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ABSTRACT

In this paper the concept of weak compatibility in a fuzzy metric space with S-B property has been applied to obtain a
common fixed point theorem for four self maps on a fuzzy metric space.
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1. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [11] in 1965. Since then, to use this concept in topology and
analysis, many authors have extensively developed the theory of fuzzy sets and its applications. Kramosil and Michalek
[5] have introduced the concept of fuzzy metric space in different ways. In 1988, Grabiec [4] extended the fixed point
theorem of Banach [1] to fuzzy metric space. George and Veeramani [3] have modified the concept of fuzzy metric
space introduced by Kramosil and Michalek [5]. They have also shown that every metric induces a fuzzy metric. Singh
et. al. [8] proved various fixed point theorems using the concepts of semi-compatibility, compatibility and implicit
relations in Fuzzy metric space.In this paper we prove a common fixed point theorem for four self maps under S-B
property [9] and obtain Rajinder Sharma’s [6] result as a corollary.

Definition 1.1: (Zadeh.L.A. [11]) A fuzzy set A in a nonempty set X is a function with domain X and values in [0,1].

Definition 1.2: (Schweizer.B. and Sklar. A. [7]) A function =:[0,1] x [0,1] - [0,1] is said to be a continuous ¢-
norm if = satisfies the following conditions:

Fora,b,c,d € [0,1],

(i) = is commutative and associative

(if) = is continuous

(i) a*x1=aforalla €[01]

(iv)] a*b <c*dwhenevera <candb <d

We observe that a * b = min{a, b} is a t-norm.

Definition 1.3: (Kramosil. I. and Michalek. J. [5]) A triple (X, M,*) is said to be a fuzzy metric space (FM space,
briefly) if X is a nonempty set, * is a continuous t —norm and M is a fuzzy set on X2 x [0,0) satisfying the following
conditions:

For x,y,z€ Xand s, t > 0.

i M(x,y,0=0

(i) M(x,y,t) = lifandonlyif x = y.

(iii) M(x,y,t) =M (y,x,t)

(iv) M(x,y,t)*M(y,z,s) < M(x,z,t + 5)

(v) M(x,y, -):[0,0) — [0,1] is left continuous.

Then M is called a fuzzy metric on X.
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The function M (x, y, t) denotes the degree of nearness between x and y with respect to t.
Definition 1.4: (George.A. and Veeramani.P. [3]) Let (X, M,*) be a fuzzy metric space. Then,

(i) Asequence {x,}in X is said to be convergentto a pointx € X if lim,_, M(x,,x,t) =1Vt >0.
(i) Asequence {x,}in X is called a Cauchy sequence if

lim,, M(xn+p,xn,t) =1vt>0and p=12,..
A FM —space in which every Cauchy sequence is convergent is said to be complete.

Definition 1.5: (Singh,B. and Jain,S. [8]) Two self maps S and T of a fuzzy metric space (X, M,*) are said to be
weakly compatible if they commute at coincidence points,that is, Sx = Tx implies STx = TSx.

Definition 1.6: ([9], [6]) Let S and T be two self mappings of a fuzzy metric space(X, M,*).We say that S and T satisfy
the property S-B if there exists a sequence {x, } in Xsuch that lim,,_,, Sx,, =lim,,_,,, Tx,, = z forsome z € X.

Lemma 1.7: ([2], [9]) If for all x,y € X,t > 0 and for a number k € (0,1),
M(x,y, kt) = M(x,y,t) thenx = y.
In the rest of the paper, we assume that a fuzzy metric space (X, M,*) satisfies the following condition:
lim;_, M(x,y,t) = 1forall x,y € X. m
Rajinder Sharma [6] proved the following:
Theorem 1.8 [6]: Let (X, M,*) be a fuzzy metric space with t xt >t forall t € [0,1] and condition (I). Let 4,B,S
and T be mappings of X into itself such that
(1.8.1)AX) c T(X) and B(X) c S(X),
(1.8.2)(4,S5) or (B, T) satisfies the property (S — B),
(1.8.3) there exists a constant k € (0,1) such that

M?P (Ax, By, kt) = min {M? (Sx,Ty,t),M?(Sx, Ax,t), M? (Ty, By,t), M" (Sx, By, t), Mr'(Ty,A,x, (2— i),
M (Sx, Ax, t), MS (Ty, Ax,, (2 — a)t), M'(Sx,By,t),M' (Ty,By,t)}

forallx,y € X,a > 0, € (0,2),t > 0and 0 < p,q,q,r,7,s,s,1,I' < 1such that
2p=q+qg =r+r=s+s=1+1.

(1.8.4) the pairs (4, S) and (B, T) are weakly compatible
(1.8.5) one of A(X), B(X),S(X) or T(X) is a closed subset of X.

Then A, B, S and T have a unique common fixed point in X.

2. MAIN RESULT
In this section we present our main result and obtain theorem 1.8 as a corollary.

Theorem 2.1:Let (X, M,*) be a fuzzy metric space and * is mint — norm with condition (I). Let A,B,S and T be
appings of X into itself such that

(2.1.1)A(X) c T(X) and B(X) c S(X), T(X) is a closed subset of X.

(2.1.2) (B, T) satisfies the property (S — B),

(2.1.3) there exists a constant k € (0,1) and @ € (0,2), suchthat k < a, k + a < 2 and satisfies

M(Ax, By, kt) = min{M (Sx,Ty,t), M(Sx,Ax,t), M(Ty, By,t), M(Sx, By, at), M(Ty,Ax, (2 — a)t)} Vt> 0.
(2.1.4) (4,5) and (B, T) are weakly compatible.

Then 4, B, S and T have a unique common fixed point in X.
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Proof: Without loss of generality we suppose that (B, T)satisfies the S-B property, so there exists a sequence {x,} in X
such that

lim,_,., Bx, =lim,_ Tx, = z forsome z € X. @)
Since B(X) < S(X) there exists a sequence {y, } in X such that Bx,, = Sy,.
Hence lim,,_,,, Sy,, = z. Now we prove that lim,,_,., Ay, = z. By (2.1.3),
M(Ay,, Bx,, kt) = min{M (Sy,,Tx,,t), M(Sy,, Ay,,t), M(Tx,, Bx,,t), M(Sy,, Bx,, at), M(Tx,, Ay,, (2 — a)t)}
= min {M(Bx,,Tx,,t), M(Bx,, Ay,,t), M(Tx,, Bx,,t), M(Bx,, Bx,,at), M(Tx,, Ay,, (2 — a)t)}
= min {M (Tx,, Bx,,t), M(Bx,, Ay,,t),1, M(Tx,, Ay,, (2 — a)t)}
lim, _,, inf M (Ay,, Bx,, kt) = min {lim, _inf M(Tx,, Bx,, t),lim, ., infiM (Bx,, Ay,, t)
lim,, . inf M(Tx,, Ay,, (2 — a)t)} by (J)
> lim,,_inf M(Ay,, Bx,, At) where 1 = min{l, (2 — a)}
> lim,,_,.inf M(Ay,, Bx,, kt) (since k < 1)
lim,_,,inf M(Ay,, Bx,, t) = inf M(Bx,, Ay,, (})t) =...= lim,_.inf M(Bx,, Ay,, ()™t)
lim,, _,,inf M(Bx,, Ay,, ()™t) > 1 as m — o
= lim,,_.inf M(Ay,,Bx,,t) = 1
= lim,_,inf M(Ay,, Bx,,t) = 1
So Ay, » zas Bx, = z.
Since T(X) is a closed subset of X, 3v e X 3 Tv = z € X.
We have lim,, _,, Ay, =lim,_,, Tx, =lim,_, Sy, =lim, _, Bx, = Tv.
By (2.1.3),
M(Ay,, Bv, kt) = min{M (Sy,,Tv,t), M(Sy,, Ay,,t), M(Tv, Bv,t), M(Sy,, Bv,at), M(Tv, Ay,, (2 — a)t)}

~ On letting n - oo, we get
M(z,Bv, kt) = min{1,1,M(z, Bv,t), M(z, Bv, at), 1}

=min{M(z, Bv,t),M(z, Bv, at)}

> M(z,Bv, At) where A =min {1,a}
= M(z,Bv,kt) = M(z,Bv,t) Vt >0

By lemma (1.7), z = Bv. .. Tv = Bv.

Since (B, T) is weakly compatible, BTv = TBv = Bz = Tz.

SinceB(X) ¢ S(X),3u € X 3 Su = Bv. By (2.1.3)

M(Au, Bv, kt) = min{M (Su,Tv,t), M(Su, Au, t), M(Tv, Bv,t), M(Su, Bv, at), M(Tv, Au, (2 — a)t)}
M(Au,Tv, kt) = min {M(Bv,Tv,t), M(Tv, Au,t), M(Tv, Bv,t), M(Tv, Bv, at), M(Tv, Au, (2 — a)t)}

> min{M(Tv, Au, t), M(Tv, Au, (2 — a)t)}

v

M(Tv, Au, At) where 2 =min{l, (2 —a)}
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= M(Au, Tv, kt) = M(Au, Ty, t) VE >0
By lemma (1.7) Au = Tv.
Since (4, S) is weakly compatible, we have ASu = SAu = Az = Sz.

By (2.1.3),
M(Au, Bz, kt) = min {M(Su,Tz,t), M(Su, Au,t),M(Tz,Bz,t), M(Su, Bz, at), M(Tz, Au, (2 — a)t)}

~M(z, Tz, kt) =2 min{M(z,Tz,t), M(Au, Au,t),M(Tz,Tz,t),M(z,Tz, at), M(Tv, Au, (2 — a)t)}

min{M(z,Tz,t),1,1,M(z, Tz, at),M(Tz,z, (2 — a)t)}

min {M(z,Tz,t),M(z, Tz, at), M(Tz,z, (2 — a)t)}

v

M(z,Tz, At) where 1 =min{l,«, (2 — a)}
M(z, Tz, kt) = M(z,Tz,t)Vt >0
By lemma (1.7), z=Tz.
By (2.1.3),
M(Az, Bv, kt) = min {M (Sz,Tv,t),M(Sz,Az,t), M(Tv,Bv,t), M(Sz, Bv,at), M(Tv, Az, (2 — a)t)}

M(Az,z,kt ) =min{M (Az,z,t),M(Az, Az, t), M(Tv,Tv,t), M(Az,z at),M(z, Az, (2 — a)t)}

v

min {M (Az,z,t),1,1, M(Az, z, at), M(z, Az, (2 — a)t)}
> M(Az,z,At) where 1 =min{l,«, (2 — a)}
= M(Az,z, kt) > M(Az,z,t)Vt >0
~ Bylemma (1.7) z = Az
=z =Tz =Bz=S5z=Az.
=z is a common fixed point of 4, B, S and T.
Uniqueness: Let p, g be two common fixed points of 4, B, S and T. Then by (2.1.3),

M(Ap,Bq, kt) = min{M (Sp,Tq,t), M(Sp, Ap,t),M(Tq,Bq,t), M(Sp,Bq, at), M(Tq,Ap, (2 — a)t)}

\%

min {M (p,q,t), M(p,p,t),M(q,q,t), M(p,q,at),M(q,p, (2 — a)t)}

I\

min {M (p,q,t),1,1,M(p,q,at),M(q,p, (2 — a)t)}
> M(p,q,At) where A =min{l,a, (2 —a)}
= M(p,q,kt) = M(p,q,At)
= M(p,q,kt) = M(p,q,t)
By lemma (1.7), p = q. This completes the proof of the theorem.

Corollary: 2.2 Let (X, M,*) be a fuzzy metric space and * is mint — norm with condition (I). Let 4,B,S and T be
mappings of X into itself such that

(221) A(X) c€ T(X) and B(X) < S(X), T(X) is a closed subset of X.

(2.2.2) (B, T) satisfies the property (S — B),
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(2.2.3) there exists a constant k € (0,1), u > 0anda € (0,2),suchthatk < a,k+a <2

M*(Ax, By, kt) = min {M* (Sx,Ty,t), M*(Sx, Ax,t), M*(Ty, By, t) M*(Sx, By, at), M*(Ty, Ax, (2 — a)t)}
(2.2.4) (A,S) and (B, T) are weakly compatible.

Then A, B, S and T have a unique common fixed pointin X.

Proof:
M*(Ax, By, kt) = min {M* (Sx, Ty, t), M*(Sx, Ax,t), M*(Ty, By, t)M* (Sx, By, at), M* (Ty, Ax, (2 — a)t)}

= M(Ax, By, kt) = min{M (Sx,Ty,t), M(Sx, Ax,t).M(Ty,By,t), M(Sx,By,at), M(Ty, Ax, (2 — a)t)}
Hence the corollary follows.

Note: Theorem 1.8 follows as a corollary to the corollary (2.2), if k < @ < 1and k + a < 2,since in this case ,(1.8.3)
= (2.2.3).
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