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ABSTRACT

In this paper, we study the concept of compatible mappings of type (R) and discuss some common fixed point theorem
for four and six compatible mappings of type (R) satisfying contractive conditions.
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1. INTRODUCTION

Gerald Jungck [2] introduced the concept of compatible mappings by a generalization commuting mappings. Also he
shows that weak commuting mappings are compatible mappings but converse need not hold. Pathak, Chang and Cho
[5] introduced the concept of a new type of compatible mappings called compatible type of (P). Further, Rohen, Singh
and Shambhu [6] introduced the concept of a new type of compatible mappings called compatible type of (R) by
combining the concept of compatible and compatible mappings of type (P).

In this paper, we establish the existence of unique common fixed point of four and six self mappings through
compatibility of type (R). Our results generalize, extend and modify some earlier result [7, 8].

2. PRELIMINARIES
Definition 2.1 Self mappings A and B of a metric space (X, d) are said to be weakly commuting pair if, for all x € X
d(ABx, BAX) <d(Ax, Bx).

Definition 2.2: Self mappings A and B of a metric space (X, d) are said to be compatible if, for all x € X limd (ABx,,

n—o

BAX,) = 0 whenever {x,} is a sequence in X and such that lim Ax, = lim Bx, =t for some te X.

n—o n—o

Definition 2.3: Self mappings A and B of a metric space (X, d) are said to be compatible of type (A) if, for all x € X
lim d(ABx,, BBx,) = 0and lim d(BAx,, AAx,) =0
n—o0

n—oo

whenever {x,} is a sequence in X and such that lim Ax, = lim Bx, = t for some t € X.

n—oo n—oo
Definition 2.4: Self mappings A and B of a metric space (X, d) are said to be compatible of type (P) if, for all x € X
lim d(AAXx,, BBx,) = 0 whenever {x,} is a sequence in X and such that lim Ax, = lim Bx, = t for some te X,

n—oo n—o0 nN—oo

Definition 2.5: Let S and T be mappings from a metric space X into itself. The mapping S and T are said to be
compatible of type (R) if

limd(STx,,TSx,) =0and limd(SSx,,TTx,) =0

n—o0 N—o0

whenever{X, }is a sequence in X such that lim Sx, = limTx, =t for some tin X.

n—o0 n—oo
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Definition 2.6: Self mappings A and B of a metric space (X, d) are said to be weakly compatible if they commute at
their coincidence points.

Definition 2.7: Two self mappings A and B of a set X are occasionally weakly compatible if and only if there is a point
t in X which is a coincidence point of A and B at which A and B commute.

Definition 2.8: A function ¢: [0, ©) — [0, o) is said to be a contractive modulus if ¢(0) = 0 and ¢(t) <t for t > 0.

Definition 2.9: A real valued function ¢ defined on X < R is said to be upper semi continuous if 1im ¢(t,) < ¢(t), for
nN—o0

every sequence {t,} in X with t, — t as n—-co.

Rohen, Singh and Shambhu [6] prove the following propositions.

Proposition 2.9: Let S and T be mappings from a complete metric space (X, d) into itself. If a pair {S, T} is compatible
of type (R) on X and Sz = Tz for z € X, then

STz =TSz =SSz =TTz.
Proposition 2.10: Let S and T be mappings from a complete metric space (X, d) into itself. If a pair {S, T} is

compatible of type (R) on X and lim Sx, = lim Tx, =z for some z € X, then we have

n—o n—oo
(i) d(TSx,, Sz) -0 as n — «if Sis continuous,
(ii) d(STxn, Tz) = 0as n —oo if T is continuous and
(iii) STz=TSz and Sz=Tz if Sand T are continuous at z.

3. MAIN RESULTS

Theorem 3.1: Suppose F, G, A and B are four self mappings of a complete metric space (X, d) into itself satisfying the
conditions

() F(X) < AX), G(X) =B(X).

(ii) d*(Fx, Gy) <max{p(d*(Bx, Ay)), p(d(Bx, FX))p(d(Ay, Gy)),
p(d(Bx, GY))p(d(Ay, FX)), o(d(Bx, FX))e(d(Ay, Fx))}Hor all x,y € X.

(iii) ¢ is contractive modulus as in definition (2.8).
(iv) one of F, G, A and B is continuous. and if
(v) the pairs (F, B) and (G, A) are compatible of type (R).
Then F, G, A and B have a unique common fixed point.
Proof: Let xo be an arbitrary point in X. Choose a point x; in X such that Fxo = Ax;. Let x, be another point in X such
that Gx; = Ax,. In general we can choose Xan, Xon+1, Xons2,--- SUCh that FXp, = AXoneg @Nd GXanig = BXons, SO that we obtain
a sequence

FXo, GXy, FXy, GXg, ... 1)
By (ii), we have

d*(FXan G Xans1) < Max{p(d*(BXzn, FXan)), ¢(d(BXan, FXan))@(d(AXans1, GXans1)),
@(d(BXan, GXant1))9(d(AXans1, FXan)), @(d(BXan, FXan))@(d(AXans1, FXon))}

= d(FXan, GXane1) < @(d(FXzn, GXan1)) < d(FXan, GXan.1). ®)
By similar procedure we can prove that

d(FXon, GXon-1) < d(FXan-2, GXon-1)-
Therefore the sequence {d(Fx,,, Gxan+1)} iS non decreasing and hence convergent, say converges to some real number

c. Since ¢ is contractive modulus and letting n—o0, we get ¢ < ¢(c) <c and so ¢ = 0. To show that the sequence (1) is
Cauchy, it is sufficient to show that {Fx,} is Cauchy sequence. Suppose it is not so, hence there exist & >0and a
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sequence of integers {m(k)} and {n(k)} with m(k) > n(k) > k such that d(FXomw, FXzngy) > & . Let m be the smallest
integer greater than n(k) such that d(Fxom, FXon) > & and d(FXom.2, FXon) < & . Therefore

& < d(FXam, FXan)
< d(FXam, FXzm-1) + d(FXam.1, FXom-2) + d(FXam-2, FXan)
< d(FXom, FXom-1) + d(FXom, FXom2) + €
Letting k—oo, we get

Ii{n d(FXom, FXon) = €. 3

Also we have
d(FXZm’ FXZn) < d(FXZm: TX2n+1) + d(FXZm TX2n+1) (4)

Using condition (ii), we have

d°(FXan, G Xane1) < Max{p(d*(BXan, FXan)), @(d(BXan, FX20))@(d(AXans1, GXane1)),
@(d(BXan, GXant1))@(d(AXans1, FXan)), @(d(BXan, FXan))@(d(AXans1, FXon))}

= max{p(d*(GXan-1, FXan)), ¢(d(GXan-1, FXan))p(A(FXan, GXoner)),
@(d(GXan.1, GXan+1))@(d(FXan, FXan)), 9(d(GXan-1, FX2n))@(d(FXan, FXan))}

= max{p(d*(GXzn-1, FX2n)), @(d(GXan1, FXon))@(d(FXon, GXonea)} ®)

Also we have
d(GXzn-1, GXane1) < d(GXzn1, FXanz2) + d(FXan2, FX2n)+ d(FXan, GXane1) (6)

Using (2), (5) and letting k—oo, inequality (4) gives
Il{n d(FXZn, GX2n+1) <¢&.

Consequently (2) gives that
& = Iikm d(FXom, FXon) < &

which is a contradiction. Hence {Fx,,} is a Cauchy sequence and consequently the sequence (1) is a Cauchy. Since X is
complete, the sequence (1) converges to a limit z in X. Hence the sub-sequences {Fxsn} = {AXon+1} and {Gxon1} =
{Bx,} also converge to the limit point z.
Suppose that the mapping B is continuous, then

B2X,, — Bz and BFx,, —Bz as n—o.
Since the pair (F, B) is compatible of type (R) by proposition 2.10, we get

FBX,, — Bz as n—o.

Now by (ii)

dz(FBXZna GXone1) < max{(ﬂ(dz(BBXZna AXon+1)), (d(BBXan, FBX2n))@(d(AXon+1, GXan1)),
@(d(BBXzn, GXon+1))@(d(AXzns1, FBX2n)), 0(d(BBXan, FBX2n))@(d(AXzn+1, FBX2n))}

Letting n—oo, we get,

dz(Bz, 7) < max{q)(dsz, 2)), p(d(Bz, B2)) ¢(d(z, 2)), ¢(d(Bz, 2)) ¢(d(z, Bz)),
¢(d(Bz, B2)), ¢(d(z, Bz))}

= ¢(d(Bz, 2))¢(d(Bz, 2))
i.e. d(Bz, z) <¢(d(Bz, z)) <d(Bz, z). Hence ¢(d(Bz, z)) =0 i.e. Bz =z

© 2013, IJMA. All Rights Reserved 10
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Further
d*(Fz, GXane1) < Max{p(d*(Bz, AXzns1)), 9(d(BZ, F2))¢(d(AXzns1, GXons1)),
9(d(Bz, GXan+1))9(d(AXans1, F2)), 9(d(Bz, F2))p(d(AXansa, F2))}

AXop+1— Z, GXont1— Z @S N—o0 and Bz =z, so letting n—oo we get
d*(Fz, 2) <max{p(d*(z, 2)), p(d(z, F2))p(d(z, 2)), p(d(z 2)e(d(z, F2)), 9(d(z, F2))e(d(z, F2))}
ie.  d(Fz 2) <g(d(Fz 2)) <d(Fz, 2). Hence p(d(Fz, 2)) =0 i.e. Fz=z Thus Fz=Bz =z
Since F(X) C A(X), there is a point u€ X such that z = Fz = Au. Now we prove that Au = Gu.
Now by (ii)
d*(Fz, Gu ) < max{p(d*(Bz, Au)), p(d(Bz, F2))p(d(Au, Gu)), p(d(Bz, Gu))p(d(Au, F2)), ¢(d(Bz, Fz))p(d(Au, F2))}
= max{p(d*(z, 2)), p(d(z, 2))p(d(z, Gu)), p(d(z, GU)e(d(z, 2)), ¢(d(z, 2))e(d( 2))}
So d?(Fz, Gu) <0 implies d(z, Gu) = 0 and Gu = z, hence z = Au = Gu. Take yn = u for n > 1, then Gyn — Gu =z and

Ayn — Au = z as h—oo. Since the pair (G, A) is compatible of type (R), by proposition 2.9, we have AAu = GGu =AGu
= GAu hence Gu = Au.

Now
d*(z, Gz) = d*(Fz, G2)
< max{p(d*(Bz, A2)), p(d(Bz, F2))p(d(Az, G2)), p(d(Bz, G2))p(d(Az, F2)), p(d(Bz, F2))p(d(Az, F2))}
= max{p(d*(z, G2)), p(d(z, 2))p(d(Gz, G2)), p(d(z, G2))p(d(Gz, 2)), p(d(z, 2))p(d(Gz, 2))}
= p(d(z, G2))p(d(Gz, 7))
= d(Gz, 2) < 9(d(Gz, 7)) <d(Gz, 2).

Hence ¢(d(Gz, 2)) =0i.e. Gz =z and z = Gz = Az. So z is a common fixed point of F, A, B and G, when continuity of B
is assumed. The proof that z is a common fixed point of F, B, A and G is similar, when any one from F, A and G is
continuous.
Now suppose that F is continuous, then F?Xy,, FBXo, — Fz as n — oo.
Since the pair (F, B) is compatible of type (R) we get BFx,, — Bz and BBX,, — Fz as n—oo.
Now by (ii)

dz(FZXZna GXone1) < max{(ﬂ(dz(BFXZna AXzn+1)), @(d(BFXan, ijzn))¢(d(AX2n+1a G);2n+1))a )

@(d(BFXan, GXon+1))0(d(AXan+1, FX2n)), @(d(BFXan, FX2n))@(d(AXzn+1, FX2n))}

letting n—o0, using the compatible of type (R) of the pair (F, B) we get

d*(Fz, 2) < max{p(d” (Fz, 2)), p(d(Fz, F2))p(d(z, 2)), p(d(Fz, 2))p(d(z, F2)), p(d(Fz, F2))p(d(z, F2))}

= o(d(Fz, 2))¢(d(Fz, 2))

ie. d(Fz, z) < p(d(Fz, 2)) <d(Fz, 2).
Hence ¢(d(Fz, 2)) = 0i.e. Fz=z. G(X) < A(X), there isa pointu € X such that z = Gz = Au.
Now by (ii)

d?(F?an, GU) < max{p(d*(BFXan, Au)), ¢(d(BFXan, FX2n))p(d(Au, GU)), ¢(d(BFxzn, GU))p(d(Au, FXay)),
o(d(BFXan, FXan))p(d(AU, F2Xn))}
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letting n—o0, we get
d(z, Gu) = d*(Fz, Gu)

< max{p(d’(z, 2)), p(d(z, 2))p(d(z, GU)), p(d(z, GU))p(d(GU, 2)), p(d(z, 2))p(d(Gu, 2)}
i.e. d(z, Gu) < ¢(d(z, Gu)) <d(z, Gu).
Hence ¢(d(z, Gu)) =0i.e. Gu=1z.

Let yn = u, then Gyn — Gu =z and Ayn — Au = z. Since (G, A) is compatible mappings of type (R), limn—oo d(GAyn,
AGyn) =0 and limn—co d(GGyn, AAyn) = 0. This gives Gz = Az.

Further
d*(Fxan, Gz) < max{p(d*(BXan, AZ)), ¢(d(BXzn, FXan))p(d(Az, G2)), p(d(BXan, G2))p(d(Az, Fxan)),
@(d(BXan, FXan))e(d(Az, FX2n))}

letting n—o0, we get
d*(z, G2) < max{p(d’(z, G2)), p(d(z, 2))p(d(Gz, G2)), p(d(z, G2))p(d(Gz, 2), p(d(z, 2)p(d(Gz, 2))}

= ¢(d(z, G2))p(d(z, G2))

i.e. d(Gz, z) < p(d(Gz, z)) £d(Gz, z). Hence ¢(d(Gz, z)) =d(Gz, z) =0 i.e. Gz = z. Hence z = Gz and z = Az = Gz. Since
G(X) < B(X), There isa pointv € X such that z= Gz = Bv. Now

d?(Fv, ) = d(Fv, Gz) < max{p(d*(Bv, Az)), o(d(Bv, Fv))p(d(Az, Gz)), o(d(Bv, Gz))p(d(Az, FV)),
p(d(Bv, Fv))p(d(Az, Fv))}

= max{p(d*(z, 2)), (d(z, FV)e(d(z 2)), p(d(z, 2))p(d(z, FV)), (d(z Fv))e(d(z, Fv))}
ie.  d(Fv,2) <p(d(Fv, 2)) <d(Fv, 2).
Hence p(d(Fv, z)) =0 i.e. Fv =z
Thus we have d(Fv, z) = 0 and Fv = z. Take yn = v then Fyn — Fv =z, Byn — Bv = z. Since (F, B) is compatible of type

(R), by the proposition 2.9. This implies that Fz = Bz. Hence z is a common fixed point of F, B, A and G when F is a
continuous. The proof is similar that z is common fixed point of F, B, A and G when G is continuous.

UNIQUENESS:
Let z and w be two common fixed point of F, B, Aand G, i.e.z=Fz=Bz =Gz = Azand w = Fw = Bw = Gw = Aw.

From condition (ii) we have

d?(z, w) = d*(Fz, Gw) < max{p(d*(Bz, Aw)), p(d(Bz, Fz))p(d(Aw, Gw)), ¢(d(Bz, Gw))e(d(Aw, Fz)),
¢(d(Bz, F2))p(d(Aw, F2))}

= max{p(d*(z, W)), p(d(z, 2))p(d(w, W), p(d(z, W))e(dW, 2)), p(d(z, 2))p(d(W, 2))}
Therefore d(z, w) <e(d(z, w)) <d(z, w) i.e. p(d(z, w)) = d(z, w). Thus d(z, w) =0 i.e. w =z
Hence the common fixed point is unique.

Theorem 3.2: Suppose E, F, H, G, A and B are six self mappings of a complete metric space (X, d) into itself satisfying
the conditions
(i) EF(X) < A(X), HG(X) < B(X).
(i) d*(EFx, HGy) < max{p(d*(Bx, Ay)), p(d(Bx, EFX))p(d(Ay, HGY)),
o(d(Bx, HGY))p(d(Ay, EFX)), o(d(Bx, EFX))e(d(Ay, EFX))}forall x,y € X.
(iii) ¢ is contractive modulus as in definition (2.4).
(iv) one of F, G, A and B is continuous.a nd if
(v) the pairs (EF, B) and (HG, A) are compatible of type (R).

Then EF, HG, A and B have a unique common fixed point.
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Proof: Let xq in X be arbitrary. Choose a point x; in X such that EFx, = Ax;. This can be done since EF(X) < A(X). Let
X, be a point in X such that HGx; = Ax,. This can be done since HG(X) < A(X). In general we can choose Xz, Xone+1,
Xan+2,--- SUCh that EFXon = AXoneg and HGXgn+1 = BXaneo, SO that we obtain a sequence

EFxq, HGX;, EFXy, HGXg,... )
Similarly, to prove of theorem 3.1, we have {EFx,,} is a Cauchy sequence. Since X is complete, the sequence (7)
converges to a limit z in X. Hence the sub-sequences {EFxs,} = {AxXan+1} and {HGxz,.1} = {BX,,} also converge to the

limit point z.

Suppose that the mapping B is continuous, then B*,, — Bz and B(EF)x,, —Bz as n—o. Since the pair (EF, B) is
compatible of type (R) by proposition 2.10, we get EFBX,, — Bz as n—o.

(,;lz(zévaByxg,ii()sxzm) < max{p(d*(BBXzn, AXons1)), ¢(d(BBXzn, (EF)BXan))@(d(AXons1, HGXon41)),
9(d(BBXzn, HGXzn41))¢(d(AXan+1, (EF)BXan)), ¢(d(BBXzn, (EF)BX20))¢(d(Axan+a, (EF)BXan))},
Letting n—oo, We get,
d*(Bz, 2) < max{p(d’Bz, 2)), p(d(Bz, B2))p(d(z, 2)), ¢(d(Bz, 2))p(d(z, B2)), p(d(Bz, Bz))e(d(z, B2))}
= ¢(d(Bz, 2))p(d(Bz, 7))
i.e. d(Bz, z) < ¢(d(Bz, 2)) <d(Bz, 2).
Hence ¢(d(Bz, z)) =0 i.e. Bz =z
Further
d*(EFz, HGXan11) < max{p(d*(Bz, Axan+1)), 9(d(Bz, EFZ))p(d(AXzn+1, HGXan41)),
9(d(Bz, HGXan+1))e(d(AXon+1, EFZ)), 9(d(Bz, EFZ))e(d(AXzn+1, EFZ))}
AXon+1— Z, HGXone1— Z @S N—o0 and Bz = z, so letting n—oo we get
d*(EFz, 2) <max{p(d*(z, 2)), (d(z, EF2))p(d(z, 2)), ¢(d(z, 2))p(d(z EF2)), p(d(z, EF2))p(d(z, EF2))}
ie.  d(EFz z) <¢(d(EFz, 2)) <d(EFz, z). Hence ¢(d(EFz,2)) = O i.e. EFz=z.
Thus EFz = Bz = z. Since EF(X) < A(X), there is a point u€ X such that z = EFz = Au. Now we prove that Au = HGu.

Now by (vii)
d?(HFz, Gu) < max{p(d*(Bz, Au)), ¢(d(Bz, EFz))p(d(Au, Gu)), ¢(d(Bz, HGu))p(d(Au, EFz)),
o(d(Bz, EF2))e(d(Au, EF2))}

= max{p(d*(z, 2)), p(d(z, 2))p(d(z, HGW)), p(d(z, HGW)e(d(z, 2)), ¢(d(z, 2))p(d( 2))}
so d*(EFz, HGu) < 0 implies d(z, HGu) = 0 and HGu = z, hence z = Au = HGu. Take yn = u for n > 1, then HGyn —
HGu =z and Ayn — Au = 7 as n—oo. Since the pair (HG, A) is compatible of type (R), by proposition 2.10, we have
AAu = (HG)(HG)u =A(HG)u = (HG)Au, hence HGu = Au.

Now
d(z, HGz) = d*(EFz, HGZ)

< max{p(d*(Bz, Az)), ¢(d(Bz, EFz))p(d(Az, HGZ)), ¢(d(Bz, HGZ))p(d(Az, EFZ)),
o(d(Bz, EF2))p(d(Az, EF2))}

= max{p(d*(z, HG2)), ¢(d(z, 2))p(d(HGz, HG2)), p(d(z, HG2))p(d(HGzZ, 2)), ¢(d(z, 2))¢(d(HGz, 2))}
= ¢(d(z, HG2))p(d(HGz, 2))

= d(HGz, z) < p(d(HGz, 2)) <d(HGz, 2).
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Hence ¢(d(HGz, z)) = 0 i.e. HGz = z and z = HGz = Az. So z is a common fixed point of EF, A, B and HG when
continuity of B is assumed. The proof that z is a common fixed point of EF, B, A and HG is similar, when any one from
EF or A or HG is continuous.

Now suppose that EF is continuous, then EF?X,n,, EFBXx,n— EFz as n—oo. Since the pair (EF, B) is compatible of type
(R) we get BEFx,, — EFz and BBxy, — EFz as n—oo.

Now by (vii)
d*(EF*X2n, HGXan1) < Max{p(d*(BEFXan, AXan+1)), @(d(BEFXzn, EF*Xan))@(d(AXan+1, HGXans1)),
@(d(BEFXzn, HGXz041))0(d(AXans1, EFX20)), 0(d(BEFXzn, EFX2n))p(d(AXans1, EF?%20))}
letting n—oo0, using the compatible of type (R) of the pair (F, B) we get
dX(EFz, 2) < max{p(d*(EFz, z)), (d(EFz, EF2))p(d(z, 2)), ¢(d(EFz, 2))p(d(z, EF2)), p(d(EFz, EF2))e(d(z, EFz))}
= p(d(EFz, 2))p(d(EFz, 2))
i.e. d(EFz, 2) <¢(d(EFz, 2)) <d(EFz, 2).
Hence ¢(d(EFz, z)) =0 i.e. EFz = z. HG(X) < A(X), there is a point u € X such that
z=HGz = Au.
Now by (vii)

d2(EF%gn, HGU) < max{ep(d*(BEFXzn, Au)), ¢(d(BEFXz,, EF?X2n))e(d(Au, Gu)),
P(d(BEFXzn, GU))p(d(Au, EF*Xzn)), p(d(BEFXzn, EF*Xan))p(d(Au, EF?X20))}

letting n—oo, we get
d(z, HGu) = d*(EFz, HGU)
< max{p(d’(z, 2)), p(d(z, 2))p(d(z, HGU)), (d(z, HGU))p(d(HGU, 2)), p(d(z, 2))p(d(HGU, 2)}
ie.  d(z HGU) <¢(d(z, HGU)) <d(z, HGU).
Hence ¢(d(z, HGu)) =0 i.e. HGu = z.

Let yn = u, then HGyn — HGu = z and Ayn — Au = z. Since (HG, A) is compatible mappings of type (R) by
proposition 2.10, we get

(HG)(HG)u = AAu. This gives HGz = Az.
Further
dA(EFXon, HGZ) < max{p(d?(BXan, AZ)), ¢(d(BXzn, EFXon))p(d(Az, HGZ)),
@(d(BXzn, HGZ))p(d(Az, EFX2n)), 9(d(BXzn, EFXan))p(d(Az, EFX2n))}

letting n—o0, we get
d?(z, HGz) < max{p(d*(z, HGZ)), ¢(d(z, 2))p(d(HGz, HGZ)) ¢(d(z, HGZ))p(d(HGz, 2)), ¢(d(z, z)p(d(HGz, 2))}

= ¢(d(z, HG2))p(d(z, HGZ))
i.e. d(HGz, z) < ¢(d(HGz, z)) <d(HGz, z). Hence ¢(d(HGz, z)) =d(HGz,z) =0 i.e. HGz = z.
Hence z = HGz and z = Az = HGz. Since HG(X) < B(X), There is a pointv € X such that
z=HGz =Buv.
Now
d*(EFv, z) = d(EFv, HGz) <max{p(d*(Bv, Az)), p(d(Bv, EFV))p(d(Az, Gz)),

o(d(Bv, HG2))p(d(Az, EFV)), p(d(Bv, EFv))p(d(Az, EFV))}
= max{p(d*(z, 2)), p(d(z, EFV))p(d(z, 2)), 9(d(z, 2))p(d(z, EFV)), p(d(z, EFV))p(d(z, EFV))}
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ie. d(EFv, 2) < p(d(EFv, 2)) <d(EFv, 2).

Hence ¢(d(EFv, 2)) =0i.e. EFv =1z

Thus we have d(EFv, z) =0 and EFv = z. Take yn = v then EFyn — EFv =z, Byn — Bv = z. Since (EF, B) is compatible
of type (R), by the proposition 2.10. This implies that Fz = Bz. Hence z is a common fixed point of EF, B, A and HG
when EF is a continuous. The proof is similar that z is common fixed point of EF, B, A and HG when HG is
continuous.

UNIQUENESS:

Let z and w be two common fixed point of EF, B, A and HG, i.e. z=EFz=Bz=HGz = Az and w = EFw = Bw = HGw =
Aw.

From condition (vii) we have

d?(z, w) = d*(EFz, HGw) < max{p(d*(Bz, Aw)), ¢(d(Bz, EFz))p(d(Aw, HGw)),
o(d(Bz, HGwW))p(d(Aw, EFZ)), ¢(d(Bz, EFz))p(d(Aw, EF2))}

= max{p(d*(z, W), p(d(z, 2))p(d(W, W), p(d(z, W))p(d(W, 2)), p(d(z, 2))p(dW, 2))}
Therefore d(z, w) < ¢(d(z, w)) <d(z, w) i.e. p(d(z, w)) = d(z, w). Thus d(z, w) =0 i.e. w =z
Hence the common fixed point is unique.
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