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ABSTRACT

In this paper we prove common fixed point theorems for generalized contraction mappings in complete -fuzzy metric
space.
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1. INTRODUCTION AND PRELIMINARIES

The concept of fuzzy sets was introduced by Zadeh [14] in 1965. Since then, to use this concept in topology and
analysis many authors have expansively developed the theory of fuzzy sets and applications. Fixed point theorems in
fuzzy mathematics are emerging with vigorous hope and vital trust. It appears that Kramosil and Michalek’s study of
fuzzy metric spaces paves a way for very soothing machinery to develop fixed point theorems for contractive type
maps. Kramosil and Michalek [6] introduced the concept of fuzzy metric space and modified by George and VVeeramani
[2]. Many authors [4, 7] have proved fixed point theorems in fuzzy metric space.

Recently Sedghi and Shobe [12] introduced D* - metric space as a probable modification of the definition of D — metric
introduced by Dhage [1], and prove some basic properties in D* - metric spaces. Using D* - metric concepts, Sedghi
and Shobe define 9 -fuzzy metric space and proved a common fixed point theorem in it. In this paper we prove
common fixed point theorems for generalized contraction mappings in complete a-fuzzy metric space.

Definition: 1.1 Let X be a nonempty set. A generalized metric (or D* - metric) on X is a function D*: X* — [0,00), that
satisfies the following conditions for each x, y, z, a € X
i) D*(x,y,2)=0,

i) D*(x,y,2)=0iffx=y =1z,

iii) D* (x,y, ) = D* (p{x, ¥, z}), (symmetry) where p is a permutation function,

iv) D* (x,¥,z) <D*(x,y,a) + D* (a, z, 2).

The pair (X, D*), is called a generalized metric (or D* - metric) space.

Example: 1.2 Examples of D* - metric are

a) D*(x, v, z) = max {d(x, ), d(y, 2), d(z, X)},
b) D*(x,y,z)=d(x,y) +d(y, z) +d(z, x).

Definition: 1.3 A fuzzy set o in an arbitrary set X is a function with domain X values in [0, 1].

Definition: 1.4 A binary operation *: [0, 1] x [0, 1] — [0, 1] is a continuous t-norm if it satisfies the following
conditions
i) * js associative and commutative,

i) * |s continuous,

iii) a*l=aforallae|0, 1],

iv) a*b<c*dwhenevera<candb <d,foreacha, b,c,de[0,1]

Examples for continuous t-norm are a * b = min {a, b}.
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Definition: 1.5 A 3-tuple (X, M, *) is called s — fuzzy metric space if X is an arbitrary non-empty set, * is a
continuous t — norm, and 9 is a fuzzy set on X? x (0, ), satisfying the following conditions for each x, y, z, a € X and
t,s>0.

(FM-1) M(X,y,z,t)>0

FM=-2) M(x,y,z,t)=1iff x=y=2z

(FM=3) M(xVY,z1t)=M({p{xY, 2} t), where p is a permutation function

FM=-4) M(xy,at)* M@ z125s) <MY, Zt+s)

(FM=5) M (x,Y,z.):(0,o)— ][0, 1] is continuous

(FM=6) lim,,, M(xy,zt) = 1.

Example: 1.6 Let X be a nonempty set and D* is the D* - metric on X. Denote a * b = a, b for all a, b € [0, 1]. For
eacht e (0, ), define

M(x,y,z,t):m

for all x, y, z € X, then (X, M, *) is a M - fuzzy metric space. We call this % - fuzzy metric induced by D* - metric
space. Thus every D* - metric induces a M - fuzzy metric.

Lemma: 1.7 ([12]) Let (X, M, *) be a M-fuzzy metric space. Then for every t > 0 and for every x, y € X. We have ¥
XXy, =My, Y1)

Lemma: 1.8 ([12]) Let (X, M, *) be a M-fuzzy metric space. Then 9 (X, y, z, t) is non-decreasing with respect to t, for
all x,y,zin X.

Definition: 1.9 Let (X, M, *) be a o - fuzzy metric space. Fort > 0, the open ball By, (X, r, t) with center x e X and
radius 0 <r < 1is defined by By (X, 1, ) = {y € X: M (X, ¥, Y, t) > 1 —r}. Asubset A of X is called open set if for each
x € Arthere existt>0and 0 <r < 1suchthat By(x,r,t) € A.

Definition: 1.10 Let (X, M, *) be a ¢-fuzzy metric space and {x,} be a sequence in X
a) {xn} is said to be converges to a point x € X if n'i“m M(X, X, Xp, t) =1 forallt>0
b) {x.}is called Cauchy sequence if if‘m M (Xns py Xt py Xn, £) =1forallt>0and p>0

c) A Mm-fuzzy metric space in which every Cauchy sequence is convergent is said to be complete.
Remark: 1.11 Since * is continuous, it follows from (FM — 4) that the limit of the sequence is uniquely determined.

Definition: 1.12 Let S and T be two self mappings of a M-fuzzy metric space (X, ¥, *). Then the mappings S and T are
said to be weakly compatible if they commute at their coincidence points; that is, Sx = Tx for some x € X, then
STx =TSx.

Definition: 1.13 Let A and B be two self mappings of a #m-fuzzy metric space (X, M, *). We say that A and B satisfy
the property (E), if there exists a sequence {X,} such that ilj‘w M (AXy, U, U, t) = if‘m M (BXqy, U, U, t) =1 for some u € X
andt>0.

t

t+[x—y|+|y—z|+|x-2|

Example: 1.14: Let X =R and M (X, y, z, t) = for every x,y,ze Xand t>0. Let A and
B defined by Ax = 2x, Bx =x + 1.
Consider the sequence x, = % +1,n=1,2,3... Then we have

lim, o M (AXp, 2, 2, t) = lim,_,,, M (BX,, 2, 2,t) =1 for every t > 0. Then A and B satisfy the property (E).

Lemma: 1.15 ([10]) Let {x,} be a sequence in a Mm-fuzzy metric space (X, M, *) with the condition (FM — 6). If there
exists a number k € (0, 1) such that M (Xn, Xn+1, Xn+1, £) = M (Xn-1, Xny Xy i ).Forallt>0andn=1,2. . ., then {X.}is
a Cauchy sequence.

Lemma: 1.16 ([10]) Let (X, M, *) be a sm-fuzzy metric space with condition (FM-6). If there exists a number k € (0, 1)
such that ¢ (X, y, z, kt) > M (X, y, z,t), forall x,y,ze Xand t > 0, thenx =y = z.
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MAIN RESULTS
Theorem: 2.1 Let Sand T be two self mappings of a complete -fuzzy metric space (X, M, *). If there exists a number
k € (0, 1) such that

M(SX, Ty, Ty, kt) = min {M (X, Yy, y, ), M (X, SX, Sx, t), M (y, Ty, Ty, t), M (X, X, SX, t), M (y, Y, Ty, t)} for all
X,y € Xand t>0, then S and T have a unique common fixed point.

Proof: Let X, € X be any arbitrary element.

Define a sequence {X,} in X as Xpn+1 = SXon and Xonsp = TXpnes forn =0, 1, 2....
Now we prove that {x,} is a Cauchy sequence in X. For h > 0, we have

M (Xan+1, Xone2y Xone2s KE) = M (SXan, TXans1, TXznea, Kt)

M (SXZH! TX2n+1a TX2n+1a kt) = min{ﬁlfl (in! Xon+1y Xon+1s t), M (X2na SXZny SXZny t)! M (X2n+1y TX2n+1a TX2n+1a t),
M (Xan, Xan, SXon, 1), M (Xan+1, Xons1, TXons1, 1)}

= min{M (Xzn, Xan+1, Xone1, 1), M (Xan, Xane1, Xon+1, £, M (Xane1,Xone2,Xans2, 1) M (Xan, Xon, Xan+1, 1),
M (X2n+1a Xon+1y Xon+2, t)}

= min{M (Xzn, Xan+1, Xone1, 1), M (Xon, Xane1, Xon+1, £, M (Xans1Xons2: Xons2, M (Xan, Xon, Xan+1, 1),
M (Xan+1, Xons2, Xonv2, )}

= M (Xon, Xon+1, Xons1, 1)
Therefore, M (Xans1, Xons2, Xans2, KE) = M (Xan, Xons1, Xone1, 1)
AlSO, M (Xansz, Xans3, Xone3, KE) = M (Xans2, Xan+2, Xane3, Kb)
= M (TXons1, TXone1, SXonsa, Kt)
= M (SXon+2, TXone1, TXons1, Kt)

= Min{M (Xans2, Xon+1, Xons1, 1)y M (Xonez, SXonsz, SXonszs 1), M (Xona1, TXone1, TXonea, 1),
M (X2n+2, Xon+2, SX2n+2; t), M (X2n+1a Xon+1, TX2n+1y t)}

= MIin{M (Xons2, Xon+1s Xon+1s £)y M (Xansz, Xonsas Xonsas 1), M (Xans1, Xons2, Xonez, 1),
M (X2n+2a Xon+2y X2n+3, t), M (X2n+1a Xon+1y Xon+2, t)}

= Min{M (Xons2, Xon+1s Xon+1s £)y M (Xansz, Xonsas Xonsas 1), M (Xans1, Xons2, Xonez, 1),
M (X2n+2a Xon+3y X2n+3, t), M (X2n+1a Xon+1y Xon+2, t)}

=M (Xan+1, Xant2, Xone2s 1)
Therefore, M (Xans2, Xansa, Xons3, KE) = M (Xane1, Xone2, Xons2s 1)
Hence M (Xn+1, Xn+2y X2 KE) = M (Xn1, Xn, X, t/K), forallt >0and n=1, 2..., then {x,} is a Cauchy sequence in
M-fuzzy metric space X.
Since X is sm-fuzzy complete sequence {x,} converges to a point x € X. Now we prove that x is a common fixed point
of Sand T. Now consider,
M (SX, X, X, kt) = 1imn—>oo M (SX, Xon+2y Xan+2, kt) = limn—>oo M (va TX2n+1y TX2n+1y kt)

Z 11mn—>00 mln {M (X! X2n+ly X2n+la t)y M (Xy SX! SX! t)y M (X2n+la TX2n+la TX2n+la t)y M (Xy X, SX! t)l
M (X2n+1a Xon+1s TX2n+1y t)}

= llmn—yoo mln {m (X! X2n+la X2n+1; t)! M (Xa SX! SX! t)! M (X2n+la X2n+2; X2n+21 t)y M (Xy X, SX! t)!
M (Xane1, Xon+t, Xone2, )}
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=min{M (X, X, X, t), M (X, SX, SX, t), M (X, X, X, 1), M (X, X, SX, 1), M (X, X, X, )}
= M (X, X, SX, t) = M (SX, X, X, t)
Hence M (Sx, X, X, kt) = 9 (Sx, X, X, t) for each t > 0.
Therefore by lemma 1.16, Sx = x.
Similarly, Tx = x. Hence x is a common fixed point of S and T.
Uniqueness: Let (y # X) be another common fixed point of Sand T.

Now consider
M(X, Y, Y, kt) = M (Sx, Ty, Ty, kt)

>min{M(X, Y, VY, t), M(X, Sx, Sx, t), My, Ty, Ty, t), M(X, X, Sx, t), M(y, y, Ty, )}
=min {M (X, Y, ¥, 1), M (X X X 1), MY, Y, Y, 1), MX XX 1), MY, Y, Y, 1)}
=M Y, Y1)
Hence (X, Y, Y, kt) = M (X, Yy, Y, t) for each t > 0.
Therefore by lemma 1.16, x = y. This completes the proof.
Corollary: 2.2 Let (X, M, *) complete a-fuzzy metric space and let S : X — X be a mapping such that % (Sx, Sy, Sy,
kt) = min{M (x, y, ¥, t), M (X, SX, S, t), M (y, Sy, Sy, t), M (X, X, SX, 1), M (y, Yy, Sy, t)}Horall x, y e X and t > 0, then

S has a unique common fixed point.

Theorem: 2.3 Let S and T be two self mappings of a complete a-fuzzy metric space (X, M, *) with continuous t-norm
* defined by a*b = min {a, b} for all a, b € [0, 1]. If there exists a number k € (0, 1) such that

M (SX, SX, Ty, kt) = min{M (X, ¥, ¥, 1), M (X, X, SX, t) * M (y, X, X, ¥), M (Y, Y, SX, ©) * M (y, Y, Ty, 1), M (X, X, Ty, 2t)}
forall X,y e X and t > 0, then S and T have a unique common fixed point.

Proof: Let xq € X be any arbitrary element. Define a sequence {X,} in X as Xon+1 = SXon and Xonsz = TXonsg for n =0, 1,
2...

Now we prove that {x,} is a Cauchy sequence in X. For n = 0, we have
M (Xons1s Xons1s Xons2, KE) = M (SXan, SXon, TXans1, Kt)

= Min{M (Xan, Xon+1, Xan+1, £, M (Xan, Xan, SXan, )* M (Xan+1, Xan, Xon, 1),
M (Xans1, Xon+1, SXon, O)*M (Xanse1, Xonet, TXane1, £), M (Xan, Xon, TXane1, 28)}

= Min{M (Xan, Xan+1, Xon+1, 1), M (Xan, Xons Xan+1, )*M (Xans1, Xan, Xon, 1),
M (X2n+1y Xon+1y Xon+1s t)*ﬂ’l (X2n+1a Xon+1y Xon+2, t), M (X2ny Xany Xon+2, 2t)}

= Min{M(Xan, Xon+1, Xan+1, 1)y M (Xan, Xan, Xone1, )* M (Xane1, Xon, Xon, 1),
M (Xans1, Xon+1s Xone2s £), M (Xan, Xon Xons1, O M (Xons1, Xons2, Xons2: D}

= M (Xan, Xan, Xon+1, 1) * M (Xans1, Xons2, Xons2, 1)
Therefore, M (Xon+1, Xon+1, Xon+2, Kt) = M (Xon, Xon, Xon+1, ) * M (Xon+1, Xons2, Xons2, t)
M (Xan+1, Xonet, Xans2, KE) = M (Xan, Xon, Xon+1, 1)
Similarly we prove that

M (X2n+2a Xon+2y Xon+3, kt) =M (X2n+1a Xon+1y Xon+2, t)
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Hence M (Xn+1, Xn+1y X2 KO = M (Xn, Xn, Xne1, 1), V N

Therefore {x,} is a Cauchy sequence in % -fuzzy metric space x. Since x is M-fuzzy complete sequence {x,} converges
to a point x € X.

Now we prove that x is a common fixed of Sand T.
Now consider, M (Sx, Sx, X, kt) =lim,,_,., M (SX, SX, Xan+2, Kt)
=1lim,, L M (SX, SX, TXon41, kt)

> lim,, o, min M(X, Xon+1, Xon+1, £)y M (X, X, SX, O)*M (Xons+1, X, X, 1),
M (Xons1s Xons1s SX, O)F M (Xons1, Xons1, TXons1s £), M (X, X, TXone1, 2)}

= llmn—yoo mln {m(xv X2n+ly X2n+la t)ym(xy X, SX! t)*M(XZnﬂy X, X, t)y
M (Xons1r Xons1s SX, 1) * M (Xans1, Xons1, Xons2, 1), M (X, X, Xoneo, 20)}

=min {M (X, X, X, ), M (X, X, SX, 1)*M (X, X, X, 1), M (X, X, SX, t) * M (X, X, X, ),
M (X, X, X, 2t)}

=min {1, M (X, X, SX, t) * 1, M (X, X, Sx, t) * 1, 1}
=M (X, X, Sx, 1)
= M (X, SX, Sx, t) = M (SX, Sx, X, t)
Hence M (Sx, Sx, X, kt) = M (Sx, Sx, X, t), for each t > 0. Therefore Sx = x.
Similarly, Tx = x. Hence x is a common fixed point of Sand T.
UNIQUENESS: Let (y # x) be another common fixed point of S and T.
Now consider,
M (X, X, Y, kt) = M (Sx, Sx, Ty, kt)
>min{M (X, Y, Y, 1), M (X, X, SX, )*M (Y, X, X, ), M (Y, Y, SX, )*M (Y, Yy, Ty, t), M (X, X, Ty, 2t)}
=min {M X, Y, ¥, D), MO XX D) * MY, X X0, MY, Y, X0 * MY, Y, Y1), MX XY, 20}
=min {M (X, Y, Y, 0, L* My, X, X, 1), MY, Y, X, ) * 1, M (X, X, Y, 2t)}
=min{M (X, ¥, Y, 1), MY, X, X, 1), M (Y, ¥, X, ), M (X, X, Y, 21)}
=M XY, 1)
Hence M (X, X, Y, kt) = M (X, X, Y, 1), foreacht >0
Therefore x =y. This completes the proof.

Corollary: 2.4 Let (X, M, *) complete s -fuzzy metric space with continuous t-norm * defined by a*b = min{a, b} for
alla,be [0, 1] and let S : X —» X be a mapping such that

M (SX, SX, Sy, kt) = min {M (X, ¥, ¥, 1), M (X, X, SX, t) * M (Y, X, X, ), M (Y, Y, SX, t) * M (y, Y, Sy, 1), M (X, X, Sy, 2t)}
forall X,y e Xand t > 0, then S and T have a unique common fixed point.
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