € 13 Q" (A).
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Conversely, if x € U {Q,"" (A): i € I}, then for each i < I, there exists G; € Bl *O(X, t*, 1) such that A; €G;, and x ¢
Gi. If G=U{G; i€ I}, then G € BI *O(X, 1", 1) such that A € G and x ¢ G. Hence x ¢ Q,""(A) and hence (v) holds.

By using Lemma 3.3 (vii), we can easily verify the next result.

Lemma 3.4: Let (X, ", 1) be a SEITS. Let A, B and {A;: il} be subsets of X. Then the following properties hold:
) U (A)EA

ii) IFA S B, then U, (A)S T, (B),

i) U, (0,7 (A) =T, (A),

iv) IFA e BI*C (X, 1", 1), then A =5, (A),

V) G {N {Aii el}} = n{G," (A): i el},

vi) W0, F(A) i el} c G, {u { Az el}}).

Remark 3.5: In general, for any subsets A, B € (X, t%, 1), Q" (ANB) = Q" (A) N @, (B) and U,"" (AUB) = U,"
(A) U U," (B) as noted in the following example.

Example 3.6: Let X={a, b, c}, © ={X,¢ ,{a}.{a, b}},I={¢,{b}}and B={b}, then v (B)={X, ¢, {a}.{b}.{a, b}}. Let
A={a}and B={c}, here Q,"" (ANB) = Q,"" (A) N Q,"" (B). When A= {a}; B = {b, ¢}, then G,"" (AUB) = U, (A) U O
o (B).

Definition 3.7: A subset A of a SEITS (X, %, 1) is called an Q,"" set (resp. U, set) if A=Q,"" (A) [resp.A = G," (A)].
The family of all Q,"" sets (resp. U, sets) is denoted as €, [resp. U,"].

Example 3.8: Let X = {a, b, ¢}, t ={X, ¢.{a}, {a, b}}, 1={¢,{b}}and B={b}.Then t"(B)={X, ¢ ,{a}, {b}, {a, b}}.Q"
={X, ¢ {a}.{a c}.{a b}}and B, = {X, ¢, {b}.{c}.{b, c}}.

Proposition 3.9: Ina SEITS (X, ", 1), Q,"" (resp. U,") is a topology for X.

Proof: It is obvious from Definition 3.1 that X and ¢ are Q," sets. Let A; € Q," for each icl. By Lemma 3.3 ,Q," ("
icl A )<; M iEIQb+* (A,) =Nia A and hence Qb+*( M el A,) =N Al Therefore N icl Aje Qb+*. Let {Ai: |€|} be a
family of Q,"" sets in (X, t*, 1) .Then by Lemma 3.3, U ic; Ai = U i) &7 (A) = Q7 (U i1 A).

This implies that the union of Q,""sets is also an Q,"" set.
Hence the family of Q,"" sets forms a topology for X.

Proposition 3.10: In a space (X, Q,") the following statements are verified.
1) If every subset A of X is nowhere dense in (X,1), then Q,"" = Q" where Q;""(A) ={Ac X: Q,""(A) = A}and

Q7 (A)=N{G:ASG,GeSI'OX T D}
2) If (X, *, 1) is an indiscrete space, then each Q,* set is a prel* Q set but not a semil* Q set.

Proof: 1) Since every subset A is nowhere dense in (X, 1), we have Int(<*:l+*(A)2= ¢ for all A. Then BI'O (X, ", 1) =
SI"O(X, 1%, 1) and hence Q," (A)= Q" (A) for every A of X .Hence Q," = Q"
2) This is obvious, since each bl™ open set in indiscrete space is a prel” open set but not a semil” open set.

Definition 3.11: A space (X, t*, I) is called a b*"T, space if for each pair of distinct points x and y of X, there exist two
bl" opensets Uand V suchthatx eU, ygUandy eV, xgV.

Theorem 3.12: For a space (X, t*, 1), the following properties are equivalent:

1) (X, % 1) is b Ty;

2) For each x € X,{x} is bI" closed;

3) For each x € X,{x} is an Q,"" set;

4) For each subset A of X, A is an Q," set.
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Proof: (1) =(2): Lety be any point of X-{x}.There exists a bl" open set V, such that x¢ V, and ye V, .
Hence X-{x} = u {V,; y € X-{x}} and hence X-{x} is bl" open.
Therefore, {x} is bl" closed.

(2) =(3): Let x be any point of X and y € X-{x}. By (2) X- -{y} is bl* open and x € X-{y}.By Lemma 3.3, Q," ({x}) =
X-{y} and hence Q" ({x}) = {x}.Therefore {x} is an Q,"" set.

(3) =(4): Let A be any subset of X. By (3) and Lemma 3.3,Q ,""(A) = Q," (U{x/xeA}) = U{ Q, {x}/xeA}= U{ x | x
e A}= A. Therefore, A is an Q" set.

(4) =(1): Let x and y be any distinct points.Then ye Q" ({x}) = {x} and there exists a bl* open set U, such that y ¢
Uy and xe Uy Similarly xe Q,""({y}) and there exists a bl* open set Uysuch thaty € Uyand x U, .This shows that
(X, 1) isb*' Ty,

Proposition 3.13: A SEITS (X, t*, 1) is b"" T, if and only if (X, ,") is a discrete space.

Proof: Let (X, t*, I) be b*"T;and x € X. Then, by Theorem 3.12, {x} is an Q," set and {x} is open in (XQ ).
Therefore (X, ©,") is a discrete space. Conversely, suppose that (X, Q,") is a discrete space. For any point x € X, {x}
isan Q," set. By Theorem 3.12, (X, ", ) isb* T,

Definition 3.14: The space (X, ", I) is said to be resolvable in SEITS if it is the union of two disjoint dense subsets.
Proposition 3.15: If (X, ", 1) is resolvable in SEITS, then (X, Q,") and (X, ©,") are discrete.

Proof: We shall show that (X, t*, ) is b*"T, Consider (X, t*, I) to be resolvable in SEITS

i.e.. X =D U E, where D and E are disjoint dense subsets of (X, t*, I).

Let x € X, say x € D then X \{x}= E u [D \{x}] is dense in (X, t*, 1). Hence X-{x} is a prel* open and hence {x}is

prel™- closed. Since {x} is bl* closed, by Theorem 3.12 (X, t*, I) is b*"T, By proposition 3.13, (X, Q,"") and (X, U,")
are discrete.

Proposition 3.16: If (X, Q,") is connected, then (X, t*, I) is bl* connected ie) X cannot be represented as a disjoint
union of non empty bl* open subsets of (X , t*, I)

Proof: Since every bl*-open set is an Q,* set, the proof is obvious.

4. LOb"" - CLOSED SETS

Definition 4.1: A subset A of a SEITS (X, 1°, 1) issaid to be LQb*" - closed if A=L N F, where L isanQ;" - set and
Fisaclosed setin (X,t").

Remark 4.2: Every Q," -set and every closed set in (X, t*) are LQb"" -closed.

Proposition 4.3: For a subset A of a SEITS (X, ", 1), the following properties are equivalent:

(1) Ais LQb"" -closed,

(2) A=L Ncl*(A), where Lisan Q" set,

(3) A=Q,"(A) Ncl™ (A).

Proof: (1) = (2): Let A be LQb*™ - closed. Then A=L N F, where L isan Q," setand F is closed in (X, t"*). Since
AC F, we have cI**(A) € cI*'(F)=F. Therefore AS L N cl”(A) €L NF=Aandhence A=L Ncl*(A).

(2) - (3): Let A=L N cl*(A), where L is an Q,"" set. Since A € L, we have Q,"" (A) € Q," (L) = L. And hence
AcSQ,” (A Ncl”(A) L Ncl”(A) =A.

Thus we have obtained A = Q,""(A) N ¢l (A).

(3) — (1): Since ©,""(A) is an Q,""set, the proof is obvious.
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5. Q," and U, MAPPINGS

Definition 5.1: Let (X, T, ) and (Y , ", J) be SEITS. Amap f: (X, t", I) — (Y, ¢", J) is said to be
(i) " map if f (U) € BI'C(Y, 6%, J) forall UeQ,”,

(i) O, mapif f(U) e BI'O (Y, o', J) for all UeT,”.

Theorem 5.2: For amap f: (X, t°, I) — (Y, ", J), the following are equivalent:
(i) fis Q,"" map,

(i) For each A € Y and each F € U5, with f1(A) S F, there exists G eBI"O(Y, ¢, J) such that A € G and f*(G) S F.

Proof: (i)=(ii): For each A €Y and each F €U, " with f* (A) S F, let G =Y —f (X-F).
Since f is Q," map , f (X-F) € BI'C(Y, ¢", J) and hence G eBI*O(Y, c", J).

Since f™ (A) € F, we have X-F € X-f* (A) = f}(Y-A) and f(X-F) € Y-A.

Taking complements we have A € Y- f (X-F) = G.

Moreover f* (G) = f* (Y- f (X-F)) = f(Y) - £(f (X-F))c X-(X-F) = F.

(i)=>(i): Let A e ©Q,", y € Y\f(A) and let F=X\A. Since F € t5," and f*(y) < F, by (ii) there exists O, eBI'O(Y , ¢*,J)
withy e O, and f* (O,) c F. Since F = X-A, ye O, < Y\f(A). Hence Y\f(A) = U{O, : ye Y\f(A)}.
Thus f(A) € BI'C (Y, ", J).Therefore f is Q," map.

Theorem 5.3: For amap f: (X, t°, I) —» (Y, ", J), the following are equivalent:
(i) fis O™ map,
(i) For each A € Y and each F € Q,*" with f'(A) € F, there exists G eBI*C(Y, ¢*, J) with A € G with f(G) S F.

Proof: The proof is similar to the proof of Theorem 5.2.

Theorem 5.4: If f: (X, %, 1) —— (Y, 6", J) isasurjective Q," mapand (X, ", 1)isb* Ty, then (Y , ", J) isb*" Ty

Proof: Let y be any point of Y. Since f is surjective, there exists xe X such that f(x) =y. Since (X, t*, 1) is b*"Ty, by

Theorem 3.12, {x} is an Q,""set and hence f({x}) is bl* closed. Therefore, {y} is bl* closed and hence by Theorem 3.12
(Y,c",3)ish" Ty,
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