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ABSTRACT 
A map f  from the real normed space χ  into itself is called a two-isometry if 

0||||||)()(||2||)()(|| 22222 =−+−−− yxyfxfyfxf  
 
for all x  and y  in χ . It is shown that every surjective two-isometry is affine, that is, 

)()()1())1(( ytfxfttyxtf +−=+−  
for all x  and y  in χ  and 10 ≤≤ t . 
 
2010 Mathematics Subject Classification: 47B99. 
 
Keywords and Phrases: Mazur-Ulam Theorem; two-isometric Maps. 
 
 
INTRODUCTION 
 
Let χ  be a real normed space. A map χχ →:f  is an isometry, if ||||||)()(|| yxyfxf −=−  for all , .x y χ∈  
It is called a two-isometry, if     
 

2 2 2 2 2| ( ) ( ) || 2 || ( ) ( ) || || || 0f x f y f x f y x y− − − + − =                                                                                         (1) 
 
for all χ∈yx, . Also, f  is an affine map, if 

)()()1())1(( ytfxfttyxtf +−=+−  
 
for all χ∈yx,  and 10 ≤≤ t . Observe that f  is affine if and only if the map χχ →:T  defined by 

)0()()( fxfxT −=  is linear. The Mazur-Ulam theorem states that every bijective (equivalently, surjective) 
isometry is affine. This result was proved by Mazur and Ulam in [3]; their proof is also brought in the books [1] and [2]. 
A simple proof of this theorem is given in [4] which is based on the ideas in [5]. In this note we see that this theorem 
holds for surjective two-isometries. Let 2

=χ  and }0:{ ≥nen  be the standard basis for .χ  It is easily seen that 

the unilateral weighted shift S on χ  defined by 11
2

++
+

= nn e
n
nSe  is a two-isometry but not an isometry. 

 
MAIN RESULTS 
 
Theorem 1: Every surjective two-isometric map is an affine map. 
 
Proof: Suppose that χχ →:f  is a two-isometry. Substituing x  by )(xf k  and y  by )(yf k  in (1) we get  
 

2 2 2 1 1 2 1 1 2 2|| ( ) ( ) || || ( ) ( ) || || ( ) ( ) || || ( ) ( ) || .k k k k k k k kf x f y f x f y f x f y f x f y+ + + + + +− − − ≤ − − −  
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Therefore, 

2 2 1 1 2 2

1
2 2 2

2 2

0 || ( ) ( ) || [|| ( ) ( ) || || ( ) ( ) || ] || ||

(|| ( ) ( ) || || || ) || ||
|| ( ) ( ) || (1 ) || ||

n
n n k k k k

k
f x f y f x f y f x f y x y

n f x f y x y x y
n f x f y n x y

− −

=

≤ − = − − − + −

≤ − − − + −

= − + − −

∑
 

 

which implies that 22 ||)()(||||||1 yfxfyx
n

n
−≤−

−
. Now, let ∞→n  to obtain  

|| ( ) ( ) || || ||f x f y x y− ≥ −                                                                                                                                            (2) 
 
for all χ∈yx, . Since f  is one to one and surjective it follows from (1) that 
 

0||||||)()(||2||)()(|| 2211222 =−+−−− −−−− yxyfxfyfxf  
 
for all  χ∈yx, . Therefore, 1−f  is a two-isometry and by the above argument  
 

1 1|| ( ) ( ) || || ||f x f y x y− −− ≥ −                                                                                                                                      (3) 
 
for all χ∈yx, . Now (2) and (3) imply that f  is an isometry and by the Mazur -Ulam theorem f  is affine.                                                                       
 
For 1≥m , a map χχ →:f  is an m -isometry, if 

0||)()(||)1( 2
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for all χ∈yx, . Observe that 1-isometry is, indeed, an isometry and every 1−m  - isometry is an m -isometry. A 
natural question which arise runs as follows: 
 
Question: Is every surjective m - isometric map an affine map? 
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