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ABSTRACT

The purpose of this paper is to establish the generalization of Jaggi and Dass — Gupta contraction as such contractive
type mapping on cone metric spaces satisfying rational expression and obtained common fixed point. Our results unify,
generalize and complement the comparable results of R. Uthayakumar and G. Arockia Prabhakar [2] and [14].
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1. INTRODUCTION

The fixed point theorems in metric space are playing a major role to construct methods in mathematics to solve
problems in applied mathematics and sciences. So the attraction of metric spaces to a large numbers of mathematicians
is understandable. Some generalizations of the notion of a metric space have been proposed by some authors. Impact of
the fixed point theory in different branches of mathematics and its applications is immense. The first result on fixed
points for contractive type mapping was the much celebrated Banach contraction principle with rational expressions
have been expanded and some fixed and common fixed point theorems have been obtained in [1], [3], [5] [11], and
[12].

Quiet recently, Huang and Zhang [4] initiated cone metric spaces, which is a generalization of metric spaces, by
substituting the real numbers with ordered Banach spaces. They have investigated convergence in cone metric spaces,
introduced completeness of cone metric spaces, and proved a Banach contraction mapping theorem, and some other
fixed point theorems involving contractive type mappings in cone metric spaces using the normality condition.

Later, many authors have proved some common fixed point theorems with normal and non-normal cones in these
spaces; see for instance [6], [7], [8], [9] and [10]. Author [11] and [13] have introduced almost Jaggi and Dass-Gupta
contraction in partially ordered metric space to prove the fixed point theorem. In [14] introduced the notion of complex
valued metric space and obtained common fixed point.

So, in this paper we prove common fixed point theorem in cone metric spaces for generalized Jaggi and Dass-Gupta
contractive type mapping satisfying rational inequalities [2] and also generalized the results of [14].

2. PRELIMINARY NOTES

Definition 2.1 [4]: Let E be a real Branch space and P a subset of E. Then P is called a cone if it is satisfied the
following conditions,

(a) P is closed, non-empty and P # {0};
(b) ax + by € P for all x,y € P and non negative real numbers a, b € R;
(c)x ePand-x €P => x = 0.
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For a given coneP c E, we define a Partial ordering< on E with respectto P by x < y ifandonlyify — x € P. we
shall write x < yify — x € intP, int P denotes the interior of P. The cone P is called normal if there is a number
K > 0 such that for allx,y € E,0 < x < y implies

lIxll < Kliyll.

The least positive number satisfying above is called the | constant of P. In following we always suppose E is a Banach
space. P is a cone in E with intP # ¢and < is partial ordering with respect to P.

Definition 2.2 [4]: Let X be a non- empty set. Suppose that the mapping d: X x X — E satisfies,
(@ O0<d(x,y)forall x,ye Xandd(x,y)=0ifandonlyifx=y;

(b) d(x,y)=d(y,x)forallx,y € X;

(©) d(x,y)=(x,z) + (y,z) forall x, y € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.

Example 2.3[4]: Let E = R4, P={(x,y) € E:x,y = 0}, X =Randd:X x X — E definedby d(x,y)=(x—y
|, < |x — y|) where o< > 0 is a constant. Then (X, d) is a cone metric space.

Example 2.4: Let E= I, P = {{x,}n > 1E:x, > 0, for alln} (X,d) a metric space and d: X x X — E, defined by

d(x,y) ={%} n = 1.Then(X, d) is a cone metric space.

Definition 2.5[9]: Let (X, d) be a cone metric space. Let {x,}-; be a sequence in X and x € X. Then

(@) {xn}ns1 converges to x whenever for every ¢ €E with 0 <« ¢ there is a natural number N such that d(x», x) <« ¢ for
aln = N

(b) {x.}n is said to Cauchy sequence for every ¢ € E with 0 « ¢ there is a natural number N such that d(x,, xm) <c
forallnm = N.

(c) (X,d)is called a complete cone metric space, if every Cauchy sequence is convergent in X.

Lemma 2.6[4]: Let (X, d) be a cone metric space, P c E a normal cone with normal constant K.

Let {xn}, {y.} be a sequences in X and x, y € X. Then,

(i) {xn} convergesto x if and only if lim_., d (x,, x) =0;

(i) If {x,} converges to x and {x,} converges to y then x = y. That is the limit of {x,} is unique;
(iii) If {x,} converges to x, then {x,} is Cauchy sequence.

(iv) {xn} is a Cauchy sequence if and only if 1im , m—. d (xn, xm) = 0;

(v) If x, — x and {y,} is another sequence in X such that y,— y (n — ) then d (x,, y,) —d (x, y)

3. MAIN RESULTS
The following which will give, are generalization of theorems 2.1, 2.2.and 2.3 of [2].
[A]. GENERALIZED JAGGI CONTRACTION

Definition 3.1: [13] Let (X, d) be a cone metric space. A self mappingT: X — X is called generalized Jaggi contraction
if it satisfies the following condition:

d(Tx, Ty) s""’(f(—):)(y” + Bd(x,y) + Lmin {d(x,Ty),d(y, Tx} for all x. y€ X, where L> 0 and a, 8 € [0,1] with

a+p <1 (D)
Theorem 3.2: Let (X, d) be a complete cone metric space and P be a normal cone with normal constant K. Suppose

the mappings T;, T, : X — X be any two generalized Jaggi contractions, by definition [3.1] ,satisfies the following
condition

d (Tyx, Tyy) < %‘W + Bd (x,y) + Lmin {d(x, Tyy),d(y, Ty)} for allx, y€ X where L > 0 and , 3 [0.1]

with @ + f < 1. Then T, and T, have a unique common fixed point in X,

Proof: Let xo be an arbitrary element and define the sequences {x,, } and {x,,,1} such that x,,,; - T; x, and
Xonyz = T9 Xonyq fOreachn=0,1,2,...00.
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We have
d(Xzn, Xon+1) = A(T1Xon—1, T2 X20)

ad (xzn—1,T1x2n—1) d(X2n, T2X2n)
d(x2n—1,%2n)

+Bd (Xgn—1,X2n) + Lmin{d (X2n_1, X2n41), d (X2, T1 X2n 1)}

ad (xan—1, x2n) d(X2n, X2n+1)
d(x2n—-1,X20)

+ Bd(x2n—1, X2)+ Lmin{d(x,_1, X2n41), A(X20, T1 X2n 1)}
< ad(Xon, Xon41)% Bd (Xon 41, X2n)
(1 — a)d(x2n, Xon41) < Bd(Xgp—1,%20)
d < L
(X2n) X2p41) < 15 (X2n—1,%25)
= kd(xy_1, X2y) Where K :li_ﬁ, a+B<10<K<1.
Hence by induction
d (X, Xan41) = kd(X2n_1,%2,) S k2d(Xan-2) Xzn-1) Sevveeenn. k" d(xg, x1)
Now for m > n, we have

d(Xan, Xom) < A(Xon, Xon41) + A(Xons1s Xon42) o+ A(X2ns2m—1) X2m)

< (KP4 kP 42 d (g, g )

IN

k2n
T d(x0,x1)

2n
We get ||d (%o, Xom |l < K ffk [ld (xq , x1)|| which implies thatd (x,,,, x3,,) = 0 asn — co.

Hence {x,,} is a Cauchy sequence in X. Since (X, d) be a complete cone metric space. So there exist x* € X such
that x,, = x*(n = ).

Since d(x", T1x") <d(x", x2n41) + d(Xzn41, T1x")
<d(x", Xpn41) + d(T1 x5y, T1x7)

ad (x2n, Trxzn) d(x"T1x")
d(x9pn,x*)

<d(x", X2p41) + + Bd (X2, x™) + Lmin{d (x2,, T1x™), d(x", Ty x2,)}

* ad (x2pn, *2n41) d(x*,x") * . * *
Sd(x :x2n+1) + : d(xzz:lx*) +.Bd(x2n'x )+Lmln{d(x2nrx )'d(x 'x2n+1)}

<d(x7, x2n41)F Bd (X2, x7) + Lmin{d (x2,, x*), d(X", X2n,41)}
So, using the condition of normality of cone
Il dCx”, Tix DI <K (klld(x", xan 1)1l + Blld Cezn, x| + Lminlld (xz5, x7), d (X7, X201l = 0.

Hence || d(x*, Tyx*)|| = 0. This implies that x* = T;x*. So, x* is a fixed point of T; . Now if y* is another fixed point
of T;. Then we have

d(x”y ) =d(Tix", Tiy")

IA

K[ 4 pd (e, y) + Lmin{d(x, Ty )d (v, Tix']

*Tix)dy*y”* * * . * * * *
<K [ad(%+ Bd(x*,y*) + Lmin{d(x*,y")d(y*, T x }]

Hence ||d(x*,y *)|| =0and x* = y*.Therefore the fixed point of T; is unique.
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Similarly, it can be established that T,x* =x *. Hence T)x* = x* = T,x". Thus x*is common fixed point of T;
and T,. This completes the proof.

Corollary 3.3: Let (X,d) be a complete cone metric space and P be a normal cone with normal constant K. Suppose
the mappings T; T, : X — X be any two generalized Jaggi contractions, by definition [3.1], satisfies the following
condition

d (Tyx, Tyy) < %‘iy)@“” + Bd (x,y)for all x, y€ XwhereL > 0 and a, § [0.1] with « + § < 1. Then T, and T,

have a unique common fixed point in X.
Proof: The proof of corollary immediately follows by putting L= 0 in previous theorem in 3.1.

Theorem 3.4: Let (X, d) be a complete cone metric space and P be a normal cone with normal constant K. suppose
T,R,S :X — X be three self maps which generalized Jaggi contractions, by definition [3.1], satisfies the following
condition

d (TRx, TSy) <2 (T"'Zf;‘;‘;gy I9) 4 Bd (Tx,Ty) + Lmin {d(Tx, TSy), d(Ty, TRx)} for all x, y € Xwhere L > 0 and

a,B [0.1] with ¢ + 8 < 1.Then T,Rand S have a unique common fixed point in X.

Proof: Let X, be an arbitrary element and define the sequences {x,, } and {x,,,4} such that x;,,4 - R x5, and
Xon4z =S Xon4q foreachn=0, 1, 2,...00.

Then we have
A(Tx2n41, Tx242) = d(TRX20, TSX5041)
< ad(TXZn,TRXZn)d(TxZn+1,Tstn+1)

- d(szn‘TX2n+1) * Bd(szn‘szn-'—l)

+ Lmin{d(Tx, TSx2n41), d(Tx2n 41, TRX2,)}

ad (Tx25,Tx2n+1)d (Tx2n+1,TX2n+2)
< : : +
= d(TXZn,Tx2n+1) ﬁd(TxZn' Tx2n+1)

+ Lmin{d (T %z, TX2n42), A(TX20 41, TX2n41)}
< ad(Txz41,TXzn42) + BA(T X0, TXpn11)
(1 — @) d(Tx2n41, TX2n42) < BA(Tx25, TX2n41)

d(Txan+1, TXon42) < 1% d(Txzn, TX2p+1)

(T 11, TXn42) S K A(T g0, Tz y1) . Where K = = @ + 5 < 1.
So, for m,n € N, with m > n. we have

A(Txzn+1, TXzm+2) < d(TXzp41,TX2n42) + d(TXzn42, TXons3) +ooo+d(Txop TXop +1)

IA

(k2n+1 + k2n+2 +k2n+3 +._.+k2n )d(TxO_Txl)

IA

2n
];Tk d (Txo_Tx1 )

Kk2n

We get||d(Tx2n11,TXom+2) || <1 Klld(Txo, Txy)|| This implies that d(Txy,41,TX2m+2) = 0 (n,m - ). Hence

{Tx,,.1} is a Cauchy sequence. Since (X,d) is a complete cone metric space. So, there exist x = € X such that
Txms1 > x° (n > ).

Since d(Tx*,TRx*) < d(Tx",Txpp41) + A(Tx3,41, TRX™)

<d(Tx*, Txyp41) + d(TRxy,, TRx™)
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% ad (Tx2y,TRx2,) d(Tx*TRx™) %
ST Ty ) + TR AT gy e

+ Lmin{d(szn, TRx*)’ d(Tx*l Tx2n+1)}

ad (Tx2n, Txan+1) d(Tx*, Tx™)
<d(Tx*,Tx
<d(Tx", Txonia) + d(Txzy, Tx*)

+ Lmin{d(szn, Tx*)l d(Tx*l Tx2n+1)}

+ Bd(Txzn, TX")

<d(Tx*, Txgn 1)t BA(Txy,, Tx*)+ Lmin{d (Txy,, Tx*), d(Tx*, Txz,41)}
So, using the condition of normality of cone, we get
la(Tx", TRx) || < K(Ild(Tx", Txzn )1l +BIld(Tx2p, Tx )| +Lminlld(Txa,, Tx"), d(TX", Tx2541)| = 0
Hence ||d(Tx*, TRx*)|| = 0 .This implies that Tx* = TRx*. So x* = Rx"* is fixed point of R.
Now if y*is another fixed point of R. Then we have ||d(Tx*, Ty *)|| =0.
This implies that Tx* = Ty*.Therefore x* = y* the fixed point of R.

Similarly it can be established that TSx*=Tx*. Hence TRx* =x* = TSx . ThusTx * = x * is common fixed point of R
and S. This completes the proof.

Corollary 3.5: Let (X, d) be a complete cone metric space and P be a normal cone with normal constant K. suppose
T,R,S : X — X be three self maps which generalized Jaggi contractions, by definition [3.1], satisfies the following
condition

ad (Tx,TRx)d (Ty,TSy)

d (TRx, TSy) < d(Tx,Ty)

+ Bd (Tx,Ty) forall x,y € Xwhere L>0 and «, 8 [0.1] with a + 8 < 1.

Then T, R and S have a unique common fixed point in X.
Proof: The proof of corollary immediately follows by putting L= 0 in previous theorem in 3.3.
[B] GENERALIZED DASS AND GUPTA CONTRACTION

Definition 3.6: [13] Let (X, d) be a cone metric space. A self mappingT: X — X is called generalized Dass and Gupta
contraction, if it satisfies the following condition:

d(Tx, Ty)S%W-I— Bd(x,y) + Lmin {d(x,Tx),d(x,Tx),d(y, Ty)} for all x. y€ X, where [z 0 and

a,pel0l]witha+p <1 (2)
Theorem 3.7: Let (X, d) be a complete cone metric space and P be a normal cone with normal constant K. suppose the

mappings T; T, :X — X be any two generalized Dass and Gupta contractions, by definition [3.6], satisfies the
following condition

d(Thx, T,y) < ad (y'Tzlij(:i)(x’Tlx)] + Bd (x,y) + Lmin {d(x,T;x),d(x,T,y)d(y,T,y)} for all x, y¢ X where L> 0

and «, B [0.1] with « + 8 < 1. Then T, and T, have a unique fixed point in X.

Proof: Let xq be an arbitrary element and define the sequences {x,, } and {x,,,1} such that x;,,; - T} x5, And
Xon42 = T2 Xoneq foreachn=0,1,2, ... ... 0,

We have
d(X2p, Xopn41) = d(T1 X501, T2X2p)

ad (xzn,T2%20) [14+d (%201, TiX2n-1)]
< +Bd(X2n-1, X2n)
1+d (x2n-1,X2n)

+ Lmin{d (x2n—1, T1 X2n-1), A(X2n—1, ToX2n)d (X2n, T1 X2n-1)}

ad (xzn, Xon+1)[1+d(xX2n-1, %2n)
1+d(x2n -1, X2n)

+Bd(Xon—1,X2n) + Lmin{d (Xzn_1, X2n), d(X2n—1, X2541)d (X200, X25)}
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< ad(Xon, Xon 1) BA(X2n 41, X2n)

(1 — a)d(x2n, X2n41) < Bd(X2n—1, X2
B

d(x2n' x2n+1) =< 1_—ﬁ (xZn—l' xZn)

= kd(xzn-1,%2n) -
wherekz%_ﬁ, a+B<10<K<1
Hence by induction
d (g, Xan41) = kd(Xzn_1,%2,) < k*d(Xan—2, X2n—1) <....k*"d (0, X1)

Now for m > n, we have
A(X2p, X2m) < d(Xzn) X2n41) + A(X2n41, Xan42) v ooe o+ A(X2pn42m—1) X2m)

IN

(2" + k20 22y d (g xg)

kan

IN

T d(x0,x1)

2n
We get ||d (%2, Xom || < K ]ITk [ld(xq , x1)|l which implies thatd (x5, x2,,,) = 0 asn, m — oo,

Hence {x,,} is a Cauchy sequence in X. Since (X, d) be a complete cone metric space. So there exist x* € X such
that x,, = x*(n — o).

Since d(x", T1x™) <d(x", xn41) + d(X2n41, T1x")
<d(x", xn41) + d(Tyx2,, T1x7)
ad (x*, Tyx™) [1+d (x2n, T1X27)

<d(x', Xpna1) + e 0l B (0, x7)
+ Lmin{d (xzn, Tix20), dGczn, Tix)A(X', Tyz,)}

N ad (x*, x*) [14+d (X210, x2n+1)] *
Sd(x :x2n+1)+ 1+d(x2n,)26*) s +Bd(x2n'x )

+ Lmin{d (X2, X0 41), A(X2n, X7), (X", X2 41)}

<d(x", X2n41) + BA(x2n, x)+ Lmin{d (x3p, X2n41), d (20, ™), A (X", X0 41)}
So, using the condition of normality of cone
Il dCx™ Tix)I < K(klld(x”, 2o+ )|l + Blld Cezn, x| +Lmind (xzn, X2n4+1), d (X, x7), d (X", X2n41) = 0.

Hence || d(x*, Tyx*)|| = 0. This implies that x* = T;x*. So, x* is a fixed point of T;.Now if y* is another fixed point
of T;. Then we have

[l[d(x*,y %)|| =0and x* = y*.Therefore the fixed point of T} is unique.

Similarly, it can be established that T,x* =x . Hence Tyx* = x* = T,x*. Thus x*is common fixed point of T;
and T,. This completes the proof.

Corollary 3.8: Let (X, d) be a complete cone metric space and P be a normal cone with normal constant K. suppose the
mappings T; T, :X — X be any two generalized Dass and Gupta contractions, by definition [3.5], satisfies the
following condition

ad (y,Toy)[1+d (x,T1x)
d(Tix, Toy) < ()

I+ Bd (x,y) forall x, y¢ X where L>0and a, 8 [0, 1] with a + 8 < 1.

Then Ty and T, have a unique fixed point in X.

Proof: The proof of corollary immediately follows by putting L= 0 in previous theorem in 3.7.
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Next, we shall generalize the theorem 2.1 of [14] in cone metric space for generalized contractive mappings with
rational expression.

Theorem 3.9: Let (X, d) be a complete cone metric space and P be a normal cone with normal constant K. suppose
T,R,S : X — X be three self maps contractions satisfies the following condition

< ald(Tx,TRx)d (Tx,TSy)+d(Ty,TSy)d(Ty,TRx)
d (TRx, TSy) < d(Tx,TSy)+d (Ty,TRx)

unigue common fixed point in X.

all x, y € Xwhere and a € [0.1] with Then T, R and S have a

Proof: Let xo be an arbitrary element and define the sequences {x,, } and {x,, 1} such tha t
Xon41 = R X9 AN X342 =S X941 fOreachn=0,1, 2,- - --- ---00.

Then we have
Ad(Tx2n41, TX2042)

d (TRxZn' Tsx2n+1)

< ol (Tx20,TRX20)d (Tx2n, TS 20 +1)+d (TX2n+1.TS¥2n+1)d (T X2 +1.TRX27)
- d(Tx2p,TSx2n+1)+d (Tx2n+1.TRx20)

_ ald (Tx20,Tx2n+1)d (Tx2n, TX2n +2)+d (TX2n +1.T¥2n+2)d (TX20+1.T*2n+1)
d(Tx2p,Tx2p 42)+d(Tx20 11,7 %20 +1)

<ad(Txy, Tx2n41)
Hence by induction
d (X2 Xam41) < @A (T2, T2 41)SA* A (X 41, X 42)S- . S @ d(Txg, Ty)
Now form = n, we have
d(Tx2m, Txz) < d(Txgn, Txon1) + A(Txon41, TXon42) +oo A (T2 1. Txop)

S(aZn + gt 44 azm_l)d(TXO. Txl)

a’n

We getl|d(Txzpm, Txzn) Il < 7— Klld(Txo, Txy)I| -

This implies thatd (Tx,,,, Tx,,) - 0(m,n — o). Hence{Tx,, } is a Cauchy sequence. Since (X,d) is a complete
cone metric space. So, there existx* € X such that Tx,, - x*(n - o).

Since d(Tx*, TRx*) < d(Tx",Tx3,41) + d(Tx2p, 41, TRX™)
<d(Tx*,Txyp,4+1) + d(TRx,,, TRx™)

ald(Txzn,TRx25 )d (Tx2p TRx*)+d (Tx* TRx*)d (Tx* TRx25)
d(Tx2n, TRx*)+d (Tx*TRx25)

<d(Tx", Txzn41) +

ald(Txzn, Txon+1)d(Tx2n Tx*)+d (Tx* Tx*)d (Tx*Tx 24 41)]
d(Txpy %) +d(Tx*Tx2n41)

=d(Tx", Txzn41) +

So, using the condition of normality of the cone

al||d(Txz2n, TRx 20 )d(Tx 20 TR ®)||+11d (Tx*,Tx*)d (Tx *,Tx 20 + D]
||d(Tx2n,Tx*)+d (TX*rTxZn+1)||

ld(Tx", TRxI < K(ld(Tx", Txzn DIl + )

Asn — 0we have ||d(Tx*,TRx*)|| <0, a contradiction. So ||d(Tx*, TRx*)|| = 0. This implies that Tx* = TRx*. So
x* = Rx™ is fixed point of R. Now if y*is another fixed point of R. Then we have

d(Tx*,Ty*) =d(TRx*,TRy")
<K ald(Tx*TRx*)d(Tx* TRy x)+d(Ty*, TRy *)d(Ty*,TRx™)
- d(Tx*TRy*)+d(Ty*TRx*)
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So, ||d(Tx*,Ty*)|| =0. Implies that Tx* = Ty*. Therefore x* = y* is unique the fixed point R.

Similarly, it can be established that TSx* = x*. Hence TRx* = x* = TSx* . Thus x* is the common fixed point R and
S. This completes the proof.

Corollary 4.0: Let (X, d) be a complete cone metric space and P be a normal cone with normal constant K. suppose
T,R,S : X — X be three self maps contractions satisfies the following condition

d(TR"x, TS™y) <

a[d(Tx,TR™x)d (Tx,TS™y)+d(Ty,TS™y)d(Ty, TR x)
d(Tx,TS"y)+d(Ty,TR"x)

all x, y € Xwhere and « € [0.1] and n € N. Then T, R

and S have a unique common fixed point in X.
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