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ABSTRACT

In this paper, a new theorem on the degree of approximation of function belonging to the class W(L",&(t)) class by
Euler and Matrix (E, q)A-product means of the Fourier series has been established.
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1. INTRODUCTION

The degree of approximation belonging to Lipa, Lip(a, p), Lip (§(t),).p) and W (L,,(t)()) classes by using Cesaro,
Norlund and generalized Norlund summability methods has been discussed number of researchers like chandra [1],
Holland, [3], Holland and Sahney [4], Khan [5], Qureshi [8]. Thereafter Lal and Kushwaha[6] discussed the degree of
approximation of Lipschitz Function by (C,1)(E, q) product Summability methods. Recently Padhy et al. [7] discussed
the degree of approximation of Fourier series by the product means (E, g)A. The Weighted W(L",£(t)) class is the
generalization of Lip «, Lip(a,r) and Lip(&(t),r). Therefore, In the present paper, a new theorem on the degree of
approximation of a functions belonging to the W(L', &(t)) class by (E, q)A -Product means of Fourier series .our
theorem extands the result of Padhy et al. [7] on degree of approximation of Fourier by the product means (E, q)A.

2. DEFINITION AND NOTATION

Let f (x) be a 27n- periodic function and integrable in the Lebesgue sense. The Fourier series f (X) is given by

f(x)~ %ao +i(an cos nx +h, sin nx)zgﬁh(x)

n=1 (21)
with n™ partial sum s, (f; ).
A function f € Lip o, if
f(x+t) = f()=0( |t["), for O<a <1 2.2)
A function f (x) € Lip (o, 1), for 0 < x < 27 if
1
2r T
(j|f(x+t)—f(x)|“dx] =0(|t]*),0<a<l,rx1 2.3)
0
Given a positive increasing function &(t) and integer r =1, f € Lip (§(t), r), if
1
2z T
(“ f(x+t)—f(x)|rde =0(£&(t)) (2.4)
0
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and fe W(L" (1)) if
1r

T\{f(xn)—f(x) jsin” x| dx | =O(&(t)), #20 (2.5)

In case B=0, W(L",E(t)) class reduces to the Lip (§(t),r) class and if £(t)=t*, then Lip (&(t),r) class reduces to the Lip
(o,r) class and if r—oo then Lip (o) class reduces to the Lip o class. We observe that

Lipa c Lip(a,r) < Lip (&(t),r) cW (L', &(t)) for O<a <1, r>1. L,- norm is defined by

o Ur
| f ||r=[ f | f(0 | dxj o r>1 (2.6)

0
L..-norm of a function f: R—R is defined by

I fl=sup{lf(x):xeR] 2.7)

The degree of approximation of a function f: R — R by trigonometric polynomials t, of order n is defined by zygmund
[11]

It,—f [, = Sup {|t, ()~ f(x)|:xeR} (2.8)
LetZ:un be a given infinite series with the sequence of its n" partial sums {s,} and A = (a,,) be infinite matrix

n=0
satisfying Toeplitz [10] conditions of regularity, i.e.

lima,, =0 (2.9)
m-—oo
lim Y2, =1
n=0 (2.10)
sup Y [a,,|<M,
m n=0 where M is constant. (2.11)

Then the sequence-to-sequence transformation
n

t =Ya_ s (2.12)

n mv Sv
v=0

Defines the sequence {t,} of matrix A- mean of a sequence {s,} generated by the sequence of coefficients (an,). The

seriesZ:un is said to be A-summable to the sum s by matrix method if limit of t , is exists and is equal to s
n=0
(Zygmund [11] ) and we write t,— S, as n—oo.

The sequence-to-sequence transformation (Hardy [2]),

1 : n n-v
>()ams,

" @L+a)" = (2.13)

Defines the sequence {T,} of the (E, g) means of the sequence {s,}-

If T,— sasn— oo, then the series ZUH is said to be (E, q) summable to the sum s.
n=0

Cleary (E, g) method is regular.
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The (E, q) transform of the A- transform of {s,} is defined by

f =3 (1) a,

1+9)" =
1
Tn_(lJr—q)”kZ_(;( ) {zaku u} (2.14)

If1,—> sasn — oo, then the seriesz U, is said to be (E, g) A- summable to the sum s. we use the following notations:
n=0

(i) o(t)=f(x+t)+f(x—t)-2f(x)
. 1
Zn:( ) ) S|n(u+2jt

(ii) K, () = 27[(1+ )" ; Sin%

3. KNOWN THEOREM

Dealing with the degree of approximation by the product mean (E,q)A of Fourier series, Padhy et al. [7] proved the
following theorem:

Theorem 3.1: Let A= (8mn)wxo D€ @ regular matrix. If f is a 2 n— periodic function of class Lipa, then the degree of
approximation by the product (E, q)A- summability means of its Fourier series is given by

lo,—f] =0| —1 | o<a<1
" n+1)
where rn:—l ni(ﬂ)q"k{zk:akusu}.
(1+q) k=0 v=0

4. MAIN THEOREM
In this paper our aim is to generalize the above result of Padhy et al. [7], In fact, we prove the following theorem:

Let A=(an,) be an infinite matrix. If f is a 2z- periodic, Lebesgue integrable function, belongs to W(L', &(t)) class,
r >1, then the degree of approximation by product (E, g)A-summability means of its Fourier series (2.1) is given by

1
- t()], = { n+1)’ g[—ﬂ
7, 1)), = L "

Provided &(t) satisfies the following conditions:

{@} be a decreasing sequence, 7
o Ur

n+1 '

i (M] sin’" t dit =O(LJ

I e n+1 (4.3)
and

Ur

(-6 '

([ o -otem

ﬁ (4.4)
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1 1
where & is an arbitrary number such that s (1-5) - 1 >0, —+— =1 Such that 1< r <o, Conditions (4.3) and (4.4)
r s

holds uniformly in x .

5. Lemmas: For the proof of our theorem, we required following lemmas:

Lemma 5.1: ‘ K, (t)‘:O(n+1); for 0<t<ﬁ
+

1 . :
Proof: For OStSm' we have SINnNt<nsint pen

: 1
1K, 0)1= S()a{Ya (—2}

27r(1+q) s ~ & eint/2
1 oy & (o+Dsin't
ST (k)q “ Zaku#
27[(1+q) k=0 v=0 Sin 2
<; \ (n)an(2k+1){ia }
_272'(1+C])n k=0 ‘ om0 kv
M©2N+1) | <5 (n) 2 nk
<=7
22(1+q)° Q(k)q
=0(n+1).

This complete proof of the lemma (5.1).

Lemma55: K, (t) |= O(lj, fOI’L <t<r.
t n+1

Proof: Forilstsfz,wehave by Jordans Lemma, sin(%jzl, sinnt <1,then,
n+ Vs

K, Ol 2 () iaM

27(1+q)" || = — sint/2
1 $ n n-k ‘ 1
< a,
27[(l+q)n ;)(k)q ; %Z-
V4

“27t(+q)
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i

This complete proof of the lemma (5.2).
6. PROOF OF THE MAIN THEOREM

Following Titchmarsh [9] and using Riemann-Lebesgue theorem, that the n™ partial sum s, of Fourier series (2.1) at t=x
may be written as :

sinf n+— |t
snf;x—fx—iﬂ ( 2jd
(f;%)-f(x) ﬁ{(/ﬁ(t)wt

Therefore, the A-transform of s,( f; X) is given by

B sm(k+ j
tn—f(x)_gl kz(;a”k‘(_rsm/

Now denoting (E, q)A- transform of sp( f ; x) by 1,, we have

| . Sln(u+2jt
fn—f(x)=ﬂ—j¢(t) ()" 1> a,, dt

k=0 v=0 sin t2

=l +1,. (say) (6.1)

We consider
1
n+1

1< j|¢(t)||K(t)|dt

Now using Hoélder’s inequality and the fact that ¢(t) € W(L',(t)), condition(4.3), Lemma(5.1) and second mean value

theorem for integrals,we have
1/r /s

i tlg(t)|sin”t]” He@K, (t)|
1= -([{ £(t) }dt l‘{ tsin’ t
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| s 1/s

_of 1) [+
-0 )| T 250

0

1 1/s

1Y% dt 1
:O{é(mj} !W for some O<e<m

= O{(n + l)ﬂ% & [ﬁﬂ ;  Sincer'+st =1 (6.2)

Now using Hdlder’s inequality, sin & (2t/m) , condition (4.2), (4.4), lemma (5.2) and second mean value theorem for
integrals, we have

s

1< [[#@)]| Ko@) |t

n+l1
1

1< j[”lqﬁ(t)lsinﬂtJ it T(f(t)lKn(t)lj it

i £(t) t<sin’t

1 1
n+l1 n+l1

Il
(@]
—_——~—
—_
>
+
H
N—
8%
—_——
N [pe—7F
+
iy
T/
< |+
N—
o
<
w
7\
©
[
=
—
Il
N—

_dy

- o{ (n +1)’”% g(ij }
n+1 since r+s?=1 (6.3)

At last, combining (6.1),(6.2) and (6.3), we have
sl 1
—f(x)|=0 ) rEl—
7= 1) {<n+> 5(n+1ﬂ
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Using the L;-norm, we get

2 r

|z, - T = j|rn—f(x)| dx | (1< <o)

7~ 1] = O[(n +1)ﬂ+i§(ﬁﬂ,1 <r<e

This completes the proof of the our theorem.

7. APPLICATIONS

The following corollaries can be derived from the theorem:

Corollary 7.1: If =0 and §(t)=1",0 <a < 1, then the W (A”,&(7)) class, r > 1, reduces to Lip(a.,r) class and the degree
1

of approximation of a function f (x) 2n- periodic function f € Lip(a,r), — <a < 1isgiven by
r

1
a—l
(n + 1)

Corollary7.2: If r—> in corollary 7.1, for O<a<I,then the Lip(a, r) class reduces to Lip o class and the degree of
approximation of a function f (x) , 2x- periodic function f € Lip a, 0<a <1 is given by

1
Hrn—f(x)uw:o W , O<a<l.

[z~ f()], =0
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