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ABSTRACT 
In this paper, a new theorem on the degree of approximation of function belonging to the class W(Lr,ξ(t)) class by 
Euler and Matrix (E, q)A-product means of the Fourier series has been established. 
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1. INTRODUCTION 
 
The degree of approximation  belonging  to Lipα, Lip(α, p), Lip (ξ(t),),p) and W (Lp,ξ(t)()) classes by using Cesáro, 
Nörlund and generalized Nörlund  summability methods has been discussed number of researchers like chandra  [1], 
Holland, [3], Holland and Sahney [4], Khan [5], Qureshi [8]. Thereafter Lal and Kushwaha[6] discussed the degree of 
approximation of Lipschitz Function by (C,1)(E, q) product Summability methods. Recently Padhy et al. [7] discussed 
the degree of approximation of Fourier series by the product means (E, q)A. The Weighted W(Lr,ξ(t)) class is the 
generalization of Lip α, Lip(α,r) and Lip(ξ(t),r). Therefore, In the present paper, a new theorem on the degree of 
approximation of a functions belonging to the W(Lr, ξ(t)) class by (E, q)A -Product means of Fourier series .our 
theorem extands the result of Padhy et al. [7] on degree of approximation of Fourier by the product means (E, q)A. 
 
2. DEFINITION AND NOTATION 
 
Let f (x) be a 2π- periodic function and integrable in the Lebesgue sense. The Fourier series f (x) is given by  
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with nth partial sum sn ( f ;  x). 
 
A function f ∊ Lip α, if 
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A function f (x) ∊ Lip (α, r), for π20 ≤≤ x  if  
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Given a positive increasing function ξ(t) and integer r ≥ 1, f ∊ Lip (ξ(t), r), if  
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and  f ∊ W(Lr,ξ(t)) if  
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In case β=0, W(Lr,ξ(t)) class reduces to the Lip (ξ(t),r) class and if ξ(t)=tα, then Lip (ξ(t),r)  class reduces to the Lip 
(α,r) class and if r→∞ then Lip (α,r) class reduces to the Lip α class. We observe that  
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L∞-norm of a function  f : R→R  is defined by  
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The degree of approximation of a function f: R → R by trigonometric polynomials tn of order n is defined by zygmund 
[11] 
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u
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∑  be a given infinite series with the sequence of its nth partial sums {sn} and A ≡ (amn) be infinite matrix 

satisfying Töeplitz [10] conditions of regularity, i.e. 
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Then the sequence-to-sequence transformation    
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Defines the sequence {tn} of matrix A- mean of a sequence {sn} generated by the sequence of coefficients (amn).  The 

series
0
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∑ is said to be A-summable to the  sum s by matrix method if limit of  t n  is exists  and is equal to s 

(Zygmund [11] ) and we write tn → s, as  n→∞. 
 
The sequence-to-sequence transformation (Hardy [2]), 
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Defines the sequence {Tn} of the (E, q) means of the sequence {sn}. 

If Tn → s as n → ∞ , then the  series
0

n
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u
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=
∑ is said to be (E, q) summable to the  sum s. 

 
Cleary (E, q) method is regular. 
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The (E, q) transform of the A- transform of {sn} is defined by   
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If τn → s as n  → ∞, then the series
0

n
n

u
∞

=
∑ is said to be (E, q) A- summable to the  sum s. we use the following notations:  
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3. KNOWN THEOREM 
 
Dealing with the degree of approximation by the product mean (E,q)A of Fourier series, Padhy et al. [7] proved the 
following theorem: 
 
Theorem 3.1: Let A= (amn)∞×∞ be a regular matrix. If f  is a  2 π– periodic function of  class Lipα, then the degree of 
approximation by the product (E, q)A- summability  means of  its  Fourier series is given by   
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4. MAIN THEOREM 
 
In this paper our aim is to generalize the above result of Padhy et al. [7], In fact, we prove the following theorem:  
 
Let  A=(amn) be an infinite matrix. If  f  is a 2π- periodic, Lebesgue integrable function, belongs to  W(Lr, ξ(t)) class,  
r ≥1, then the degree of approximation by product (E, q)A-summability means of its Fourier series (2.1) is given by 
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Provided ξ(t) satisfies the following conditions: 
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where δ  is an arbitrary number such that s (1-δ ) - 1 > 0, 111
=+

sr
 Such that 1 ≤ r < ∞, Conditions (4.3) and (4.4) 

holds uniformly in x . 
   
5. Lemmas: For the proof of our theorem, we required following lemmas: 
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This complete proof of the lemma (5.2). 
 
6. PROOF OF THE MAIN THEOREM 
 
Following Titchmarsh [9] and using Riemann-Lebesgue theorem, that the nth partial sum sn of Fourier series (2.1) at t=x 
may be written as : 
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Therefore, the A-transform of sn( f ; x) is given by 
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Now denoting (E, q)A- transform of sn( f ; x) by τn , we have 
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We consider  
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Now using Hölder’s inequality and the fact that φ(t) ∊ W(Lr,ξ(t)), condition(4.3), Lemma(5.1) and second mean value 
theorem for integrals,we have

 

ss

n
n

r

n r

dt
tt
tKt

dt
t

ttt
I

//

sin
)()(

)(
sin)(

||

1

1+
1

0

1

1+
1

0
1

















































≤ ∫∫ β

β ξ
ξ

φ
 



Sandeep Kumar Tiwari* & Uttam Upadhyay**/ Degree of Approximation of Function Belonging to the W(Lr,ξ(t)) class By  
(E, q)A-Product Means of its Fourier series/ IJMA- 4(8), August-2013. 

© 2013, IJMA. All Rights Reserved                                                                                                                                                                       271   

       

ss

n

dt
t

tn
n

O

/

)()(

1

1+
1

0
+1























 1+









1+
1

= ∫ β

ξ

 

       

s

n

st
dt

n
O

/

)(

1

1+
1

∈
+1

































1+
1

= ∫ βξ for some 
1

10
+

<∈<
n

 

       
( ) 
















1+
1

1+=
1

+

n
nO r ξβ

;      Since r-1+s-1 =1                                                                                                (6.2) 

 
Now using Hölder’s inequality, sin t ≥ (2t/π) , condition (4.2), (4.4), lemma (5.2) and second mean value theorem for 
integrals, we have 
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 At last, combining (6.1),(6.2) and (6.3), we have 
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Using the Lr-norm, we get  
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This completes the proof of the our theorem. 
 
7. APPLICATIONS 
 
The following corollaries can be derived from the theorem: 
 
Corollary 7.1: If β=0 and ξ(t)= tα ,0 <α ≤ 1 , then the W (Λρ,ξ(τ)) class, 1,r ≥ reduces to Lip(α,r) class and the degree 

of approximation of a function ,  2π- periodic function f ∊ Lip(α,r), 
r
1

 < α ≤  1 is given by 
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Corollary7.2: If r→∞ in corollary 7.1, for 0<α<1,then the  Lip(α, r) class reduces to Lip α class and the degree of 
approximation of a function  f (x) , 2π- periodic function  f  ∊  Lip α, 0< α < 1 is given by 
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