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ABSTRACT

In this paper, we prove a common fixed point theorem for three maps under generalized weakly contractive condition
without appeal to continuity. Our results extend and generalized the results of Choudhury et al. [2] and others.
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1. INTRODUCTION

The study of fixed points of mappings satisfying certain contractive conditions has been at the centre of rigorous
research activity. In 1977, Rhoades [9] showed that there are several possible types of extended forms of contraction
pairs. In 1986, Jungck [4] introduced the notion of compatible mappings which are more general than commuting and
weakly commuting mappings. In 1998, Jungck and Rhoades [5] introduced the concept of weakly compatible and
showed that compatible maps are weakly compatible but not conversely. In [3], R. Chugh and S. Kumar proved a fixed
point theorem for weakly compatible maps without appeal to continuity.

Khan et al. [6] introduced the altering distance and used it solving for fixed point problem in metric spaces. Recently
many authors for example [7], [11] and [12] used the altering distance function and obtained some fixed point theorem.
Further, the concept of weak contraction was introduced in 1997 by Alber et al. [1] in Hilbert spaces and subsequently
extended to metric spaces by Rhoades [10]. Recently, O. Popescu [8] proved fixed point problem involving weak
contraction and mapping satisfying weak contractive type inequalities.

The main purpose of this paper is to present fixed points results for three maps satisfying a generalized weak
contraction condition by using the concept of weakly compatible maps in a complete metric space. Our results extend
and generalized the results of Choudhury et al. [2] and others.

2. PRELIMINARIES
Definition 2.1 ([10]): A mapping T : X — X , where (X ) d) is a metric space, is said to be weakly contractive if

for X, y € X

d(Tx,Ty) <d(x,y) - e(d(x,y)),

where @ . [0, OO) —> [0, 00) is a continuous non-decreasing function such that (D(t) = OQifand onlyif t = 0.1f
one takes ¢(t) = (1— k)t , where 0 < k < 1, a weak contraction reduces to a Banach contraction.

Definition 2.2 ([6]): A function ¥/ . [0, OO) - [0, OO) is called altering distance function if the following properties
are satisfied,
(i) ¥ is monotone increasing and continuous.

(i) w(t) =0 ifand onlyif t=0.
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Definition 2.3 ([2]): Let (X, d) be a metric space, T a self-mapping of X .Weshallcall T a generalized weakly
contractive mapping if for all X,y € X,

w (d(Tx,Ty)) <w(m(x, y))—(p(max{d (x,y),d (y,Ty)}),, 2.1)

where
m(x, y) = max{d(x, y),d(x,Tx),d (y,Ty)é[d(X,Ty) +d(y, TX)]},

Y is an altering distance function and ¢ : [0, oo) - [0, OO) is continuous function with (D(t) =0 ifand only if
t=0.

A generalized weakly contractive mapping is more general than that satisfying,

d(Tx,Ty) <km(X,y), for some constant0 <k <1, (2.2)
and is included in those mappings which satisfy

d(Tx, Ty) <m(x, y). (2.3)
Using the numbering scheme in [8], (2.2) and (2.3) are (21) and (22) respectively.

Definition 2.4 ([4]): Let Sand T be mapping from a metric space (X, d) into itself. The mapping S and T are
said to be compatible if
lim,, d(STx,,TSx,) =0,

whenever {Xn} is a sequence in X such thatlim___Sx =lim__ Tx =t forsomet € X.

Definition 2.5 ([5]): Let Sand T be mapping from a metric space (X ) d) into itself. The mapping S and T are
said to be weakly compatible if they commute at their coincidence points, that is, if Tu = Su for someu e X , then

TSu = STu.

3. RESULTS
Now we state our main results
Theorem 3.1: Let (X ,d) be a complete metric space. Let S, f, g : X —> X be self- mappings such that for

al, X,y e X,

S(X) = £(X)Ng(X), (31)

w (d(Sx, Sy)) < w(max{d(fx, gy),d(Sx, fx),d(Sy, gy),%[d (Sx, gy) +d(Sy, X)1})
—p(max{d (fx, gy),d(Sx, fx),d(Sy, gy)}).

(3.2)

where ¢ :[0,90) — [0,0) is a continuous function with @(t) =0 ifand only if t = O and
. [0, oo) - [0, oo) is an altering distance function. Then s, f and S, g have a coincidence point. Further
if (S, f)and (S, g) areweakly compatible pairs, then S, f and g have a unique common fixed point.

Proof: Let X; € X be arbitrary. We define a sequence {yn}such that
Yon = SX,, = 1:in+1

y2n+1 = SX2n+1 - gX2n+2

forall ne N .
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If there exist a positive integer 2N such that Y,, = Y,n.q. then Yo, is a coincidence of S and f. A similar

conclusion holds if ¥,,,4 = Y,,.2, for some N, then S and g have a coincidence point. Therefore, we may

assumethaty, # Y, ., forall N>0.

Applying contractive condition (3.2) we obtain that

'//(d (y2n+11 Yoni2 )) = l//(d (SX2n+1’ SX2n+2 ))
< l//(maX{d ( fX2n+l’ gX2n+2)’ d (SX2n+l’ 1:)(2n+1)! d (SX2n+2’ gX2n+2)’

(S0 06.0) + (S50 By )T
— p(Max{d (P, D) (Ko s B ), (s D))
V(A Vs Yori) <YMDLA Vs Vo s G Yot Vo) E Vo Vo),
10010 Yn) 3 Oz Vo)D)
= (M (Vo Yo A Yot Vo) E Yanszs Yort)D)

1
W (A (Yanir Yoniz)) < (Max{d (Y, Yani)s A (Yaneas y2n+2)75[d (Yans Yonea) T A (Yanias Yoni2)13)
—@(Max{d (Yans Yania)s d (Yanizs Yoni) -

1
Since E[d (y2n J y2n+l) +d (y2n+1’ y2n+2)] < max {d (y2n' y2n+1)’ d (y2n+1’ y2n+2)} then it follows that
W (d(Yaniar Yoni2)) S (Max{d (Y,n, Yonia) A (Yaniar Yoni2)})

— @(Mmax{d (Yon: Yane1)s d (Vanias Yoni2)3)- 43
suppose that A (Y Yania) < A (Yanias Yans2) for some positive integer 1.
Then from (3.3), we have
W (d(Yaniar Yoni2)) S (A (Yonins Yoni2)) = @(A (Vonias Yani2))s (34)

that is,  @(d (Yan.1s Yaniz)) <O which implies that 0 (Yyn,10 Yans2) = 0sor that Yong = Yo,z

contradicting our assumption that Y, # Y,.1, for each n.

Therefore 0 (Yn.1y Yanio) <A(Yans Yonea)  foral n>0.

Now

"4 (d (Yanszs y2n+3)) = ‘//(d (SX5p,35 SX2n+2))
< l//(maX{d ( fX2n+3’ gX2n+2)! d (SX2n+3’ fX2n+3)’ d (SX2n+2’ gX2n+2)’

1
E[d (SX2n+3’ gx2n+2) +d (SX2n+2’ fX2n+3)]})

- @(maX{d ( fX2n+3 ! gX2n+2)’ d (SX2n+3’ fX2n+3)’ d (SX2n+2’ gX2n+2)})
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W(d (y2n+2’ y2n+3)) < l//(maX{d (y2n+2’ y2n+1)’ d (y2n+3’ y2n+2)’ d (y2n+2’ y2n+1)’
1
E[d (y2n+3’ y2n+1) +d (y2n+2’ Yoni2 )]})

—(p(max {d (Yanizs Yonia ) A (Yanias Yonez )1 A (Vanao, y2n+1)})

v (d (Yanszs y2n+3)) < w(Max{d (Yzni2: Yani1)r A (Yanis Yani2)r A (Yanizs Yania)s

1
E[d (y2n+1’ y2n+2) +d (y2n+2’ y2n+3)])
- Q(maX{d (y2n+2 ! y2n+1)’ d (y2n+3’ y2n+2)’ d (y2n+27 y2n+l)})'

1
Since E[d (y2n+l’ y2n+2) +d (y2n+2’ y2n+3)] < maX{d (y2n+1’ y2n+2)l d (y2n+2 1 y2n+3)} then it follows that

l//(d (y2n+2’ y2n+3)) < W(maX{d (y2n+l’ y2n+2)v d (y2n+27 y2n+3)})
- qD(maX{d (y2n+l’ y2n+2)’ d (y2n+2 ' y2n+3)})'

suppose that 0 (Yzn.1, Yani2) < (Yan,2: Yansa) for some positive integer N.

Then from (3.3), we have

W (d(Yaniar Yania)) SW (A YVanias Yanis)) =00 (Yaniar Yanis))s (35)

that is, (A (Yans2s Yonis)) <O which implies that 0 (Yon.21 Yonis) =0 or that Yonio = Yaneas

contradicting our assumption that Y, # Y, ,;, for each n.
Therefore 0 (Yan,25 Yonis) <A (Yaniar Yanso) foral n>0.

Thus {d (yn, yn+1)} is a monotone decreasing sequence of non-negative real numbers. Hence there exist an
I > 0 such that
Ilmn—m d (yn’ yn+1) =r. (3.6)

In view of (3.3), forall N >0

W (A (Yanar Yans2)) S (A (Yo Yania)) — (A (Yo Yania))-

Taking the limitas N — o0 in the above inequality and using the continuities of ¢ and /' we have
y(r) <y (r)—o(r),

Which is a contradiction unless I =0 .

Hence we have

lim,_d(y,,V,.,)=0. 3.7)

Now we shall show that {yn} is a Cauchy sequence. It is sufficient to show that {yZn} is a Cauchy sequence.

Suppose that { yzn } is not a Cauchy sequence.
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Then there exist an € > 0 such that for each even integer 2(K) there exist an even integer, 2m(k) > 2n(k) > Z(k)
such that

d (yZn(k)’ y2m(k)) z &, (3.8)

for every integer 2(k) . Let 2m(k) be the least even integer exceeding 2n(K) satisfying (3.8) such that
d (yZn(k)’ y2m(k)—2) <é.

Using the triangle inequality, we have

& <A (Yanu) Yam(i) < AYzn) Yamiiy2) + 9 Vami 20 Y1) +9 V10 Yom )
thatis, € <d (y2n(k), y2m(k)) <g+d (y2m(k),2, yzm(k)—l) +d (yzm(k)—v y2m(k))'

Letting K — o in the above inequality and using (3.7), we have

lim, ., d(Yanu)r Yampe)) = &- (3.9)

Again
d (yZn(k)’ y2m(k)) <d (yZn(k)’ y2n(k)+1) +d (yZn(k)+1’ y2m(k)+1) +d (y2m(k)+1’ y2m(k))

and

d (yZn(k)+1’ y2m(k)+1) <d (yZn(k)+l’ yZn(k)) +d (yZn(k)’ y2m(k)) +d (y2m(k)’ y2m(k)+1)'

Letting k — Q0 in the above inequality and using (3.7) and (3.9), we have

Iimk—)oo d (yZn(k)+1’ y2m(k)+1) =é. (3.10)
Again

d (y2n(k)v ym(k)+2) <d (y2n(k) , y2n(k)+1) +d (YZn(k)+1’ y2m(k)+1) +d (yzm(k)+1' YZm(k)+2)-
Letting K — o0 in the above inequality and using (3.7) and (3.10), we have

“mk_m d (y2n(k)’ y2m(k)+z) =é. (3.11)
Further
d (yZn(k)’ y2m(k)+1) <d (yZn(k)’ y2n(k)+1) +d (yZn(k)+1’ y2m(k)+l)'
Letting k — 00 in the above inequality and using (3.7) and (3.10), we have
Iimkaoo d (y2n(k)’ y2m(k)+1) =é. (3.12)
For X= Yon(k) and Y = You)s1, we have from (3.2),
l//(d (yZn(k)+1’ y2m(k)+2 )) = W(d (SXZn(k)’ SXZm(k)+1))
< l//(maX{d ( fXZn(k)’ gXZm(k)+1)’ d (SXZn(k)’ fXZn(k))’ d (SXZm(k)+1’ gXZm(k)+1)’
1
E[d (SXZn(k)’ gXZm(k)+l) +d (SXZm(k)+l’ fXZn(k))]})
- (o(max{d ( fxzn(k) ' gXZm(k)+1)’ d (SXZn(k)’ fXZn(k))’ d (SXZm(k)+1’ gXZm(k)+1)})
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W (A (Yanoaar Yomo2)) S WX (Y000 Yaman)s G Yangoar Yango ) G Gngoszr Yamgon)s
1
E[d (y2n(k)+l’ y2m(k)+1) +d (y2m(k)+2’ y2n(k))]})

- (o<maX {d (Yangyr Yamgey)r d Yangeysas Yano D 8 Yamgey 2 y2m(k)+l)})'

Letting K — o in the above inequality and using (3.7), (3.9-3.12) and using the continuities of CD and l// ,
we have

w (&) <w(e)—o(e),

which is a contradiction by virtue of a property of .

Therefore, {y2n } is a Cauchy sequence. In view of (3.7), { yn } is also a Cauchy sequence in X.

since X is complete then there exist a point Z in X suchthat

lim vy, =lim _, Sx, =lim_,_ fX,., =2 and

Iimn—m y2n+1 = Iimn—m SX2n+1 = Iimn—m gX2n+2 =L
Since S(X) cf (X)ﬂ g(X), then there exist a points U and V € X such that fu=z and QV =1

We shall prove that fU = SU and gV = SV.

For this firstly we have,
w(d(Su, fX,,.,)) =w(d(Su,Sx,,)
<y (max{d(fu, gx,,),d(Su, fu),d(Sx,,, gXZH)%[d(Su, 0X,,)
+d(Sx,,, fu)]}) —e(max{d(fu, gx,,),d(Su, fu),d(Sx,,, 9%,,)})-

Taking limit N —> 90 we have

w(d(Su, z)) <w(max{d(z,z),d(Su,z),d(z, z),%[d(Su, z)+d(z,z)]})
—p(max{d(z,2),d(S vz),d(z,2)})

w(d(Su, 2)) <w(max{0,d(Su, z), 0,%[d (Su, z)+0]}) — (max{0,d(Su, z),0})

y(d(Su, z)) <y (d(Su,z))—e(d(Su,z)).
Which implies that (d(Su,z)) = 0. Hence d(Su,z) =0, thatis, Z = SU.

Therefore Z = fu = Su.
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p (A(9%yp.p, SV)) =9/ (d(SXyy 5, SV))
< (max{d(fx,,,,,av),d(SX,,,., X,,.,),d(Sv,gv),

%[d (%00 GV) + A (SV, Fiy, D)
- (D(maX(d ( fX2n+1’ gV), d (SX2n+1’ fX2n+1)’ d (SV’ gV)})

Taking limit N —> 00 we have

w(d(z,S ) <y(max{d(z,z),d(z,2),d(S ,\/Z)%[d(Z, z)+d(S w)I})
—p(max{d(z,2),d(z,2),d(S vz)})

w(d(z,Sv)) <y (max{0,0,d(Sv, 2), %[0 +d(Sv, 2)]}) — p(max{0,0,d(Sv, 2)})

v (d(z,5v)) <y (d(z,5v)) - o(d(z,5v)).

Which implies that @(d (Z, SV)) = 0. Hence d(z, SV) =0, thatis, Z = SV.

Therefore, Z=QV = SV. Thus Z= fu=Su=Sv=gv.

Since pair of maps S and T are weakly compatible then SfU = fSU, thatis, SZ = fZ.

Now we show that Z is a fixed point of f.

w(d(fz,2)) =y (d(Sz,Sv))
<y (max{d(fz,gv),d(Sz, fz),d(Sv, gv), %[d (Sz,gv)+d(Sv, f2)]})
—p(max{d(fz,gv),d(Sz, fz),d(Sv,gv)})
=y (max{d(fz,z),0,0, %[d (fz,2)+d(z, f2)}) — p(max{d( fz, z),0,0})
w(d(fz,2)) <y (d(fz,2))-e(d(fz,2)).
Which implies that @(d (2, 2)) = 0. Hence d ( 2, 2) = 0, thatis, fZ = Z.
Therefore £ = fz = Sz.
Similarly the pair of maps S and g are weakly compatible, then SQV = gSV, that is, Sz = gZ-
Now we show that Z is a fixed point of g
w(d(z,9z)) =y (d(Su, Sz))
<y (max{d(fu,gz),d(Su, fu),d(Sz, gz),%[d (Su,gz)+d(Sz, fu)]})
—@(max{d(fu, gz),d(Su, fu),d(Sz,gz)})
1
=y (max{d(z, 92),0, O’E[d (z,92) +d(z, 92)]}) — p(max{d(z, gz),0,0})
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w(d(z,92)) <y (d(z,92)) - o(d(z, 92).
which implies that @(d (2, 92)) = 0. Hence d(z, 9z) =0, thatis, Z = 0Z.

Therefore Z = (Z = SZ.

Ths Z=SZ = fz = JZ, and Z is a common fixed point of O, f and Q.

Finally in order to prove the uniqueness of Z, suppose that Z and W , Z# W are common fixed points of

S, f and 0.
Then by (3.2), we obtain,
w(d(z,w)) =y (d(Sz,5w))
< w(max{d(fz, gw),d(Sz, fz),d(Sw, gW)%[d (Sz, gw) +d(Sw, f2)1})"
—p(max{d(fz, gw),d(Sz, fz),d (Sw, gw)})
w(d(z,w)) <w(max{d(z,w),0, O,%[d (z,w)+d(z,w)]}) - p(max{d(z,w),0,0})
w(d(z,w)) <y (d(z,w))-e(d(z,w)).

Which implies that (D(d (Z, W)) =0 Hence d (Z, W) =0, thatis, Z = W.

Corollary 3.1: Let (X ) d) be a complete metric space. Let S, f: X —>X be self-mappings such that for all
X,ye X,
S(X) c f(X), (3.13)

w (d(Sx, Sy)) <w(max{d(fx, fy),d(Sx, fx),d(Sy, fy),%[d (Sx, fy) +d(Sy, X)]})
— p(max{d (fx, fy),d(Sx, fx),d(Sy, fy)}),

(3.14)

where (DZ[O,OO)—>[O,OO) is a continuous function with qo(t):O if and only if t=0 and
V. [O,OO) - [0,00) is an altering distance function. Then S and f have a coincidence point. Further if

(S ) f ) is a weakly compatible pair, then S and f have a unique common fixed point.

Proof: By taking f= J in theorem 3.1, we get the proof.

Remark 3.1: If we take T asan identity map in Corollary 3.1, then we obtain Theorem 3.1 of [2].
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