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ABSTRACT 
In this paper, we study the concept of compatible mappings of type (R) and discuss some common fixed point theorem 
for four and six compatible mappings of type (R) satisfying contractive conditions. 
 
Key words: Compatible mapping of type (R), contractive modulus function, fixed point, common fixed point theorem. 
 
2000 Mathematics Subject Classification: 47H10, 54H25. 
 
 
1. INTRODUCTION 
Gerald Jungck [2] introduced the concept of compatible mappings by a generalization commuting mappings. Also he 
shows that weak commuting mappings are compatible mappings but converse need not hold. Pathak, Chang and Cho 
[5] introduced the concept of a new type of compatible mappings called compatible type of (P). Further, Rohen, Singh 
and Shambhu [6] introduced the concept of a new type of compatible mappings called compatible type of (R) by 
combining the concept of compatible and compatible mappings of type (P).  
 
In this paper, we establish the existence of unique common fixed point of four and six self mappings through 
compatibility of type (R). Our results generalize, extend and modify some earlier result [7, 8]. 
 
2. PRELIMINARIES 
Definition 2.1 Self mappings A and B of a metric space (X, d) are said to be weakly commuting pair if, for all x ∈X 
d(ABx, BAx) ≤ d(Ax, Bx).   
 
Definition 2.2: Self mappings A and B of a metric space (X, d) are said to be compatible if, for all x ∈X 

∞→n
lim d (ABxn, 

BAxn) = 0 whenever {xn} is a sequence in X and such that 
∞→n

lim Axn = 
∞→n

lim Bxn = t for some t∈X. 

 
Definition 2.3: Self mappings A and B of a metric space (X, d) are said to be compatible of type (A) if, for all x ∈X 

∞→n
lim d(ABxn, BBxn) = 0 and 

∞→n
lim d(BAxn, AAxn) = 0 

whenever {xn} is a sequence in X and such that 
∞→n

lim Axn = 
∞→n

lim Bxn = t for some t∈X. 

 
Definition 2.4: Self mappings A and B of a metric space (X, d) are said to be compatible of type (P) if, for all x ∈X 

∞→n
lim d(AAxn, BBxn) = 0 whenever {xn} is a sequence in X and such that 

∞→n
lim Axn = 

∞→n
lim Bxn = t for some t∈X. 

 
Definition 2.5: Let S and T be mappings from a metric space X into itself. The mapping S and T are said to be 
compatible of type (R) if 
  0),(lim =

∞→ nnn
TSxSTxd and 0),(lim =

∞→ nnn
TTxSSxd  

whenever }{ nx is a sequence in X such that tTxSx nnnn
==

∞→∞→
limlim  for some t in X. 
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Definition 2.6: Self mappings A and B of a metric space (X, d) are said to be weakly compatible if they commute at 
their coincidence points. 
 
Definition 2.7: Two self mappings A and B of a set X are occasionally weakly compatible if and only if there is a point 
t in X which is a coincidence point of A and B at which A and B commute. 
 
Definition 2.8: A function φ: [0, ∞) → [0, ∞) is said to be a contractive modulus if φ(0) = 0 and φ(t) < t for t > 0. 
 
Definition 2.9: A real valued function φ defined on X ⊂  R is said to be upper semi continuous if 

∞→n
lim φ(tn) ≤ φ(t), for 

every sequence {tn} in X with tn → t as n→∞. 
 
Rohen, Singh and Shambhu [6] prove the following propositions. 
 
Proposition 2.9: Let S and T be mappings from a complete metric space (X, d) into itself. If a pair {S, T} is compatible 
of type (R) on X and Sz = Tz for z ∈ X, then 
 

STz = TSz = SSz = TTz. 
 
Proposition 2.10: Let S and T be mappings from a complete metric space (X, d) into itself. If a pair {S, T} is 
compatible of type (R) on X and 

∞→n
lim Sxn = 

∞→n
lim  Txn = z for some z ∈ X, then we have 

(i)   d(TSxn, Sz) →0 as n → ∞ if S is continuous, 
(ii)  d(STxn, Tz) → 0 as n →∞ if T is continuous and 
(iii) STz=TSz and Sz=Tz if S and T are continuous at z. 
 
3. MAIN RESULTS 
Theorem 3.1: Suppose F, G, A and B are four self mappings of a complete metric space (X, d) into itself satisfying the 
conditions 
(i)   F(X) ⊆  A(X), G(X) ⊆ B(X). 
 
(ii)  d2(Fx, Gy) ≤ max{φ(d2(Bx, Ay)), φ(d(Bx, Fx))φ(d(Ay, Gy)), 
                           φ(d(Bx, Gy))φ(d(Ay, Fx)), φ(d(Bx, Fx))φ(d(Ay, Fx))}for all x, y ∈  X. 
 
(iii)  φ is contractive modulus as in definition (2.8). 
 
(iv)  one of F, G, A and B is continuous. and if 
 
(v)   the pairs (F, B) and (G, A) are compatible of type (R). 
 
Then F, G, A and B have a unique common fixed point. 
 
Proof: Let x0 be an arbitrary point in X. Choose a point x1 in X such that Fx0 = Ax1. Let x2 be another point in X such 
that Gx1 = Ax2. In general we can choose x2n, x2n+1, x2n+2,… such that Fx2n = Ax2n+1 and Gx2n+1 = Bx2n+2, so that we obtain 
a sequence 
 
  Fx0, Gx1, Fx2, Gx3, …                                           (1) 
 
By (ii), we have 
 
d2(Fx2n, G x2n+1) ≤ max{φ(d2(Bx2n, Fx2n)), φ(d(Bx2n, Fx2n))φ(d(Ax2n+1, Gx2n+1)), 
              φ(d(Bx2n, Gx2n+1))φ(d(Ax2n+1, Fx2n)), φ(d(Bx2n, Fx2n))φ(d(Ax2n+1, Fx2n))}, 
 
⇒  d(Fx2n, Gx2n+1) ≤ φ(d(Fx2n, Gx2n-1)) ≤ d(Fx2n, Gx2n-1).                                               (2) 
 
By similar procedure we can prove that 
 
  d(Fx2n, Gx2n-1) < d(Fx2n-2, Gx2n-1). 
 
Therefore the sequence {d(Fx2n, Gx2n+1)} is non decreasing and hence convergent, say converges to some real number 
c. Since φ is contractive modulus and letting n→∞, we get c ≤ φ(c) ≤ c and so c = 0. To show that the sequence (1) is 
Cauchy, it is sufficient to show that {Fx2n} is Cauchy sequence. Suppose it is not so, hence there exist ε  > 0 and a  
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sequence of integers {m(k)} and {n(k)} with m(k) ≥ n(k) ≥ k such that d(Fx2m(k), Fx2n(k)) >ε . Let m be the smallest 
integer greater than n(k) such that d(Fx2m, Fx2n) > ε  and  d(Fx2m-2, Fx2n) ≤ ε . Therefore 
 
             ε  < d(Fx2m, Fx2n) 
 
     ≤ d(Fx2m, Fx2m-1) + d(Fx2m-1, Fx2m-2) + d(Fx2m-2, Fx2n) 
 
     ≤ d(Fx2m, Fx2m-1) + d(Fx2m, Fx2m-2) + ε  
 
Letting k→∞, we get 
   

k
lim  d(Fx2m, Fx2n) = ε .                                   (3) 

 
Also we have 
  d(Fx2m, Fx2n) ≤ d(Fx2m, Tx2n+1) + d(Fx2n, Tx2n+1)                                 (4) 
 
Using condition (ii), we have 
 
d2(Fx2n, G x2n+1) ≤ max{φ(d2(Bx2n, Fx2n)), φ(d(Bx2n, Fx2n))φ(d(Ax2n+1, Gx2n+1)), 
             φ(d(Bx2n, Gx2n+1))φ(d(Ax2n+1, Fx2n)), φ(d(Bx2n, Fx2n))φ(d(Ax2n+1, Fx2n))} 
 
             = max{φ(d2(Gx2n-1, Fx2n)), φ(d(Gx2n-1, Fx2n))φ(d(Fx2n, Gx2n+1)), 
             φ(d(Gx2n-1, Gx2n+1))φ(d(Fx2n, Fx2n)), φ(d(Gx2n-1, Fx2n))φ(d(Fx2n, Fx2n))} 
 
             = max{φ(d2(Gx2n-1, Fx2n)), φ(d(Gx2n-1, Fx2n))φ(d(Fx2n, Gx2n+1)}                                             (5) 
 
Also we have 
 d(Gx2n-1, Gx2n+1) ≤ d(Gx2n-1, Fx2n-2) + d(Fx2n-2, Fx2n)+ d(Fx2n, Gx2n+1)                                              (6) 
 
Using (2), (5) and letting k→∞, inequality (4) gives 
   

k
lim d(Fx2n, Gx2n+1) < ε . 

 
Consequently (2) gives that 
   ε  = 

k
lim d(Fx2m, Fx2n) < ε  

 
which is a contradiction. Hence {Fx2n} is a Cauchy sequence and consequently the sequence (1) is a Cauchy. Since X is 
complete, the sequence (1) converges to a limit z in X. Hence the sub-sequences {Fx2n} = {Ax2n+1} and {Gx2n-1} = 
{Bx2n} also converge to the limit point z. 
 
Suppose that the mapping B is continuous, then  
 
  B2x2n → Bz and BFx2n →Bz as n→∞.  
 
Since the pair (F, B) is compatible of type (R) by proposition 2.10, we get  
 
  FBx2n → Bz as n→∞.  
 
Now by (ii) 
 
 d2(FBx2n, Gx2n+1) ≤ max{φ(d2(BBx2n, Ax2n+1)), φ(d(BBx2n, FBx2n))φ(d(Ax2n+1, Gx2n+1)), 
    φ(d(BBx2n, Gx2n+1))φ(d(Ax2n+1, FBx2n)), φ(d(BBx2n, FBx2n))φ(d(Ax2n+1, FBx2n))} 
 
Letting n→∞, we get, 
 
  d2(Bz, z) ≤ max{φ(d2Bz, z)), φ(d(Bz, Bz)) φ(d(z, z)), φ(d(Bz, z)) φ(d(z, Bz)), 
         φ(d(Bz, Bz)), φ(d(z, Bz))} 
 
                = φ(d(Bz, z))φ(d(Bz, z)) 
 
i.e.    d(Bz, z) ≤ φ(d(Bz, z)) ≤ d(Bz, z). Hence φ(d(Bz, z)) = 0 i.e. Bz = z. 
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Further 
 d2(Fz, Gx2n+1) ≤ max{φ(d2(Bz, Ax2n+1)), φ(d(Bz, Fz))φ(d(Ax2n+1, Gx2n+1)), 
                φ(d(Bz, Gx2n+1))φ(d(Ax2n+1, Fz)), φ(d(Bz, Fz))φ(d(Ax2n+1, Fz))} 
 
Ax2n+1→ z, Gx2n+1→ z as n→∞ and Bz = z, so letting n→∞ we get 
 
 d2(Fz, z) ≤ max{φ(d2(z, z)), φ(d(z, Fz))φ(d(z, z)), φ(d(z, z))φ(d(z, Fz)), φ(d(z, Fz))φ(d(z, Fz))} 
 
i.e.  d(Fz, z) ≤ φ(d(Fz, z)) ≤ d(Fz, z). Hence φ(d(Fz, z)) = 0 i.e. Fz = z. Thus Fz = Bz = z.  
 
Since F(X) ⊆ A(X), there is a point u∈  X such that z = Fz = Au. Now we prove that Au = Gu.  
 
Now by (ii) 
 

d2(Fz, Gu ) ≤ max{φ(d2(Bz, Au)), φ(d(Bz, Fz))φ(d(Au, Gu)), φ(d(Bz, Gu))φ(d(Au, Fz)), φ(d(Bz, Fz))φ(d(Au, Fz))} 
 
                         = max{φ(d2(z, z)), φ(d(z, z))φ(d(z, Gu)), φ(d(z, Gu))φ(d(z, z)), φ(d(z, z))φ(d(z, z))} 
 
So d2(Fz, Gu) ≤ 0 implies d(z, Gu) = 0 and Gu = z, hence z = Au = Gu. Take yn = u for n ≥ 1, then Gyn → Gu = z and 
Ayn → Au = z as n→∞. Since the pair (G, A) is compatible of type (R), by proposition 2.9, we have AAu = GGu =AGu 
= GAu hence Gu = Au.  
 
Now 
   d2(z, Gz) = d2(Fz, Gz) 
 
     ≤ max{φ(d2(Bz, Az)), φ(d(Bz, Fz))φ(d(Az, Gz)), φ(d(Bz, Gz))φ(d(Az, Fz)), φ(d(Bz, Fz))φ(d(Az, Fz))} 
 
     = max{φ(d2(z, Gz)), φ(d(z, z))φ(d(Gz, Gz)), φ(d(z, Gz))φ(d(Gz, z)), φ(d(z, z))φ(d(Gz, z))} 
 
     = φ(d(z, Gz))φ(d(Gz, z)) 
 
⇒      d(Gz, z) ≤ φ(d(Gz, z)) ≤ d(Gz, z). 
 
Hence φ(d(Gz, z)) = 0 i.e. Gz = z and z = Gz = Az. So z is a common fixed point of F, A, B and G, when continuity of B 
is assumed. The proof that z is a common fixed point of F, B, A and G is similar, when any one from F, A and G is 
continuous. 
 
Now suppose that F is continuous, then F2x2n, FBx2n → Fz as n → ∞. 
 
Since the pair (F, B) is compatible of type (R) we get BFx2n → Bz and BBx2n → Fz as n→∞. 
 
Now by (ii) 
 d2(F2x2n, Gx2n+1) ≤ max{φ(d2(BFx2n, Ax2n+1)), φ(d(BFx2n, F2x2n))φ(d(Ax2n+1, Gx2n+1)), 
                             φ(d(BFx2n, Gx2n+1))φ(d(Ax2n+1, F2x2n)), φ(d(BFx2n, F2x2n))φ(d(Ax2n+1, F2x2n))} 
 
letting n→∞, using the compatible of type (R) of the pair (F, B) we get 
 
 d2(Fz, z) ≤ max{φ(d2 (Fz, z)), φ(d(Fz, Fz))φ(d(z, z)), φ(d(Fz, z))φ(d(z, Fz)), φ(d(Fz, Fz))φ(d(z, Fz))} 
 
                  = φ(d(Fz, z))φ(d(Fz, z)) 
 
i.e.  d(Fz, z) ≤ φ(d(Fz, z)) ≤ d(Fz, z). 
 
Hence φ(d(Fz, z)) = 0 i.e. Fz = z. G(X) ⊆  A(X), there is a point u ∈  X such that z = Gz = Au.  
 
Now by (ii) 
 
 d2(F2x2n, Gu) ≤ max{φ(d2(BFx2n, Au)), φ(d(BFx2n, F2x2n))φ(d(Au, Gu)), φ(d(BFx2n, Gu))φ(d(Au, F2x2n)),   
                                                  φ(d(BFx2n, F2x2n))φ(d(Au, F2x2n))} 
 
 
 
 



1M. Koireng Meitei, 2M. Popeshwar Singh* and 2Sahidur Rahman /Common Fixed Point Theorem in Metric Space Using 
Compatibility Type (R) / IJMA- 4(6), June-2013. 

© 2013, IJMA. All Rights Reserved                                                                                                                                                                         12   

 
letting n→∞, we get 
 d2(z, Gu) = d2(Fz, Gu) 
 
  ≤ max{φ(d2(z, z)), φ(d(z, z))φ(d(z, Gu)), φ(d(z, Gu))φ(d(Gu, z)), φ(d(z, z))φ(d(Gu, z)} 
 
i.e. d(z, Gu) ≤ φ(d(z, Gu)) ≤ d(z, Gu). 
 
Hence φ(d(z, Gu)) = 0 i.e. Gu = z. 
 
Let yn = u, then Gyn → Gu = z and Ayn → Au = z. Since (G, A) is compatible mappings of type (R), limn→∞ d(GAyn, 
AGyn) = 0 and limn→∞ d(GGyn, AAyn) = 0. This gives Gz = Az. 
 
Further 
 d2(Fx2n, Gz) ≤ max{φ(d2(Bx2n, Az)), φ(d(Bx2n, Fx2n))φ(d(Az, Gz)), φ(d(Bx2n, Gz))φ(d(Az, Fx2n)),  
                                                φ(d(Bx2n, Fx2n))φ(d(Az, Fx2n))} 
 
letting n→∞, we get 
 
 d2(z, Gz) ≤ max{φ(d2(z, Gz)), φ(d(z, z))φ(d(Gz, Gz)), φ(d(z, Gz))φ(d(Gz, z)), φ(d(z, z)φ(d(Gz, z))} 
 
  = φ(d(z, Gz))φ(d(z, Gz)) 
 
i.e. d(Gz, z) ≤ φ(d(Gz, z)) ≤ d(Gz, z). Hence φ(d(Gz, z)) = d(Gz, z) = 0 i.e. Gz = z. Hence z = Gz and z = Az = Gz. Since 
G(X) ⊆  B(X), There is a point v ∈  X such that z = Gz = Bv. Now 
 
 d2(Fv, z) = d2(Fv, Gz) ≤ max{φ(d2(Bv, Az)), φ(d(Bv, Fv))φ(d(Az, Gz)), φ(d(Bv, Gz))φ(d(Az, Fv)),  
                                                               φ(d(Bv, Fv))φ(d(Az, Fv))} 
 
         = max{φ(d2(z, z)), φ(d(z, Fv))φ(d(z, z)), φ(d(z, z))φ(d(z, Fv)), φ(d(z, Fv))φ(d(z, Fv))} 
 
i.e. d(Fv, z) ≤ φ(d(Fv, z)) ≤ d(Fv, z). 
 
Hence φ(d(Fv, z)) = 0 i.e. Fv = z. 
 
Thus we have d(Fv, z) = 0 and Fv = z. Take yn = v then Fyn → Fv = z, Byn → Bv = z. Since (F, B) is compatible of type 
(R), by the proposition 2.9. This implies that Fz = Bz. Hence z is a common fixed point of F, B, A and G when F is a 
continuous. The proof is similar that z is common fixed point of F, B, A and G when G is continuous. 
 
UNIQUENESS: 
Let z and w be two common fixed point of F, B, A and G, i.e. z = Fz = Bz = Gz = Az and w = Fw = Bw = Gw = Aw.  
 
From condition (ii) we have 
 
 d2(z, w) = d2(Fz, Gw) ≤ max{φ(d2(Bz, Aw)), φ(d(Bz, Fz))φ(d(Aw, Gw)), φ(d(Bz, Gw))φ(d(Aw, Fz)),  
                                                                φ(d(Bz, Fz))φ(d(Aw, Fz))} 
 
             = max{φ(d2(z, w)), φ(d(z, z))φ(d(w, w)), φ(d(z, w))φ(d(w, z)), φ(d(z, z))φ(d(w, z))} 
 
Therefore d(z, w) ≤ φ(d(z, w)) ≤ d(z, w) i.e. φ(d(z, w)) = d(z, w). Thus d(z, w) = 0 i.e. w = z.  
 
Hence the common fixed point is unique. 
 
Theorem 3.2: Suppose E, F, H, G, A and B are six self mappings of a complete metric space (X, d) into itself satisfying 
the conditions 
(i)   EF(X) ⊆  A(X), HG(X) ⊆ B(X). 
(ii)  d2(EFx, HGy) ≤ max{φ(d2(Bx, Ay)), φ(d(Bx, EFx))φ(d(Ay, HGy)), 
        φ(d(Bx, HGy))φ(d(Ay, EFx)), φ(d(Bx, EFx))φ(d(Ay, EFx))} for all x, y ∈  X. 
(iii)  φ is contractive modulus as in definition (2.4). 
(iv)  one of F, G, A and B is continuous.a nd if 
(v)   the pairs (EF, B) and (HG, A) are compatible of type (R). 
 
Then EF, HG, A and B have a unique common fixed point. 
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Proof: Let x0 in X be arbitrary. Choose a point x1 in X such that EFx0 = Ax1. This can be done since EF(X) ⊆  A(X). Let 
x2 be a point in X such that HGx1 = Ax2. This can be done since HG(X) ⊆  A(X). In general we can choose x2n, x2n+1, 
x2n+2,… such that EFx2n = Ax2n+1 and HGx2n+1 = Bx2n+2, so that we obtain a sequence 
 
  EFx0, HGx1, EFx2, HGx3,…                          (7) 
 
Similarly, to prove of theorem 3.1, we have {EFx2n} is a Cauchy sequence. Since X is complete, the sequence (7) 
converges to a limit z in X. Hence the sub-sequences {EFx2n} = {Ax2n+1} and {HGx2n-1} = {Bx2n} also converge to the 
limit point z. 
 
Suppose that the mapping B is continuous, then B2x2n → Bz and B(EF)x2n →Bz as n→∞. Since the pair (EF, B) is 
compatible of type (R) by proposition 2.10, we get EFBx2n → Bz as n→∞.  
 
Now by (vii) 
d2(EFBx2n, Gx2n+1) ≤ max{φ(d2(BBx2n, Ax2n+1)), φ(d(BBx2n, (EF)Bx2n))φ(d(Ax2n+1, HGx2n+1)), 
                                              φ(d(BBx2n, HGx2n+1))φ(d(Ax2n+1, (EF)Bx2n)), φ(d(BBx2n, (EF)Bx2n))φ(d(Ax2n+1, (EF)Bx2n))}, 
 
Letting n→∞, we get, 
 
 d2(Bz, z) ≤ max{φ(d2Bz, z)), φ(d(Bz, Bz))φ(d(z, z)), φ(d(Bz, z))φ(d(z, Bz)), φ(d(Bz, Bz))φ(d(z, Bz))} 
 
  = φ(d(Bz, z))φ(d(Bz, z)) 
 
i.e.   d(Bz, z) ≤ φ(d(Bz, z)) ≤ d(Bz, z).  
 
Hence φ(d(Bz, z)) = 0 i.e. Bz = z. 
 
Further 
 d2(EFz, HGx2n+1) ≤ max{φ(d2(Bz, Ax2n+1)), φ(d(Bz, EFz))φ(d(Ax2n+1, HGx2n+1)), 
                      φ(d(Bz, HGx2n+1))φ(d(Ax2n+1, EFz)), φ(d(Bz, EFz))φ(d(Ax2n+1, EFz))} 
 
Ax2n+1→ z, HGx2n+1→ z as n→∞ and Bz = z, so letting n→∞ we get 
 
 d2(EFz, z) ≤ max{φ(d2(z, z)), φ(d(z, EFz))φ(d(z, z)), φ(d(z, z))φ(d(z, EFz)), φ(d(z, EFz))φ(d(z, EFz))} 
 
i.e.  d(EFz, z) ≤ φ(d(EFz, z)) ≤ d(EFz, z). Hence φ(d(EFz, z)) = 0 i.e. EFz = z.  
 
Thus EFz = Bz = z. Since EF(X) ⊆  A(X), there is a point u∈  X such that z = EFz = Au. Now we prove that Au = HGu.  
 
Now by (vii) 
 d2(HFz, Gu ) ≤ max{φ(d2(Bz, Au)), φ(d(Bz, EFz))φ(d(Au, Gu)), φ(d(Bz, HGu))φ(d(Au, EFz)),  
                                                  φ(d(Bz, EFz))φ(d(Au, EFz))} 
 
         = max{φ(d2(z, z)), φ(d(z, z))φ(d(z, HGu)), φ(d(z, HGu))φ(d(z, z)), φ(d(z, z))φ(d(z, z))} 
 
so d2(EFz, HGu) ≤ 0 implies d(z, HGu) = 0 and HGu = z, hence z = Au = HGu. Take yn = u for n ≥ 1, then HGyn → 
HGu = z and Ayn → Au = z as n→∞. Since the pair (HG, A) is compatible of type (R), by proposition 2.10, we have 
AAu = (HG)(HG)u =A(HG)u = (HG)Au, hence HGu = Au.  
 
Now 
 d2(z, HGz) = d2(EFz, HGz) 
 
     ≤ max{φ(d2(Bz, Az)), φ(d(Bz, EFz))φ(d(Az, HGz)), φ(d(Bz, HGz))φ(d(Az, EFz)),  
                                              φ(d(Bz, EFz))φ(d(Az, EFz))} 
 
                           = max{φ(d2(z, HGz)), φ(d(z, z))φ(d(HGz, HGz)), φ(d(z, HGz))φ(d(HGz, z)), φ(d(z, z))φ(d(HGz, z))} 
 
     = φ(d(z, HGz))φ(d(HGz, z)) 
 
⇒          d(HGz, z) ≤ φ(d(HGz, z)) ≤ d(HGz, z). 
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Hence φ(d(HGz, z)) = 0 i.e. HGz = z and z = HGz = Az. So z is a common fixed point of EF, A, B and HG when 
continuity of B is assumed. The proof that z is a common fixed point of EF, B, A and HG is similar, when any one from 
EF or A or HG is continuous. 
 
Now suppose that EF is continuous, then EF2x2n, EFBx2n→ EFz as n→∞. Since the pair (EF, B) is compatible of type 
(R) we get BEFx2n → EFz and BBx2n → EFz as n→∞. 
 
Now by (vii) 
      d2(EF2x2n, HGx2n+1) ≤ max{φ(d2(BEFx2n, Ax2n+1)), φ(d(BEFx2n, EF2x2n))φ(d(Ax2n+1, HGx2n+1)), 
         φ(d(BEFx2n, HGx2n+1))φ(d(Ax2n+1, EF2x2n)),  φ(d(BEFx2n, EF2x2n))φ(d(Ax2n+1, EF2x2n))} 
 
letting n→∞, using the compatible of type (R) of the pair (F, B) we get 
 
d2(EFz, z) ≤ max{φ(d2(EFz, z)), φ(d(EFz, EFz))φ(d(z, z)), φ(d(EFz, z))φ(d(z, EFz)), φ(d(EFz, EFz))φ(d(z, EFz))} 
 
                 = φ(d(EFz, z))φ(d(EFz, z)) 
 
i.e.  d(EFz, z) ≤ φ(d(EFz, z)) ≤ d(EFz, z). 
 
Hence φ(d(EFz, z)) = 0 i.e. EFz = z. HG(X) ⊆  A(X), there is a point u ∈  X such that 
 
               z = HGz = Au.  
 
Now by (vii) 
 
 d2(EF2x2n, HGu) ≤ max{φ(d2(BEFx2n, Au)), φ(d(BEFx2n, EF2x2n))φ(d(Au, Gu)), 
                             φ(d(BEFx2n, Gu))φ(d(Au, EF2x2n)), φ(d(BEFx2n, EF2x2n))φ(d(Au, EF2x2n))} 
 
letting n→∞, we get 
 
 d2(z, HGu) = d2(EFz, HGu) 
 
      ≤ max{φ(d2(z, z)), φ(d(z, z))φ(d(z, HGu)), φ(d(z, HGu))φ(d(HGu, z)), φ(d(z, z))φ(d(HGu, z)} 
 
i.e. d(z, HGu) ≤ φ(d(z, HGu)) ≤ d(z, HGu). 
 
Hence φ(d(z, HGu)) = 0 i.e. HGu = z. 
 
Let yn = u, then HGyn → HGu = z and Ayn → Au = z. Since (HG, A) is compatible mappings of type (R) by 
proposition 2.10, we get  
 
  (HG)(HG)u = AAu.  This gives HGz = Az. 
 
Further 
 d2(EFx2n, HGz) ≤ max{φ(d2(Bx2n, Az)), φ(d(Bx2n, EFx2n))φ(d(Az, HGz)), 
                             φ(d(Bx2n, HGz))φ(d(Az, EFx2n)), φ(d(Bx2n, EFx2n))φ(d(Az, EFx2n))} 
 
letting n→∞, we get 
 d2(z, HGz) ≤ max{φ(d2(z, HGz)), φ(d(z, z))φ(d(HGz, HGz)) φ(d(z, HGz))φ(d(HGz, z)), φ(d(z, z)φ(d(HGz, z))} 
 
     = φ(d(z, HGz))φ(d(z, HGz)) 
 
i.e. d(HGz, z) ≤ φ(d(HGz, z)) ≤ d(HGz, z). Hence φ(d(HGz, z)) = d(HGz, z) = 0 i.e. HGz = z.  
 
Hence z = HGz and z = Az = HGz. Since HG(X) ⊆  B(X), There is a point v ∈  X such that  
 
     z = HGz = Bv.  
 
Now 
 d2(EFv, z) = d2(EFv, HGz) ≤ max{φ(d2(Bv, Az)), φ(d(Bv, EFv))φ(d(Az, Gz)), 
                                             φ(d(Bv, HGz))φ(d(Az, EFv)), φ(d(Bv, EFv))φ(d(Az, EFv))} 
       = max{φ(d2(z, z)), φ(d(z, EFv))φ(d(z, z)), φ(d(z, z))φ(d(z, EFv)), φ(d(z, EFv))φ(d(z, EFv))} 
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i.e. d(EFv, z) ≤ φ(d(EFv, z)) ≤ d(EFv, z). 
 
Hence φ(d(EFv, z)) = 0 i.e. EFv = z. 
 
Thus we have d(EFv, z) = 0 and EFv = z. Take yn = v then EFyn → EFv = z, Byn → Bv = z. Since (EF, B) is compatible 
of type (R), by the proposition 2.10. This implies that Fz = Bz. Hence z is a common fixed point of EF, B, A and HG 
when EF is a continuous. The proof is similar that z is common fixed point of EF, B, A and HG when HG is 
continuous. 
 
UNIQUENESS: 
Let z and w be two common fixed point of EF, B, A and HG, i.e. z = EFz = Bz = HGz = Az and w = EFw = Bw = HGw = 
Aw.  
 
From condition (vii) we have 
 
 d2(z, w) = d2(EFz, HGw) ≤ max{φ(d2(Bz, Aw)), φ(d(Bz, EFz))φ(d(Aw, HGw)), 
                                           φ(d(Bz, HGw))φ(d(Aw, EFz)), φ(d(Bz, EFz))φ(d(Aw, EFz))} 
 
  = max{φ(d2(z, w)), φ(d(z, z))φ(d(w, w)), φ(d(z, w))φ(d(w, z)), φ(d(z, z))φ(d(w, z))} 
 
Therefore d(z, w) ≤ φ(d(z, w)) ≤ d(z, w) i.e. φ(d(z, w)) = d(z, w). Thus d(z, w) = 0 i.e. w = z.  
 
Hence the common fixed point is unique. 
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