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ABSTRACT

There are some generalizations and extensions available in the literature for Enestrom-Kakeya Theorem. In this paper
we give some new generalizations.
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1. INTRODUCTION AND STATEMENT OF RESULTS
In the zero distribution theory of polynomials, the Enestrom-Kakeya theorem [4] given below in theorem A is a well
known result.

Theorem A: LetP(z) = X", a; z' be a polynomial of degree n such that
a, = an_1 > .= a; = ay >0
Then all the zeros of P(z) lie in the disk |z]| < 1.

Many attempts have been made to extend and generalize the Enestrom-Kakeya theorem. A. Joyal et al [3] extended the
Enestrom-Kakeya theorem to the polynomials with general monotonic coefficients by proving that if

a, = a,_1 == 25} = ag

Then P(z) has all its zeros in the disk

an —ao+ lagl

7zl <
||_ lanl

Further Aziz and Zargar [1] generalized the result of A. Joyal et al [3] and the Enestrom-Kakeya theorem as given
below in theorem B.

Theorem B: Suppose P(z) =¥, a; z' be a polynomial of degree n such that For some A > 1,

Aan = a,_1 == 25} = ag

then all the zeros of P(z) lie in the disk

|Z+ (A_ 1)| <Aan_a0+|a0|

lan|

But N.K. Govil and Rahman [2] worked over the distribution of zeros of polynomials such that the modulii of co-
efficients are monotonic and proved a result given below in theorem C.

Theorem C: Suppose P(z) =X, a; z' be a polynomial of degree n such that for some a> 0
la,| =ala,_1| =a |a,_5| = ......=> a"" |a;| = a" |ay|

Then P(z) has all its zeros in the disk |z| < m,where M is the greatest positive root of the equation

a
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M™.2M"+1=0.

Govil and Rahman [2] also proved that if P(z) = Y, a; 2, is a complex polynomial of degree n, then all the zeros of
P(z) lie in the disk

. Zsi -
|z| < cosa + sina +|S;—:|a panale

where larg.a; — Bl < a < % , (i=0,1,2,....... n) for some g real, and |a, | = |a,_1| = ....= |a;| = |aql.

But recently Shah and Liman [5] generalized theorem B and the result of Govil and Rahman [2] and thereby proved the
following two theorems D and E.

Theorem D: Suppose P(z) = ¥ ,a; z' be a complex polynomial of degree n with Re(a;)=a; and Im(a;) = B;,
i=0,1,2,........ . If forsome1>1

Aan > an_1 > .= aq > Qgp, ﬁn Zﬁn—l > .. Bl Zﬁo >0

Then P(z) has all its zeros in the disk

@A-Dan

an

Aayn—ag+lagl+Bn

lanl

|Z+

Theorem E: Suppose P(z) =Y ,a; z' be a complex polynomial of degree n such that |arg.a; — B| < a < %
(i=0,1,2,....... n) for some P real and for some A > 1

May|l = lag_q1| = ........n. = |ay| = lagl
Then P(z) has all its zeros in the disk
1 . . —
2+ (= DI < = {(Ala,| ~lao]) (cos a+ sina) + |ag] + 2 sina T o}

Now in this paper, we prove three generalizations of Enestrom-Kakeya Theorem.
2. THEOREMS AND PROOFS

Theorem 1: Suppose P(z) = ¥, a; z* be a polynomial of degree n such that for some A# 1, 1< k <n and a,_y
#0

Ay =0y 1 22y A0 Ay 1 =.... 2 A1 = q

Now let a,_,_1 > a,_;, then P(z) has all its zeros in the disk |z| < M;, where M; is the greatest positive root of
the equation

lagl—ap+an+(A—1)an—x

GDan—k o 9, =

an lan|

MK+ — g, MK —|p;| =0, where p;=

Again let a,_; > a,_,.1, then P(z) has all its zeros in the disk |z| < M, where M, is the greatest positive root
of the equation

_ |a0|_a0 + an+(1_l)an—k

UDank gnq g,

an lan|

M¥ — 6, MK~ —|p,| =0, where p,=

Proof: To prove the result, we consider a polynomial

F@)=(1-29P@) =(1-2) Eoa 2’

=(1-2) (ag + a1z + ayz% +......4a,_1z" ! +a,z")
=aytaz+az? +.....¥a,_1z" v a2t —agz —ayzt —a; 23 ... —a,_1z2" —a,z" !
=—a,z"" +(a, —ap_1)z" + ..oon.... +(a; —ag)z +ay
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If Ay _f—1 > Ap_k s then Ay —k+1 > (2 -
Therefore, we can also write F (z) as

F(2) =—a,z"™ — (A= Day_ 2" +(a, — ay_1)z" +.....4(Ay_giq — @y )2" F 1

+ Ay = Qpog—1)Z"F + (@1 — oz )2+ k(g —ag)Z + ag

Let|z| > 1, then we have

IF(2)| = lay 21 + (A — Day_y 2] = 2" {(@y — @y_y) + - + Cotl=nzk)

|Z|k—1
+ (Aan_—an-k-1) | (@n—k-1~an—k-2) o @120 Iaol}
|z |k |z |+ |z =1 |z|"

> |z|"* |a, 2" + (A= Dap_| = 121" {ay + (A — Day_y — ag + lagl}
>0,
If |24 + py| > 6]z

where p, = LDk gnq g, =

an lan|

lagl—ap+an+(A—1)an—g

The above inequality will hold if

|z|**T — |p;| > 6;]z|¥. Thus all the zeros of P(z) with modulus greater than one lie in the disk |z| < M, , where M,

is the greatest positive root of the equation

M¥H — g, MK —|p| =0

But the zeros of P(z) with modulus less than or equal to one are already present in the disk |z| < M; since M; > 1

Now we take second part of the theorem.

Let a,_, > a,_g41.then a,_, > a,_,_, and F(z) can be written as follows;

F(2) = —a,z"*"' — (1 = Da,_, 2" +(a, — an_1)z" +.....4(Ay_gy1 - Ay ) 2" K1
+ (Anok = Aygk1)Z" 7 + (@popor = Q=2 )27 4@y — ag)z+ag

Let |z| > 1, then

_ k1 Ay
IF@2)] = |2I" ™ a, 25 + (1 = Dan_y |- 121" {(ay — ay_y) + -+ LnictiAni)

|Z|k—1
(an—k —an-k-1) | (@n-k-1—=an-k—2) , . , (@1—-ao) , laol
* |z * |z|k+1 et |z =1 |z|"
> |z]" M a, 2° + (1= Dan | = 121" {an + (L = Dap 4 —ag +  lagl}

>0

if 12* + pa| > 6]z 1

where p, = 7Pk ang g,

an lan|

_ |a0|_a0 + an+(1_l)an—k

The above inequality will hold if |z|* — |p,| > 0,|z|*!
Thus all the zeros of P(z) with modulus greater than one lie in the disk |z| < M, ,
where M, is the greatest positive root of the equation

MK — 6, Mt —|p,| =0

But the zeros of P(z) with modulus less than or equal to one are already present in the disk |z| < M, since M, > 1.
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Therefore, the result follows.

Theorem 2: Suppose P(z) = Y™, a; z' be a polynomial of degree n such that for somea> 0, A(#1) >0, 1<k <n
anda,_, #0

la,| =ala,_;| =8 |ay_p| = ......=> & |ay_piq| = 1 a
lan—i| = a** a1 = -+ = a"|ay|

If|la,_| < ala,__1| (i.e., 1> 1)

Then P(z) has all its zeros in the disk |z| < Ai—l

where M, isthe greatest positive root of the equation
Mt —2M™ +1=0

Ifala,_i| > la,_x41] (e, 0< A< 1)

Then P(z) has all its zeros in the disk |z| s%z, where M, is the greatest positive root of the equation
Mn+1 2M" +( )Mn —k+1 + =0

Proof: Let |a,_x| < ala,_,_1| then a*~t|a,_41| = a¥|a,_,| and thereby we obtain the same result as theorem B
following the proof of theoreml in [2]. Now let us take ala,_j| > |a,_x4+1] and suppose F(z) = X4 a;z" be a
polynomial of degree (n-1).

Then for |z]| =R (> l), we have
1 1 1 1

1
IF(2)| < la,_1|R" {1 * 25t Rz R)Z et ien— tar bt (aR)n—l}

1 1 1 1

< n—1 .
|an 1|R {1 + + (aR)2 Tt (aR)k—2 + A(aR)k—1 + A(aR)k + + A(aR)”_l}

(aR)k_l -1 (aR)n—k+1_1

— n—1
=lan-1|R {(aR)k_z(aR—l) A@R)"~1(arR-1)

A@R)*+(1-A)(aR)M k11

— n—1
=lan|R"{ 2@R)""1(aR-1)

Since P(z) = ¥, a; z', therefore, we have

A@R)*+(1-1)(aR)M k11

n __ n—1
IP(2)] = @ R" — @,y |R" { LD

1> 0

lay| A@R)"+(1-2)(aR)k+1_1
alan—1| 2(@R)*~1(aR-1)

Because by hypothesis —— > 1, the above inequality holds

|
If A(@aR)"'(aR — 1) > A(aR)" + (1 — D) (aR)**+1 -1
Replacing aR by M, we obtain the desired result.

Theorem 3:Let P(z)= Y ,a; z* be a complex polynomial of degree n with Re(a;)=«; and Im(a)=p5;
i=0,1,2,........ N Letforsome A #1, 1<k<nanda,_ #0,

anzan—1> >an k+1>/1ank>ank1> >a12a0,

ﬁn 2ﬁn—l 2.2 ﬁl Zﬁo
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If a,__1> a,_, then P(z) has all its zerosin the disk |z| < M; where M, is the greatest positive root of
the equation MX*1 — 9, MK — |p;| =0, where

— (A-Dan_ and 6, = lagl—ap+an+(A—1an—r+Bn—Lo+lBol

! an lan|

If a,_; > a,_41, then P(2) has all its zeros in the disk |z] < M, ,
where M, isthe greatest positive root of the equation

M* — 0, M~ —|p,| =0

where pzzm and 92 — lagl—ap+an+(1—)ay_+Bn—Bo+Bol

an lanl

Proof: To prove the result, we consider a polynomial F(z) defined by
F(2) = (1-2)P(2)
=—a, 2" Ha, — ap_1)Z" F e +(a; — ag)z + ag

=—a, 2"+ (a, — @)z + (A — Auz )2V L4 + (0 — ag)z + ag

i { By = Po-1)Z" + (Boor = Buz )" HHo +(B1 = Bo)z + Bo}
If Ap_j—1 > Aq_g,then a,_;4q > a,_, and F(z) can be written as

F(Z) = _anzn_'—1 - (/1 - 1)an—k Zn_k+ (an - an—l)zn + (an—k+1 - an—k) Zn_k+1 +(Aan—k — On—k-1 )Zn_k

ot (g = ag)z ot i { By = Bu-1)2" + (Buo1 = Puz )z" Mo + (B — Bo)z + Bo}

Now if |z| > 1,then

|F(Z)| = |anzn+1 + (A - 1)an—k Zn_kl - |Z|n{ (an - an—l) + ot (an—lljli:lan—k)

+ (hap g —0n_f—1 )+'“+(al_a0)+w _ |Z|n{ (ﬁn _ ﬁn_1)+"'+(ﬁl_ﬁ0)+w

|z |z[n—1 z|™ |z[n—1 z|"

> |a,z" " 4+ (A= Dag_y 2" | = |z|" {lagl — ap + @y + A — Dty + B — o + 1Bol}
> 0,

|f |Zk+1 +p1| > 91|Z|k Where ,01 — (A=Day i and 91 _ lagl—ap+an+(A—1)ay_+Bn—Lo+Pol

an lan|

Now the above inequality holds if

|z[** — |p1| > 6]z

Therefore, all the zeros of P(z) with modulus greater than one lie in the disk |z| < M;
where M, isthe greatest positive root of the equation

M**t — 9, MX —p| =0

As in theorem 1, M; > 1. Therefore, all the zeros of P(z) with modulus less than or equal to one are already
lying in the disk|z| < M; and hence the proof of the first part follows.

To prove the second part of the theorem, we take a,,_; > a,, 41, thena,_, > a,_;_4
And therefore, F(z) can be written as
F(z) =—a,z""' — (1= Day_y 2" +(a, —a,_1)z" + -+

+ (an—k+1 - Aan_k) Pl +(an_k — 0y _j—1 )Zn—k EE

+(a = @)z +agt i { (By — Bu-1)z" + (Buo1 = Buz )2 1. + (B — Bo)z+ Bo}
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Now if |z| > 1,then

IF] 2 lanz™ + (1= Daty 24| = |20 {(@ = apy) + - LT )

+ (an—k_an—k—l)+“‘+(a1_a0)+m _|Z|n{ (ﬁn _ ﬂn—1)++(ﬁ1_ﬁ0)+@}

|z|* |z~ z|™ |z~ |z|™

> |a,z" + (1= Dayy 2" = |z {lag| —ap + @ + (1 = Day_y + B — o + 1Bol}
>0,

If |Zk +p2| > Hzlzlk_l Where pz: (1_A)an—k and 02 — |a0|_a0+an+(1_A)an—k+ﬁn_ﬁ0+|ﬁ0|

an lanl

The above inequality holds if |z|* — |p,| > 8,|z|*?

Therefore, all the zeros of P(z) with modulus greater than one lie in the disk|z| < M, ,

where M, isthe greatest positive root of the equation

M* — 0, M~ —|p,| =0

But the zeros of P(z) with modulus less than or equal to one are already present in the disk |z| < M, since M, > 1.
Hence the result follows.
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