International Journal of Mathematical Archive-4(8), 2013, 289-292
@IMA Available online through www.ijma.info ISSN 2229 - 5046
T-stabilities of Mann Ishikawa Iterations and Multistep Iteration for Non expansive Mapping
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ABSTRACT
We show that the T-stability of Mann, Ishikawa iterations are equivalent to the T-stability of a multistep iteration.
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1. INTRODUCTION AND PRELIMINARIES

Let E be a Banach space, K a nonempty, convex subset of E, and T a self map of K. Three most popular iteration
procedures for obtaining fixed points of T, if they exist, are Mann iteration [1], defined by

U € K, Upst = (lFap)up + o Tup, N> 1, (1.1)
Ishikawa iteration [2], defined by

23 € K, Zpi1 = (I-00)Zn + 0n TYn,

Yn = (I-Bn)zn + BnTzn, N 21, (1.2)
Noor iteration [10], defined by

Vi € K, Vi = (I-o)Vy + o Ty,

Wy = (I-Bp)Vn + BnTty,

th = (I-yn)Va + yn TV, N2 1, (1.3)
for certain choices of {o,},{Bn} and {y.}< [0,1].

The multistep iteration [9], arbitrary fixed order p > 2, defined by

Xns1 = (I-0n)Xn +an TY'y,

Y= (B, +BTY =1, 2,..,p-2 (1.4)
yi =B Xt B T,

where the sequence {a,} is such that foralln e N

{o} = (0.1) lima, =0,> o, = (1.5)

n=1
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and foralln e N

{B!3c0,1),1<i<p-1, limp! =0. (1.6)
n—ow
In the above taking p = 3 in (1.4) we obtain iteration (1.3). Taking p = 2 in (1.4) we obtain iteration (1.2).

Let K be a closed convex bounded subset of normed linear space E = (E, ||||) and T self-mappings of E. Then T is called
nonexpansive on K if

[T =Ty| <[x-v] @7

forall x, y € K. Let F(T):={x € K: Tx = x} be denoted as the set of fixed points of a mapping T.

Let X be a normed space and T a nonexpansive selfmap of X. Let X, be a point of X, and assume that x,.; = f (T, X,) is
an iteration procedure, involving T, which yields a sequence {x,} of point from X. Suppose {x,} converges to some X"
e F(T):={x e K:Tx = x} # ¢. Let {&,} be an arbitrary sequence in X, and we consider Q, = || - f (T, &,) || forn =1,
2,3...

Definition 1.1: [3] If (lim Q, = 0) = (lim &, = P)) then the iteration procedure X, = f(T, X,) is said to be T -stable
n—oo N—o0

with respect to T.

Remark 1.2: [3] In practice, such a sequence {&,} could arise in the following way. Let X, be a point in X. Set X1
=f(T, x,). Let & =xo. Now X; = f(T, X,). Because of rounding or discretization in the function T, a new value §
approximately equal to x; might be obtained instead of the true value of f (T, X,). Then to approximate &,, the value f
(T, &) is computed to yields &,, an approximation of f (T, &;). This computation is continued to obtain {&.} an
approximate sequence of {x,}.

A reasonable conjecture is that the Ishikawa iteration and the corresponding Mann iteration are equivalent for all maps
for which either method provides convergence to a fixed point. In an attempt to verify this conjecture the authors, in a
series of papers [4-9] have shown the equivalence for several classes of maps.

In [11], Rhoades and Soltuz considered the equivalence between T -stabilities of (1.1) and (1.2). More precisely, they
proved the following theorem.

Theorem (Rhoades and Soltuz[11]): Let X be a normed space and T: X—X a map. Then the following are equivalent:
(i) forall {o,} < (0,1), {Bn} < [0,1) satisfying (1.5) and (1.6), the Ishikawa iteration (1.2) is T -stable,

(i) for all {a,} = (0,1), satisfying (1.5), the Mann iteration (1.1) is T-stable.

In this paper, we shall prove the equivalence between T -stabilities of (1.4) and (1.2). Consequently, we shall prove the
equivalence between T -stabilities of (1.4) and (1.1). Throughout this paper, we shall assume that both Mann, Ishikawa
and multistep iterations converge to a fixed point of T.

2. THE T -STABILITIES

Let {u,} be the Mann iteration, {z,} be the Ishikawa iteration and {X,} be the Multistep iteration. Let {x,}, {zn} and
{u,} = X be such that x,=z,=u, and let (a.,)n =(0,1), (Bn)n <[0,1) and (B :1 )n <[0,1) satisfy (1.5) and (1.6), and

Xoet = (1-0tp) Xp + 0Ty
Yo = @B Xt BTy, =1, 20p -2 (21)
Yo = (@B X+ B X

We consider the following nonnegative sequences, for all n eN:

€n = e - (L - &) Xo + 0Ty ), (2.2)
8n = [Zn+1 - ((1 - otn) Zn + 0 TYn)]], (2.3)
Yn= ”Un+1 - ((1 - OLn) Up + OLnTUn)” (2-4)
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Definition 2.1: Definition 1.1 for (2.2), (2.3) and (2.4) gives:

(i) If lim e, =0 implies that lim x, = x*, then the Multistep iteration (1.4), is said to be T -stable.
n—o0

nN—oo

(i) If 1im &, =0 implies that lim z, = x* then the Ishikawa iteration (1.2) is said to be T -stable.
nN—o0

n—oo
(i) If lim &, = 0 implies that lim u, =x* then the Mann iteration (1.1) is said to be T -stable.
n—o0

n—oo

Remark 2.2: Let X be a normed space and T: X — X a nonexpansive map. The following are equivalent:
(i) forall {o} < (0,1), {Bn} <[0,1) and {B 'n } < [0,1) satisfying (1.5) and (1.6), the Multistep iteration is T -stable,

(i*) for all {o} <(0,1), {Bn}<[0,1) and {B 'n } <[0,1) satisfying (1.5) and (1.6), V {X,}=X:
lim e, = 1M [Xoe - (1 - a) X + o, Ty L)) = 0= limx, = x*, (2.5)

Remark 2.3: Let X be a normed space and T: X — X a nonexpanslve map. The following are equivalent:
(if) for all {o.} < (0,1), {Bn} <[0,1) satisfying (1.5) and (1.6), the Ishikawa iteration is T -stable,
(ii*) for all {an}=(0,1), {Bn} <[0,1) satisfying (1.5) and (1.6), V {z,}=X:

lim &, = lim|jzpe1 - (1 - o) o + o, Ty = 0 = limz, = x*, (2.6)
n—o n—o N—o

Remark 2.4:Let X be a normed space and T: X— X a nonexpansive map. The following are equivalent:

(iii) for all {a,,} < (0,1) satisfying (1.5), the Mann iteration is T -stable,

(iii*) for all {o,} < (0,1) satisfying (1.5), V{u,} =X:
limy, = lim{jupes - (1 - o) Up + 00 Tuy)|| =0 = limu, = x*, (2.7)
n—oo n— N—0

Theorem 2.5: Let X be a normed space and T: X — X a nonexpanslve map. Then the following are equivalent:

(i) forall {o} < (0,1), {Bn} < [0,1) and {B 'n } < [0,1) satisfying (1.5) and (1.6), the Multistep iteration is T -stable,

(ii) for all {o} < (0,1), {Bn} < [0,]) satisfying (1.5) and (1.6), the Ishikawa iteration is T -stable,
(iii) for all {a} = (0,1) satisfying (1.5), the Malil iteration is T -stable.

Proof: Let lim x, = x*. Since the Mann, Ishikawa and multistep iterations converge, M < co. Remarks 2.2, 2.3 and 2.4

assure that (T;; (i) < (iii) is equivalent to (i*) < (ii*) < (iii*). (ii*) = (iii*) proved in [11]. We shall prove that (i*)
& (ii*). Therefore, we shall prove that (i*) < (ii*) < (iii*).
We prove (i*) = (ii*). The proof is complete if we consider
0 <|I8nll = llzn+1 - (1 - atn) Zo + cn TYn)|
< lzne -+ {I- (1 - o) Zo + anTyn) + x|
< iz x|+ (1 - an)lzo- X + o [I((1 - Br) (2n - X*) + Bo(zn - x|
< lznea -+ (1 - an)lzn- X+ an [I((1 - Bn) (n - X*) + oaPillzn - x|

= [1zass -X*|| + ||zo -X*|| > 0 @s n — oo, (2.8)

Thus, for a {z,} satisfying 1im &, = 1iM ||zys1 - (1 - o) Zn + Ty, = 0, we have shown that lim z, = x*.
Nn—o0 n—o0

nN—oo

Conversely, we prove (ii*) = (i*). The proof is complete if we consider

0< €n= ner - (1 - ) X + 0, Ty )|
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< g = XHHIXS = (1 - ) %o + Ty )l

< et = X¥H (L= ) (%o = Bl + 0all(L - By )xa + B Ty 2 <A

< et = X¥H (L= ) (%o = Fll + 0ll( X - B )%= F) + B [P(L- B2 )%t B2 T) <A

< g = X¥H (L= ) (%o = Bl + 0all( @ - B )k = £) + By [(1- B2t B2 Txo)

< g = X¥H (L= ) (%o = L+ 0= B )l X~ Bl + 0B G- B2 DX+ B o Txo) |

< g = X¥ (L= ) (%o = Bl + (L= B )l X = B+ 0B (G- B2 )(n - F) + B 2 (% DI

< et = X¥ (L= ) (%o = Fll + 0L = By )l %= B+ 0t G = B 2 )lIxa - Bl + 0o B 2 [1xn -fi

= X+ = X*||[+IXn - ]l > 0 as n— oo. (2.9)

Thus, for a {x,} satisfying 1im e, = lim |[x. - (1 - o) X, + o, Ty ) || = 0, we have shown that 1im x, = x*. Then
nN—o0 nN—o0

n—o

this complete the proof of Theorem 2.5.

Setin (1.1), (1.2) and (1.4), T: = T" to obtain the modified Mann, modified Ishikawa and modified multistep iterations.
We suppose that both modified Mann and modified Ishikawa also modified multistep iterations converge to a fixed
point of T. Note that Definition 2.1, Remarks 2.2 and 2.3, and Theorem 2.5 hold in this case too.

Corollary 2.6: Let X be a normed space and T: X — X a nonexpansive map. The following are equivalent:

(i) forall {an} = (0,1), {Bn} = [0,1) and {B 'n } = [0,1) satisfying (1.5) and (1.6), the modified Multistep iteration is
T -stable,

(ii) for all {on} < (0,1), {Bn} < [0,1) satisfying (1.5) and (1.6), the modified Ishikawa iteration is T -stable,

(iii) all {on} < (0,1) satisfying (1.5), the Mann modified iteration is T -stable.
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