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ABSTRACT

The purpose of this paper is to define and study w- closed sets in closure spaces. We also introduce the concept of
w - continuous functions and investigate their properties.
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1. INTRODUCTION

Cech closure spaces were introduced by E. Cech [3] and then studied by many authors [4][5][7][8]. The concept of
generalized closed sets and generalized continuous maps of topological spaces were extended to closure spaces in [2].
N.Levine [6] introduced semi- open sets and semi-continuity. P. Sundaram and M. Sheik John [9] introduced w - closed
sets in topological spaces.

In this paper, we introduce and study the notion of w - closed sets in closure spaces. We define a new class of space
namely T,, -space and their properties are studied. Further, we introduce a class of w- continuous maps and w- closed
maps and their characterizations are obtained.

PRELIMINARIES

A map k: P(X) - P(X) defined on the power set P(X) of a set X is called a closure operator on X and the pair (X, k) is
called a closure space if the following axioms are satisfied.

(i) k(9)=4

(if) Ac k(A ) for every Ac X

(iii) K(AUB) = k(A) U k(B) forall AB < X

A closure operator k on a set X is called idempotent if k (A) =k [k (A)] for all Ac X.

Definitions: 1.1 A subset A of a ¢ech closure space (X, k) is said to be
(i) Cech closed if k(A) =A

(if) Cech open if k(X-A) =X-A

(iii) Cech semi-open if A c Kk int (A)

(iv) Cech pre-open if A cint [k(A)]

(v) cechpre-closed if K[int (A)]c A

Definition: 1.2 A ¢ech closure space (Y, I) is said to be a subspace of (X, k) if Yc X and k(A) = k(A)nY for each
subset A Y. If Y is closed in (X, k) then the subspace (Y, I) of (X, k) is said to be closed too.

Definition: 1.3 Let (X, K) and (Y, I) be ¢ech closure spaces. A map f: (X, k) —(Y, k) is said to be continuous, if f (kA)
< k f(A) for every subset A c F.
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Definition: 1.4 Let (X, k) and (Y, I) be ¢ech closure spaces. A map f: (X, k) —(Y, I) is said to be closed (resp. open) if
f(F) is a closed(resp. open) subset of (Y, I) whenever F is a closed (resp. open) subset of (X, k).

Definition: 1.5 The product of a family {(X, k.) ; ael} of closure spaces denoted byH (X, ky) is the closure

acl

space (H (Xe k) where HX denotes the Cartesian product of sets X, , ael and k is ech closure operator

ael acl

generated by the projections 7, :H (X ko) = (KXo, ko) , ael i.e defined by k(A) :H k, 7, (A) for each Ac H X

acel acel ael

Clearly, if {( X, ky): a€l} is a family of closure spaces, then the projection map ng : H ( Xow Ka)— ( Xp,kp) is closed

acel

and continuous for every Bel.

Proposition: 1.6 Let {(X,, k,): acl} be a family of closure spaces, let el and Fc X Then F is a closed subset of (
Xg,Kg) if and only if F x H X is a closed subset of H ( X Ko)-

a#f

acl acel

Proposition: 1.7 Let {( X, K,): acl} be a family of closure spaces, let el and G X Then G is a open subset of
(Xg,kg) if and only if G x X is an open subset of H ( Xo ko).

ael ael
2. Cech w - closed sets

Definition 2.1: Let (X, k) be a ¢ech closure space. A subset A — X is called a w - closed set if K (A) < G whenever G
is a semi-open subset of (X, k) with A < G. A subset A of X is called a w - open set if its complement is a w - closed
subset of (X, K).

Proposition: 2.2 Every closed set is w - closed.

Proof: Let G be a semi-open subset of (X, k) such that A < G. Since A is a closed set, we have K (A) = A c G.
Therefore A is w-closed.

The converse need not true as seen in the following example:

Example: 2.3 Let X = {a, b, c} and define a closure k on X by k¢ = ¢ ,k{a} ={a}; k{b}= {b, c}; k{c}=k{a, c} =
{a, c}; k{a, b}=k{b, c}=kX = X. Then {a, b} is w - closed but it is not closed.

Proposition: 2.4 Let (X, k) be a ¢ech closure space. If A and B are w - closed subset of (X, k), then A w B is also w -
closed.

Proof: Let G be a semi - open subset of (X, k) such that AUB < G, then A < G and B < G. Since A and B are w -
closed, we have k (A) G, and k (B) <G, Consequently, k (AuB) = k(A) U k(B) < G. Therefore A u B is w - closed.

Remark: The intersection of two w- closed sets need not be w - closed as can be seen by the following example.

Example: 2.5 Let X = {a, b, ¢} and define a closure k on X by k¢ = ¢ , k{a} ={a, b}; k{b}= k{c}= k{b, c} ={b, c};
k{a, b} = k{a,c}= kX=X. If A={a, b} and B = {a, c}, then {a, b} {a, c}={a} which is not w - closed.

Proposition: 2.6 Let (X, k) be a ¢ech closure space. If A is w - closed and F is semi - closed in (X, k), then A N F is w-
closed.

Proof: Let G be a semi - open subset of (X, k) such that AN F < G, Then A < G U (X-F).and so, Since A'is w -
closed , k (A) < G U (X-F), Then k (A) n F < G ,Since F is semi - closed, k (A nF) < G. Therefore AN Fisw -
closed.

Proposition: 2.7 Let (Y, I) be a closed subspace of (X, k). If F is a w - closed subset of (Y, I), then Fisa w - closed
subset of (X, K).
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Proof: Let G be semi - open set of (X, k) such that F < G. Since F is w - closed and G n F is semi -open k (F) Y <
G, But Y is closed subset of (X, k) and k (F) < G, where G is a semi-open set. Therefore F is a w- closed set of (X, k).

The following statement is obvious

Proposition: 2.8 Let (X, k) be a ¢ech closure space and let A < X. If A is both semi - open and w - closed then A is
closed.

Proposition: 2.9 Let (X, k) be a ¢ech closure space and let k be idempotent. If A is a w - closed subset of (X, k) such
that A < B c k (A), then B is a w - closed subset of (X, k).

Proof: Let G be a semi - open subset of (X, k) such that B < G. Then A < G, Since Aisw - closed, k (A) = G. As G is
idempotent, k (B) c k (k (A)) =k (A) < G, Hence B is w - closed.

Proposition: 2.10 Let (X, k) be a ¢ech closure space and let A < X. If A is w - closed, then k (A) — A has no non
empty semi - closed subset.

Proof: Suppose that A is w- closed. Let F be a semi - closed set of k (A) — A. Then Fc k (A) N (X= A), so A < X-F.
Consequently, since A is w — closed F < X- k (A), Since F c k (A) , F < (X- k (A)) n k (A) = ¢, thus F = ¢.Therefore k
(A) — A contains no non empty semi - closed subset.

Proposition: 2.11 Let(X, k) be a &ech closure space. A set A < X isw - open ifand only if F < X - k (X-A) whenever
F is semi - closed subset of (X, k) with F < A.

Proof: Suppose that A is w- open and F be a semi - closed subset of (X, k) such that F< A. Then X-A < X —F. But X-
A'is w- closed and X-F is semi -open. It follows that k (X-A) < X -F. (i.e.) F < X- k (X-A).

Conversely, Let G be a semi - open subset of (X, k) such that X-A < G. Then X-G < A. Therefore X-U < k (X-A).
Consequently, k (X-A) < G. Hence X- A is w- closed and so A is w- open.

Remark: 2.12 The union of two w- open sets need not be w- open.

Proposition: 2.13 Let(X, k) be a ¢ech closure space. If A is w- open and B is semi -open in (X, k), then A U B is w-
open.

Proof: Let F be a semi- closed subset of (X, k) such that F — AUB. Then X- (A U B) < X-F. Hence (X-A) n (X-B) c
X-F. By proposition 2.6, we have, (X-A) n (X-B) is w- closed. Therefore k [(X-A) n (X-B)] < X-F. Consequently, F
c X-k[(X-A) n (X-B)] =X -k[X-n (AuB)]. Since F ¢ X- k [(X-A)], then A is w- open. Therefore A U B is w-
open.

Proposition: 2.14 Let(X, k) be a ¢ech closure space. If A and B are w- open of (X, k), then A n B is w — open.

Proof: Let F be a semi- closed subset of (X, k) such that F = A n B. Then X — (A n B) < X — F. Consequently, (X-A)
U (X-B) ¢ X - F. By proposition 2.4, (X-A) u (X-B) is w — closed. Thus, k [(X-A) U (X-B)] € X -F. Hence F < X -
k[(X-A) U (X-B)] < X - (X- (A n B) ) ,By proposition 2.11, A n B is w — open.

Proposition: 2.15 Let(X, k) be a ech closure space. If A is w- open subsets of (X, k), then X = G whenever G is semi
open and (X-k (X- A)) U (X-A) c G.

Proof: Suppose that A is w — open. Let G be an semi open subset of (X, k) such that (X- k (X- A)) U (X- A) < G. Then
X =G < X-[(X- k (X- A)) U (X- A)]. Therefore X — G < k (X- A) n A or equivalently, X- G < k(X- A) - (X- A) .But
X — G is semi closed and X — A is w — closed. Then by proposition 2.10, X — G = ¢ .Consequently X = G.

Proposition: 2.16 Let (X, k) be a ¢ech closure space and let A = X. If A is w - closed, then k (A) — A is w - open.

Proof: Suppose that A is w - closed. Let F be a semi - closed set of (X, k) such that F < k (A) — A .By proposition
2.10 k (A) - A= ¢, and hence F < X - [(X- k (X- A)). By proposition 2.11 k (A) — A is w — open.

Proposition: 2.17 Let {(X,, k): <1} be a family of closure spaces, let el and G = X Then G is a w - open subset of
( Xp.kg) if and only if G x X isaw - open subset of H ( X Ko).

acl ael
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Proof: Let F be a w - closed subset of (X, k) such that F ¢ G x 1—[ X Then g (F) < G. Since 7 (F) is semi - closed
a#f}

acel

and G is w - open in (Xg, k), mp(F) < Xp - kg (Xp-G). Therefore F< my™(X; - K5 (Xp-G)) = 1 X~ I1 Ko T, (H

ael ael ael
Xq - Gx H X, ), hence G x H X, is a w- closed subset of H (KXo ky)-
a#p a#p

ael ael acl

Conversely, Let F be a semi - closed subset of (X, Kg) such that Fc G. Then F x HX cG xHX ). Since F x

a#p a#f
ael acel
H X, is semi - closed and G xH X, is w- open in H (Xq Ko).
a#f} a#f}
ael ael acel
F x H x S H Xy - H kunu(l—[ X, - Gx H X, ).By proposition,2.11.Therefore
azf azp
ael ael acel ael ael
H Kty (X - G)x llxa)g H Xq- Fx llxa =(Xs-F) H Xe
acel ael acel ael acel

Consequently, ks (Xg - G) < Xg - F implies F = X - ks (Xp - G). Hence G is a w - open subset of (Xg, Kg).

Proposition: 2.18 Let {(X,, k,): acl} be a family of closure spaces, let Bl and Fc X Then F is a w- closed subset of
(Xp,kp) if and only if F x H X isaw - closed subset of H (Xg Ko).

a#f
acl acel

Proof: Let F be a w - closed subset of (Xg,kg). Then Xg -F is an w - open subset of (X, kg). By proposition 2.17, (X -F)

XHXa: Hxa-FX Hxa

a#f a+p a#f
ael ael ael
is a w - open subset of H ( X, ko).Hence F x H X isaw - closed of H ( X Ky).
acel g:lﬂ acel

Conversely, let G be a w - open subset of (Xg,kg) such that F < G, Then F x 1—[ X
a#f}

ael
cG x Hxa .Since F x Hxa is w - closed and G x Hxa is semi-open inH (XewKq),
a#f} a#f} a#f}

ael ael ael acel
H Kot (Fx H X )G xl—[ X, .Consequently, ks(F) = G. Therefore, F is a w - closed subset of (Xg,Kg).
B
a#f

acel ael acel

Proposition: 2.19 Let {(X.k,): acl} be a family of closure spaces, For each Bel and let m : H X~ X be a

ael
projection map. Then
(i) If Fis a w - closed subset of H (Xa ko), then g (F) is a w- closed subset of (X, kg).

ael

(ii) If F is a w-closed subset of (Xg, kg), then mg “(F) is a w- closed subset of H (Koo Ko,

acel

Proof: Let F be a w-closed subset of H (X ky) and let G be a semi-open subset of (Xg,kg) such that ng (F)=G. Then

acel
Fc mg G = GXH X,. Since F isa w - closed and Gx 1—[ X is semi - open, H keato(F) = G xH X .Consequently
B a
a#f} azf

acel acel acl acl
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Hence g (F) is a w - closed subset of (Xg, kg).

(ii) Let F be a w - closed subset of (X, Kg),Then mg F) = F x H X

a#f

ael
.Therefore, we have, F x H X isaw - closed subset of H (Xa Kq).Therefore, ng "{(F) is aw - closed subset of
a#f

acl acel

I1 Xar Ko)-

acl

Definition: 2.20 A closure space (X, k) is said to be a Tw -space if every w-closed subset of (X, k) is closed.
Proposition: 2.21 Let (X, k) be closure space. Then

(i) If (X, k) is a Ty, -space then every singleton subset of X is either semi - closed or open.

(ii)If every singleton subset of X is a semi - closed subset of (X, k), then (X, K) isa T, -space.

Proof:
i. Suppose that (X. k) is a T,, -space. Let xeX and assume that{x} is not semi - closed. Then X-{x} is not semi -

open. This implies X-{x} is w - closed since X is the only semi - open set which contains X-{x}. Since (X, k) is a
Tw - space, X-{x} is closed or equivalently {x} is open.

ii. Let Abeaw - closed subset of (X, k).Suppose that xg A. Then {x} < X-{x}.

Since A'is w - closed and X-{x} is semi — open, k (A) < X-{x3}, (i.e) {x} < X-k (A).

Hence x¢ k (A) and thus k (A) < A. Therefore A is closed subset of (X, k). Hence (X, k) is a T,, -space.

3. Cech w - continuous maps

Definition: 3.1 Let (X, k) and (Y, 1) be a ¢ech closure space. A mapping f: (X, k) =(Y, I) is said to be w - continuous,
if f (F) is w - closed set of (X, k) for every closed set F in (Y, I).

Proposition: 3.2 Every continuous map is w - continuous.

Proof: Let f: (X, k) = (Y, 1) be continuous, Let F be a closed set of (Y, I).Since f is continuous, then f *(F) is 6 -
closed set of (X, k).Since every closed set is w - closed of (X, k),we have f *(F) is a w - closed set of (X, k). Therefore f
is a w — continuous map.

Proposition: 3.3 Let (X, k) be a T,, space and let (Y, 1) be a Cech closure space. If f: (X, k) — (Y, I) is said to be semi -
continuous, then f is w - continuous,

Proof: Let F be a closed subset of (Y, I).Since F is semi - continuous, then f (F) is semi - closed set of (X, k).Since (X,
k) is a Ty, space, f (F) is a w- closed set of (X, k). Hence, f is w - continuous,

The following statement is obvious.
Proposition: 3.4 Let (X, k), (Y, I) and (Z, m) be closure spaces. If f: (X, k) —(Y, I) is w - continuous and g: (Y, I)
—(Z, m) is continuous then g - f: (X, k) —(Z, m) is w - continuous.

Proposition: 3.5 Let, (Z, m) be closure spaces and let (Y, I) be a T,,.space .If f: (X, k) =>(Y, I) and g: (Y, ) =(Z, m)
are w - continuous, then g - f: (X, k) — (Z, m) is w - continuous.

Proof: Let F be a closed subset of (Z, w).Since g is w - continuous, then g *(F) is w - closed set of (Y, I).Since (Y, ) is
a Tw space, g (F) isa closed set of (Y, 1) which implies that (g - f)* (F) is a w — closed subset of (X, k). Hence, g - f is
w - continuous,

Proposition: 3.6 Let {( X, k,): ael} and {(Y,, l,): acl }be families of closure spaces. For each ael, let f,: X, —>Y,
be a map and f: H Xy —>H Y, be a map defined by f((Xy)ee1) = (Fu(Xe)aer)-If T 1—[ Xy » ka)—>1—[ (Yo lg) IS W -

ael ael ael ael

continuous, then f,: ( X, ki) = (Y ly) is W - continuous for each ael.

© 2013, IJMA. All Rights Reserved 34



I. Arockiarani and D. Sasikala*/ Cech w - Closed sets in closure spaces/IJMA- 4(10), Oct.-2013.

Proof: Let Bl and F be a closed subset of (Yg, Ig). Then F x HY is a closed subset of H (Yo 1), Since fisw -
a#f

acel acel
continuous, f * (F x HY )= fﬁ'l(F) X H X isa w - closed subset of H (X4 Ko).By proposition 2.18, fﬁ'l(F) isaw-
a#f azf

ael acel ael

closed subset of (X, kg), Hence fg is w - continuous.

Definition: 3.7 Let (X, k) and (Y, ) be closure spaces. A map f: (X, k) —(Y, I) is called w — irresolute if £(F)isw -
closed set in (X, k) for every w - closed set F in (Y, ).

Definition: 3.8 Let (X, k) and (Y, I) be closure spaces. A map f: (X, k) —>(Y, I) is called w—closed if f(F) isa w -
closed subset of (Y, I)for every closed set F of (X, k).

Proposition: 3.9 Let (X, k), (Y, I) and (Z, m) be closure spaces. If f: (X, k) =>(Y, I) and g : (Y, I) =(Z, m) be map.
Then

(i) Iffisclosed and g isw - closed, then g - f is w - closed

(if) Ifg-fisw - closed and f is continuous and surjective, then g is w - closed.

(iii) If g - fis closed and g is w - continuous and injective, then f is w - closed.

Proposition: 3.10 A map f: (X, k) —>(Y, I) isw - closed if and only if, for each subset B of Y and each open subset G
with f (B) c G, there is a w - open subset V of (Y, I) such that B = V and f (V) c G.

Proof: Suppose f is w - closed. Let B be a subset of (Y, I) and G be an open subset of (X, k) such that f (B) c G,
Then f(X-G) is a w - closed subset of (Y, I). Let V= Y-f(X-G).Since V is w - open and f (V) = f *(Y-f (X-G)) =X- f *(
f (X-G)) < X- (X-G) = G. Therefore, V isw - open, B  V and f'(V) c G.

Conversely, Suppose F is a closed subset of (X, k), Then f* (Y- f (F)) — X-F and X-F is open. By hypothesis there is a
w - open subset V of (Y, 1) such that Y-f (F) c V and (V) c X-F.

Therefore F < X- f1(V).Hence Y-V c f (F) < f (X- (V) < Y-V=f(F) =Y-V. Thus f(F) is w - closed. Therefore f is
w - closed.
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