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ABSTRACT 
The purpose of this paper is to establish the generalization of Jaggi and Dass – Gupta contraction as such contractive 
type mapping on cone metric spaces satisfying rational expression and obtained common fixed point. Our results unify, 
generalize and complement the comparable results of R. Uthayakumar and G. Arockia Prabhakar [2] and [14]. 
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1. INTRODUCTION 

 
The fixed point theorems in metric space are playing a major role to construct methods in mathematics to solve 
problems in applied mathematics and sciences. So the attraction of metric spaces to a large numbers of mathematicians 
is understandable. Some generalizations of the notion of a metric space have been proposed by some authors. Impact of 
the fixed point theory in different branches of mathematics and its applications is immense. The first result on fixed 
points for contractive type mapping was the much celebrated Banach contraction principle with rational expressions 
have been expanded and some fixed and common fixed point theorems have been obtained in [1], [3], [5] [11], and 
[12].   
 
Quiet recently, Huang and Zhang [4] initiated cone metric spaces, which is a generalization of metric spaces, by 
substituting the real numbers with ordered Banach spaces. They have investigated convergence in cone metric spaces, 
introduced completeness of cone metric spaces, and proved a Banach contraction mapping theorem, and some other 
fixed point theorems involving contractive type mappings in cone metric spaces using the normality condition. 
 
Later, many authors have proved some common fixed point theorems with normal and non-normal cones in these 
spaces; see for instance [6], [7], [8], [9] and [10]. Author [11] and [13] have introduced almost Jaggi and Dass-Gupta 
contraction in partially ordered metric space to prove the fixed point theorem.  In [14] introduced the notion of complex 
valued metric space and obtained common fixed point. 
 
So, in this paper we prove common fixed point theorem in cone metric spaces for generalized Jaggi and Dass-Gupta 
contractive type mapping satisfying rational inequalities [2] and also generalized the results of [14].  
   
2. PRELIMINARY NOTES 
 
Definition 2.1 [4]:  Let E be a real Branch space and P a subset of E. Then P is called a cone if it is satisfied the 
following conditions, 
 
(a) P is closed, non-empty and P ≠ {0};  
(b) 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 ∈ 𝑃𝑃 for all 𝑎𝑎,𝑏𝑏 ∈ 𝑃𝑃 and non negative real numbers 𝑎𝑎, 𝑏𝑏 ∈ 𝑅𝑅; 
(c) 𝑎𝑎 ∈ 𝑃𝑃 𝑎𝑎𝑎𝑎𝑎𝑎 – 𝑎𝑎 ∈ 𝑃𝑃 =>  𝑎𝑎 =  0. 
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For a given cone𝑃𝑃 ⊂ 𝐸𝐸, we define a Partial ordering ≤ on 𝐸𝐸 with respect to 𝑃𝑃 𝑏𝑏𝑏𝑏 𝑎𝑎 ≤  𝑏𝑏 if and only if 𝑏𝑏 −  𝑎𝑎 ∈ 𝑃𝑃. we 
shall write 𝑎𝑎 ≪ 𝑏𝑏 if 𝑏𝑏 −  𝑎𝑎 ∈  int P, int P denotes the interior of P. The cone P is called normal if there is a number 
𝐾𝐾 > 0 such that for all𝑎𝑎,𝑏𝑏 ∈ 𝐸𝐸, 0 ≤ 𝑎𝑎 ≤ 𝑏𝑏 implies 
 
‖𝑎𝑎‖  ≤ 𝐾𝐾‖𝑏𝑏‖. 
 
The least positive number satisfying above is called the l constant of P. In following we always suppose E is a Banach 
space. P is a cone in E with 𝑖𝑖𝑎𝑎𝑖𝑖𝑃𝑃 ≠ 𝜙𝜙and ≤ is partial ordering with respect to P. 
 
Definition 2.2 [4]: Let 𝑋𝑋 be a non- empty set. Suppose that the mapping 𝑎𝑎: 𝑋𝑋 𝑎𝑎 𝑋𝑋 → 𝐸𝐸 satisfies, 
(a) 0< 𝑎𝑎(𝑎𝑎,𝑏𝑏) for all  𝑎𝑎, 𝑏𝑏 ∈ 𝑋𝑋 and 𝑎𝑎(𝑎𝑎,𝑏𝑏) = 0 if and only if x = y; 
(b) 𝑎𝑎(𝑎𝑎,𝑏𝑏) = 𝑎𝑎(𝑏𝑏, 𝑎𝑎) for all x , y ∈ 𝑋𝑋; 
(c) 𝑎𝑎(𝑎𝑎,𝑏𝑏) =(𝑎𝑎, 𝑧𝑧) + (𝑏𝑏, 𝑧𝑧) for all x, y ∈ X. 

 
Then d is called a cone metric on X and (X, d) is called a cone metric space. 
 
Example 2.3 [4]: Let 𝐸𝐸 =  𝑅𝑅2, 𝑃𝑃 = {(𝑎𝑎,𝑏𝑏)  ∈  𝐸𝐸: 𝑎𝑎,𝑏𝑏 ≥  0}, 𝑋𝑋 = 𝑅𝑅 and 𝑎𝑎: 𝑋𝑋 ×  𝑋𝑋 →  𝐸𝐸 defined by 𝑎𝑎(𝑎𝑎,𝑏𝑏) = (| 𝑎𝑎 − 𝑏𝑏 
|,∝ |𝑎𝑎 − 𝑏𝑏|) where ∝ ≥ 0 is a constant. Then (𝑋𝑋,𝑎𝑎) is a cone metric space. 
 
Example 2.4: Let E= 𝑙𝑙1, P = �{𝑎𝑎𝑎𝑎 }𝑎𝑎 ≥ 1𝐸𝐸: 𝑎𝑎𝑎𝑎 ≥ 0, 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑙𝑙𝑙𝑙 𝑎𝑎�  (𝑋𝑋,𝑎𝑎) a metric space and 𝑎𝑎: 𝑋𝑋 ×  𝑋𝑋 →  𝐸𝐸, defined by 
d(𝑎𝑎,𝑏𝑏) =�𝑎𝑎(𝑎𝑎 ,𝑏𝑏)

2𝑎𝑎
�  𝑎𝑎 ≥ 1.Then(𝑋𝑋,𝑎𝑎) is a cone metric space. 

 
Definition 2.5[9]:  Let (𝑋𝑋,𝑎𝑎) be a cone metric space. Let {𝒙𝒙n}n≥1 be a sequence in X and 𝒙𝒙 ∈ 𝑋𝑋. Then 
(a) {𝒙𝒙𝑎𝑎}𝑎𝑎≥1 converges to x whenever for every c ∈E with 0 ≪ c  there is a natural number N such that d(𝒙𝒙𝑎𝑎, 𝒙𝒙) ≪ c for 

all 𝑎𝑎 ≥  𝑁𝑁 
(b) {𝒙𝒙𝑎𝑎}𝑎𝑎≥1 is said to Cauchy sequence for every c ∈ E with 0 ≪ c  there is a natural number N such that d(𝒙𝒙𝑎𝑎, 𝒙𝒙𝑚𝑚) ≪c 

for 𝑎𝑎𝑙𝑙𝑙𝑙 𝑎𝑎 𝑚𝑚 ≥ 𝑁𝑁. 
(c) (𝑋𝑋,𝑎𝑎) is called a complete cone metric space, if every Cauchy sequence is convergent in X. 
 
Lemma 2.6[4]: Let (X, d) be a cone metric space, P ⊂ E a normal cone with normal constant K.  
Let {𝑎𝑎𝑎𝑎}, {𝑏𝑏𝑎𝑎} be a sequences in X and 𝑎𝑎, 𝑏𝑏 ∊ X. Then, 
(i)   {𝑎𝑎n} converges to x if and only if  lim n→∞ d (𝑎𝑎n, 𝑎𝑎) = 0; 
(ii)  If {𝑎𝑎n} converges to 𝑎𝑎 and {𝑎𝑎n} converges to 𝑏𝑏 then 𝑎𝑎 = 𝑏𝑏. That is the limit of {𝑎𝑎n} is unique; 
(iii) If {𝑎𝑎n} converges to 𝑎𝑎, then {𝑎𝑎n} is Cauchy sequence. 
(iv) {𝑎𝑎n} is a Cauchy sequence if and only if   lim n, m→∞ d (𝑎𝑎n, 𝑎𝑎m) = 0; 
(v)  If 𝑎𝑎n → 𝑎𝑎 and {𝑏𝑏n} is another sequence in X such that 𝑏𝑏n→ 𝑏𝑏 (n → ∞) then d (𝑎𝑎n, 𝑏𝑏n) →d (𝑎𝑎, y) 
 
3. MAIN RESULTS 
 
The following which will give, are generalization of theorems 2.1, 2.2.and 2.3 of [2]. 
 
[A]. GENERALIZED JAGGI CONTRACTION 
 
Definition 3.1: [13] Let (𝑋𝑋,𝑎𝑎) be a cone metric space. A self mapping𝑇𝑇:𝑋𝑋 → 𝑋𝑋 is called generalized Jaggi contraction 
if it satisfies the following condition: 
 
𝑎𝑎(𝑇𝑇𝑎𝑎,𝑇𝑇𝑏𝑏) ≤  𝛼𝛼𝑎𝑎 (𝑎𝑎 ,𝑇𝑇𝑎𝑎)𝑎𝑎(𝑏𝑏 ,𝑇𝑇𝑏𝑏

𝑎𝑎(𝑎𝑎 ,𝑏𝑏)
+  𝛽𝛽𝑎𝑎(𝑎𝑎,𝑏𝑏) +  𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎 {𝑎𝑎(𝑎𝑎,𝑇𝑇𝑏𝑏),𝑎𝑎(𝑏𝑏,𝑇𝑇𝑎𝑎} for all x. y∈ 𝑋𝑋, where L ≥ 0 and 𝛼𝛼,𝛽𝛽 ∈ [0,1] with 

𝛼𝛼 + 𝛽𝛽 < 1.                                                                                                                                                                        (1) 
 
Theorem 3.2:  Let (𝑋𝑋,𝑎𝑎) be a complete cone metric space and P be a normal cone with normal constant K. Suppose 
the mappings 𝑇𝑇1,   𝑇𝑇2 :𝑋𝑋 → 𝑋𝑋 be any two generalized Jaggi contractions, by definition  [3.1] ,satisfies the following 
condition 
 
d (𝑇𝑇1𝑎𝑎, 𝑇𝑇2𝑏𝑏) ≤ 𝛼𝛼𝑎𝑎 (𝑎𝑎 ,𝑇𝑇1𝑎𝑎)𝑎𝑎  (𝑏𝑏 ,𝑇𝑇2𝑏𝑏)

𝑎𝑎(𝑎𝑎 ,𝑏𝑏)
 +  𝛽𝛽𝑎𝑎 (𝑎𝑎,𝑏𝑏) +  𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎 {𝑎𝑎(𝑎𝑎,𝑇𝑇2𝑏𝑏),𝑎𝑎(𝑏𝑏,𝑇𝑇2𝑏𝑏)} for allx, y∈ 𝑋𝑋 where L ≥ 0 and 𝛼𝛼,𝛽𝛽 [0.1] 

with  𝛼𝛼 + 𝛽𝛽 < 1. Then T1 and T2 have a unique common fixed point in X.  
 
Proof: Let x0 be an arbitrary element and define the sequences {𝑎𝑎2𝑎𝑎  } and {𝑎𝑎2𝑎𝑎+1} such that 𝑎𝑎2𝑎𝑎+1  = 𝑇𝑇1 𝑎𝑎2𝑎𝑎   and  
𝑎𝑎2𝑎𝑎+2  = 𝑇𝑇2 𝑎𝑎2𝑎𝑎+1 for each n = 0, 1, 2,…∞. 
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We have 
𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1) = 𝑎𝑎(𝑇𝑇1𝑎𝑎2𝑎𝑎−1,𝑇𝑇2𝑎𝑎2𝑎𝑎) 
 
                       ≤  𝛼𝛼𝑎𝑎 (𝑎𝑎2𝑎𝑎−1,𝑇𝑇1𝑎𝑎2𝑎𝑎−1) 𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑇𝑇2𝑎𝑎2𝑎𝑎 )

𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎 )
 +𝛽𝛽𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎) + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎+1),𝑎𝑎(𝑎𝑎2𝑎𝑎 ,𝑇𝑇1𝑎𝑎2𝑎𝑎−1)} 

 
                       ≤  𝛼𝛼𝑎𝑎 (𝑎𝑎2𝑎𝑎−1,   𝑎𝑎2𝑎𝑎 ) 𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1)

𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎 )
+ 𝛽𝛽𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎)+  𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎+1),𝑎𝑎(𝑎𝑎2𝑎𝑎 ,𝑇𝑇1𝑎𝑎2𝑎𝑎−1)} 

 
        ≤  𝛼𝛼𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1)+ 𝛽𝛽𝑎𝑎(𝑎𝑎2𝑎𝑎+1, 𝑎𝑎2𝑎𝑎) 

 
(1 − 𝛼𝛼)𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1)  ≤  𝛽𝛽𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎)  
 
𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1)  ≤ 𝛽𝛽

 1−𝛽𝛽
(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎) 

 
                        =  𝑘𝑘𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎) where k = 𝛽𝛽

 1−𝛽𝛽
 ,   𝛼𝛼 + 𝛽𝛽 < 1, 0 < 𝐾𝐾 < 1. 

 
Hence by induction 
 
𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1) =  𝑘𝑘𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎) ≤ 𝑘𝑘2𝑎𝑎(𝑎𝑎2𝑎𝑎−2, 𝑎𝑎2𝑎𝑎−1) ≤……….𝑘𝑘2𝑎𝑎𝑎𝑎(𝑎𝑎0, 𝑎𝑎1) 
 
Now for 𝑚𝑚 > 𝑎𝑎,  we have 
 
𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑚𝑚 ) ≤  𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1) + 𝑎𝑎(𝑎𝑎2𝑎𝑎+1, 𝑎𝑎2𝑎𝑎+2) … + 𝑎𝑎(𝑎𝑎2𝑎𝑎+2𝑚𝑚−1, 𝑎𝑎2𝑚𝑚 ) 
 
                    ≤  (𝑘𝑘2𝑎𝑎 + 𝑘𝑘2𝑎𝑎+1 +…+𝑘𝑘2𝑎𝑎+2𝑚𝑚−1)𝑎𝑎(𝑎𝑎0, 𝑎𝑎1) 
 
                    ≤  𝑘𝑘

2𝑎𝑎

1−𝑘𝑘
 𝑎𝑎(𝑎𝑎0, 𝑎𝑎1) 

 
We get ‖𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑚𝑚‖ ≤  𝐾𝐾 𝑘𝑘

2𝑎𝑎

1−𝑘𝑘
 ‖𝑎𝑎(𝑎𝑎0 , 𝑎𝑎1)‖ which implies that𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑚𝑚 ) → 0 as 𝑎𝑎 → ∞. 

 
Hence {𝑎𝑎2𝑎𝑎 } is a Cauchy sequence in X. Since (X, d) be a complete cone metric space. So there exist 𝑎𝑎∗ ∈ 𝑋𝑋 such 
that 𝑎𝑎2𝑎𝑎 → 𝑎𝑎∗(𝑎𝑎 → ∞). 
 
Since 𝑎𝑎(𝑎𝑎∗,𝑇𝑇1𝑎𝑎∗) ≤ 𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1) + 𝑎𝑎(𝑎𝑎2𝑎𝑎+1,𝑇𝑇1𝑎𝑎∗)  
 
                             ≤ 𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1) + 𝑎𝑎(𝑇𝑇1𝑎𝑎2𝑎𝑎 ,𝑇𝑇1𝑎𝑎∗) 
 
                            ≤ 𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1) + 𝛼𝛼𝑎𝑎 (𝑎𝑎2𝑎𝑎 , 𝑇𝑇1𝑎𝑎2𝑎𝑎 ) 𝑎𝑎(𝑎𝑎∗,𝑇𝑇1𝑎𝑎∗)

𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗)
 + 𝛽𝛽𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗) + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑎𝑎2𝑎𝑎 ,𝑇𝑇1𝑎𝑎∗),𝑎𝑎(𝑎𝑎∗,𝑇𝑇1𝑎𝑎2𝑎𝑎)} 

 
                             ≤ 𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1) + 𝛼𝛼𝑎𝑎 (𝑎𝑎2𝑎𝑎 ,   𝑎𝑎2𝑎𝑎+1) 𝑎𝑎(𝑎𝑎∗, 𝑎𝑎∗)

𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗)
 + 𝛽𝛽𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗) + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗),𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1)} 

 
              ≤ 𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1)+ 𝛽𝛽𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗) + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗),𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1)} 

 
So, using the condition of normality of cone 
 
‖ 𝑎𝑎(𝑎𝑎∗,𝑇𝑇1𝑎𝑎∗)‖ ≤ 𝐾𝐾(𝑘𝑘‖𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1)‖ + 𝛽𝛽‖𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗)‖ + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎‖𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗),𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1)‖ → 0. 
 
Hence  ‖ 𝑎𝑎(𝑎𝑎∗,𝑇𝑇1𝑎𝑎∗)‖ = 0. This implies that 𝑎𝑎∗ =  𝑇𝑇1𝑎𝑎∗. So, 𝑎𝑎∗  is a fixed point of 𝑇𝑇1 . Now if 𝑏𝑏∗ is another fixed point 
of 𝑇𝑇1. Then we have 
 
𝑎𝑎(𝑎𝑎∗,𝑏𝑏 ∗) = 𝑎𝑎(𝑇𝑇1𝑎𝑎∗,𝑇𝑇1𝑏𝑏∗) 
 
                  ≤ 𝐾𝐾 � 𝛼𝛼𝑎𝑎  (𝑎𝑎∗,𝑇𝑇1𝑎𝑎∗) 𝑎𝑎(𝑏𝑏∗,𝑇𝑇1𝑏𝑏∗)

𝑎𝑎(𝑎𝑎∗,𝑏𝑏∗)
+  𝛽𝛽𝑎𝑎(𝑎𝑎∗,𝑏𝑏∗) + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑎𝑎∗,𝑇𝑇1𝑏𝑏∗)𝑎𝑎(𝑏𝑏∗,𝑇𝑇1𝑎𝑎∗}� 

 
                  ≤ 𝐾𝐾 �𝛼𝛼𝑎𝑎(𝑎𝑎

∗,𝑇𝑇1𝑎𝑎∗) 𝑎𝑎(𝑏𝑏∗,𝑏𝑏∗)
𝑎𝑎(𝑎𝑎∗,𝑏𝑏∗)

+  𝛽𝛽𝑎𝑎(𝑎𝑎∗,𝑏𝑏∗) + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑎𝑎∗,𝑏𝑏∗)𝑎𝑎(𝑏𝑏∗,𝑇𝑇1𝑎𝑎∗}� 
 
Hence ‖𝑎𝑎(𝑎𝑎∗,𝑏𝑏 ∗)‖  = 0 and   𝑎𝑎∗ = 𝑏𝑏∗ .Therefore the fixed point of 𝑇𝑇1 is unique. 
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Similarly, it can be established that 𝑇𝑇2𝑎𝑎∗ = 𝑎𝑎 ∗.  Hence  𝑇𝑇1𝑎𝑎∗ = 𝑎𝑎∗ = 𝑇𝑇2𝑎𝑎∗. Thus 𝑎𝑎∗ is common fixed point of 𝑇𝑇1  
and 𝑇𝑇2. This completes the proof. 
 
Corollary 3.3: Let (𝑋𝑋,𝑎𝑎) be a complete cone metric space and P be a normal cone with normal constant K. Suppose 
the mappings 𝑇𝑇1,   𝑇𝑇2 :𝑋𝑋 → 𝑋𝑋 be any two generalized Jaggi contractions, by definition  [3.1], satisfies the following 
condition 
 
d (𝑇𝑇1𝑎𝑎, 𝑇𝑇2𝑏𝑏) ≤ 𝛼𝛼𝑎𝑎 (𝑎𝑎 ,𝑇𝑇1𝑎𝑎)𝑎𝑎  (𝑏𝑏 ,𝑇𝑇2𝑏𝑏)

𝑎𝑎(𝑎𝑎 ,𝑏𝑏)
 +  𝛽𝛽𝑎𝑎 (𝑎𝑎,𝑏𝑏)for all x, y∈ 𝑋𝑋whereL ≥ 0 and 𝛼𝛼,𝛽𝛽 [0.1] with  𝛼𝛼 + 𝛽𝛽 < 1. Then T1 and T2 

have a unique common fixed point in X. 
 
Proof: The proof of corollary immediately follows by putting L= 0 in previous theorem in 3.1. 
 
Theorem 3.4: Let (𝑋𝑋,𝑎𝑎) be a complete cone metric space and P be a normal cone with normal constant K. suppose  
𝑇𝑇,𝑅𝑅, 𝑆𝑆 :𝑋𝑋 → 𝑋𝑋 be three self maps which generalized Jaggi contractions, by definition [3.1], satisfies the following 
condition 
 
d (𝑇𝑇𝑅𝑅𝑎𝑎, 𝑇𝑇𝑆𝑆𝑏𝑏) ≤ 𝛼𝛼𝑎𝑎 (𝑇𝑇𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎 )𝑎𝑎  (𝑇𝑇𝑏𝑏 ,𝑇𝑇𝑆𝑆𝑏𝑏 )

𝑎𝑎(𝑇𝑇𝑎𝑎 ,𝑇𝑇𝑏𝑏)
 +  𝛽𝛽𝑎𝑎 (𝑇𝑇𝑎𝑎,𝑇𝑇𝑏𝑏) +  𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎 {𝑎𝑎(𝑇𝑇𝑎𝑎,𝑇𝑇𝑆𝑆𝑏𝑏),𝑎𝑎(𝑇𝑇𝑏𝑏,𝑇𝑇𝑅𝑅𝑎𝑎)} for all x, y ∈ 𝑋𝑋where L ≥ 0 and 

𝛼𝛼,𝛽𝛽 [0.1] with  𝛼𝛼 + 𝛽𝛽 < 1. Then  T, R and S  have a unique common fixed point in X.  
 
Proof: Let x0 be an arbitrary element and define the sequences {𝑎𝑎2𝑎𝑎  } and {𝑎𝑎2𝑎𝑎+1} such that 𝑎𝑎2𝑎𝑎+1  = 𝑅𝑅 𝑎𝑎2𝑎𝑎   and  
𝑎𝑎2𝑎𝑎+2  = 𝑆𝑆 𝑎𝑎2𝑎𝑎+1 for each n = 0, 1, 2,...∞. 
 
Then we have 
 
𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑎𝑎+2)  =  𝑎𝑎(𝑇𝑇𝑅𝑅𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑆𝑆𝑎𝑎2𝑎𝑎+1) 
 
                                 ≤  𝛼𝛼𝑎𝑎 �𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎2𝑎𝑎 �𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑆𝑆𝑎𝑎2𝑎𝑎+1�

𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+1�
 +  𝛽𝛽𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+1) 

                                          + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎�𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑆𝑆𝑎𝑎2𝑎𝑎+1�,𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎+1, 𝑇𝑇𝑅𝑅𝑎𝑎2𝑎𝑎�� 
 
                                 ≤  𝛼𝛼𝑎𝑎 �𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+1�𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑎𝑎+2�

𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+1�
 + 𝛽𝛽𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+1) 

                                         + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎�𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+2�,𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎+1, 𝑇𝑇𝑎𝑎2𝑎𝑎+1�� 
 
                                ≤ 𝛼𝛼𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑎𝑎+2� + 𝛽𝛽𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+1) 
 
(1 − 𝛼𝛼) 𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑎𝑎+2) ≤  𝛽𝛽𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+1) 
 
𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑎𝑎+2) ≤  𝛽𝛽

1−𝛼𝛼
 𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+1) 

 
𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑎𝑎+2) ≤ 𝐾𝐾 𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+1) . where 𝐾𝐾 =  𝛽𝛽

1−𝛼𝛼
 , 𝛼𝛼 + 𝛽𝛽 < 1. 

 
So, for  𝑚𝑚,𝑎𝑎 ∈ 𝑁𝑁, with 𝑚𝑚 > 𝑎𝑎. we have    
   
𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑚𝑚+2)  ≤ 𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑎𝑎+2� + 𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎+2, 𝑇𝑇𝑎𝑎2𝑎𝑎+3� +…+𝑎𝑎�𝑇𝑇𝑎𝑎2𝑚𝑚 ,𝑇𝑇𝑎𝑎2𝑚𝑚+1� 
 
                                 ≤  (𝑘𝑘2𝑎𝑎+1 +  𝑘𝑘2𝑎𝑎+2 + 𝑘𝑘2𝑎𝑎+3 + ⋯+ 𝑘𝑘2𝑎𝑎  )𝑎𝑎�𝑇𝑇𝑎𝑎0,𝑇𝑇𝑎𝑎1� 
 
                                 ≤  𝑘𝑘

2𝑎𝑎

1−𝑘𝑘
  𝑎𝑎�𝑇𝑇𝑎𝑎0,𝑇𝑇𝑎𝑎1� 

 
We get�𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑚𝑚+2�� ≤ 𝑘𝑘

2𝑎𝑎

1−𝑘𝑘
𝐾𝐾‖𝑎𝑎(𝑇𝑇𝑎𝑎0,𝑇𝑇𝑎𝑎1)‖ .This implies that 𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑚𝑚+2� → 0 (𝑎𝑎,𝑚𝑚 → ∞). Hence 

{𝑇𝑇𝑎𝑎2𝑎𝑎+1 } is a Cauchy sequence. Since (𝑋𝑋,𝑎𝑎) is a complete cone metric space. So, there exist 𝑎𝑎 ∗ ∈ 𝑋𝑋 such that  
𝑇𝑇𝑎𝑎2𝑎𝑎+1 →  𝑎𝑎∗ ( 𝑎𝑎 → ∞). 
 
Since  𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑎𝑎∗) ≤  𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1) + 𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑅𝑅𝑎𝑎∗) 
 
                                  ≤ 𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1) + 𝑎𝑎(𝑇𝑇𝑅𝑅𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎∗) 
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                                  ≤ 𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1) + 𝛼𝛼𝑎𝑎 (𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎2𝑎𝑎 ) 𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑎𝑎∗)

𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇 𝑎𝑎∗)
 + 𝛽𝛽𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎∗)                          

                                          + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎∗),𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1)} 
 
                                  ≤ 𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1) + 𝛼𝛼𝑎𝑎 (𝑇𝑇𝑎𝑎2𝑎𝑎 ,   𝑇𝑇𝑎𝑎2𝑎𝑎+1) 𝑎𝑎(𝑇𝑇𝑎𝑎∗, 𝑇𝑇𝑎𝑎∗)

𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 , 𝑇𝑇𝑎𝑎∗)
 + 𝛽𝛽𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎∗)        

                                          + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎∗),𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1)}              
                            
                                  ≤ 𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1)+ 𝛽𝛽𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎∗)+ 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎∗),𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1)} 
 
So, using the condition of normality of cone, we get 
 
‖𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑎𝑎∗)‖ ≤ 𝐾𝐾(‖𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1)‖ +𝛽𝛽‖𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎∗)‖ +𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎‖𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎∗),𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1)‖  →  0 
 
Hence ‖𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑎𝑎∗)‖ = 0 .This implies that 𝑇𝑇𝑎𝑎∗ = 𝑇𝑇𝑅𝑅𝑎𝑎∗. So 𝑎𝑎∗ = 𝑅𝑅𝑎𝑎∗ is fixed point of R. 
 
Now if 𝑏𝑏∗is another fixed point of R. Then we have ‖𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑏𝑏 ∗)‖  = 0. 
 
This implies that T𝑎𝑎∗ = Ty*.Therefore 𝑎𝑎∗ =  𝑏𝑏∗  the fixed point of R. 
 
Similarly it can be established that 𝑇𝑇𝑆𝑆𝑎𝑎∗= 𝑇𝑇𝑎𝑎∗. Hence 𝑇𝑇𝑅𝑅𝑎𝑎∗ =𝑎𝑎∗ = 𝑇𝑇𝑆𝑆𝑎𝑎 ∗.Thus𝑇𝑇𝑎𝑎 ∗ = 𝑎𝑎 ∗ is common fixed point of R 
and S. This completes the proof. 
 
Corollary 3.5: Let (𝑋𝑋,𝑎𝑎) be a complete cone metric space and P be a normal cone with normal constant K. suppose  
𝑇𝑇,𝑅𝑅, 𝑆𝑆 :𝑋𝑋 → 𝑋𝑋 be three self maps which generalized Jaggi contractions, by definition [3.1], satisfies the following 
condition 
 
d (𝑇𝑇𝑅𝑅𝑎𝑎, 𝑇𝑇𝑆𝑆𝑏𝑏) ≤ 𝛼𝛼𝑎𝑎 (𝑇𝑇𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎 )𝑎𝑎  (𝑇𝑇𝑏𝑏 ,𝑇𝑇𝑆𝑆𝑏𝑏 )

𝑎𝑎(𝑇𝑇𝑎𝑎 ,𝑇𝑇𝑏𝑏)
 +  𝛽𝛽𝑎𝑎 (𝑇𝑇𝑎𝑎,𝑇𝑇𝑏𝑏) for all x, y ∈ 𝑋𝑋where L ≥ 0 and 𝛼𝛼,𝛽𝛽 [0.1] with  𝛼𝛼 + 𝛽𝛽 < 1.  

 
Then T, R and S have a unique common fixed point in X.  
 
Proof: The proof of corollary immediately follows by putting L= 0 in previous theorem in 3.3. 
 
[B] GENERALIZED DASS AND GUPTA CONTRACTION 
 
Definition 3.6: [13] Let (𝑋𝑋,𝑎𝑎) be a cone metric space. A self mapping𝑇𝑇:𝑋𝑋 → 𝑋𝑋 is called generalized Dass and Gupta 
contraction, if it satisfies the following condition: 
 
𝑎𝑎(𝑇𝑇𝑎𝑎,𝑇𝑇𝑏𝑏) ≤  𝛼𝛼𝑎𝑎 (𝑏𝑏 ,𝑇𝑇𝑏𝑏)[1+𝑎𝑎(𝑎𝑎 ,𝑇𝑇𝑎𝑎)

1+𝑎𝑎(𝑎𝑎 ,𝑏𝑏)
+  𝛽𝛽𝑎𝑎(𝑎𝑎,𝑏𝑏) +  𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎 {𝑎𝑎(𝑎𝑎,𝑇𝑇𝑎𝑎),𝑎𝑎(𝑎𝑎,𝑇𝑇𝑎𝑎),𝑎𝑎(𝑏𝑏,𝑇𝑇𝑏𝑏)} for all x. y∈ 𝑋𝑋, where L ≥ 0 and 

𝛼𝛼,𝛽𝛽 ∈ [0,1] with 𝛼𝛼 + 𝛽𝛽 < 1.                                                                                                                                            (2) 
 
Theorem 3.7: Let (𝑋𝑋,𝑎𝑎) be a complete cone metric space and P be a normal cone with normal constant K. suppose the 
mappings 𝑇𝑇1,   𝑇𝑇2 :𝑋𝑋 → 𝑋𝑋 be any two generalized Dass and Gupta contractions, by definition [3.6], satisfies the 
following condition 
 
d (𝑇𝑇1𝑎𝑎, 𝑇𝑇2𝑏𝑏) ≤ 𝛼𝛼𝑎𝑎 (𝑏𝑏 ,𝑇𝑇2𝑏𝑏)[1+𝑎𝑎  (𝑎𝑎 ,𝑇𝑇1𝑎𝑎)]

1+𝑎𝑎(𝑎𝑎 ,𝑏𝑏)
 +  𝛽𝛽𝑎𝑎 (𝑎𝑎,𝑏𝑏) +  𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎 {𝑎𝑎(𝑎𝑎,𝑇𝑇1𝑎𝑎),𝑎𝑎(𝑎𝑎,𝑇𝑇2𝑏𝑏)𝑎𝑎(𝑏𝑏,𝑇𝑇2𝑏𝑏)} for all x, y∈ 𝑋𝑋 where L ≥ 0 

and 𝛼𝛼,𝛽𝛽 [0.1] with  𝛼𝛼 + 𝛽𝛽 < 1. Then T1 and T2 have a unique fixed point in X.  
 
Proof: Let x0 be an arbitrary element and define the sequences {𝑎𝑎2𝑎𝑎  } and {𝑎𝑎2𝑎𝑎+1} such that 𝑎𝑎2𝑎𝑎+1  = 𝑇𝑇1 𝑎𝑎2𝑎𝑎   And  
𝑎𝑎2𝑎𝑎+2  = 𝑇𝑇2 𝑎𝑎2𝑎𝑎+1 for each n = 0, 1, 2, … … ∞. 
 
We have  
𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1)  = 𝑎𝑎(𝑇𝑇1𝑎𝑎2𝑎𝑎−1,𝑇𝑇2𝑎𝑎2𝑎𝑎) 
 
                       ≤  𝛼𝛼𝑎𝑎 (𝑎𝑎2𝑎𝑎 ,𝑇𝑇2𝑎𝑎2𝑎𝑎 ) [1+𝑎𝑎�𝑎𝑎2𝑎𝑎−1, 𝑇𝑇1𝑎𝑎2𝑎𝑎−1�]

1+𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎 )
+𝛽𝛽𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎)                  

 
                               + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑎𝑎2𝑎𝑎−1,𝑇𝑇1𝑎𝑎2𝑎𝑎−1),𝑎𝑎(𝑎𝑎2𝑎𝑎−1,𝑇𝑇2𝑎𝑎2𝑎𝑎)𝑎𝑎(𝑎𝑎2𝑎𝑎 ,𝑇𝑇1𝑎𝑎2𝑎𝑎−1)} 
 
                       ≤  𝛼𝛼𝑎𝑎 (𝑎𝑎2𝑎𝑎 ,   𝑎𝑎2𝑎𝑎+1)[1+ 𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎 )

1+𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎 )
+𝛽𝛽𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎) + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎),𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎+1)𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎)} 



S. K. Tiwari1*, R. P. Dubey1 and A. K. Dubey2/ Cone Metric Space and Common Fixed Point Theorems for Generalized Jaggi and 
Dass-Gupta Contractive mappings/IJMA- 4(10), Oct.-2013. 

© 2013, IJMA. All Rights Reserved                                                                                                                                                                     98   

 
                       ≤  𝛼𝛼𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1)+ 𝛽𝛽𝑎𝑎(𝑎𝑎2𝑎𝑎+1, 𝑎𝑎2𝑎𝑎) 
 
(1 − 𝛼𝛼)𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1) ≤  𝛽𝛽𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎  
 
𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1) ≤ 𝛽𝛽

 1−𝛽𝛽
(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎) 

 
                       =  𝑘𝑘𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎) . 
 
where k = 𝛽𝛽

 1−𝛽𝛽
 ,  𝛼𝛼 + 𝛽𝛽 < 1, 0 < 𝐾𝐾 < 1.  

 
Hence by induction 
 
𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1) =  𝑘𝑘𝑎𝑎(𝑎𝑎2𝑎𝑎−1, 𝑎𝑎2𝑎𝑎) ≤ 𝑘𝑘2𝑎𝑎(𝑎𝑎2𝑎𝑎−2, 𝑎𝑎2𝑎𝑎−1) ≤….𝑘𝑘2𝑎𝑎𝑎𝑎(𝑎𝑎0, 𝑎𝑎1) 
 
Now for 𝑚𝑚 > 𝑎𝑎,  we have 
𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑚𝑚 )   ≤  𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1) + 𝑎𝑎(𝑎𝑎2𝑎𝑎+1, 𝑎𝑎2𝑎𝑎+2) … … … + 𝑎𝑎(𝑎𝑎2𝑎𝑎+2𝑚𝑚−1, 𝑎𝑎2𝑚𝑚 ) 
 
                       ≤  (𝑘𝑘2𝑎𝑎 + 𝑘𝑘2𝑎𝑎+1 +……+𝑘𝑘2𝑎𝑎+2𝑚𝑚−1)𝑎𝑎(𝑎𝑎0, 𝑎𝑎1) 
 
                       ≤  𝑘𝑘

2𝑎𝑎

1−𝑘𝑘
 𝑎𝑎(𝑎𝑎0, 𝑎𝑎1) 

 
We get ‖𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑚𝑚‖  ≤  𝐾𝐾 𝑘𝑘

2𝑎𝑎

1−𝑘𝑘
 ‖𝑎𝑎(𝑎𝑎0 , 𝑎𝑎1)‖ which implies that𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑚𝑚 ) → 0 as𝑎𝑎,𝑚𝑚 → ∞. 

 
Hence {𝑎𝑎2𝑎𝑎 } is a Cauchy sequence in X. Since (X, d) be a complete cone metric space. So there exist 𝑎𝑎∗ ∈ 𝑋𝑋 such 
that 𝑎𝑎2𝑎𝑎 → 𝑎𝑎∗(𝑎𝑎 → ∞). 
 
Since 𝑎𝑎(𝑎𝑎∗,𝑇𝑇1𝑎𝑎∗)  ≤ 𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1) + 𝑎𝑎(𝑎𝑎2𝑎𝑎+1,𝑇𝑇1𝑎𝑎∗) 
 
                              ≤ 𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1) + 𝑎𝑎(𝑇𝑇1𝑎𝑎2𝑎𝑎 ,𝑇𝑇1𝑎𝑎∗) 
 
                              ≤ 𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1) + 𝛼𝛼𝑎𝑎 (𝑎𝑎∗, 𝑇𝑇1𝑎𝑎∗) [1+𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑇𝑇1𝑎𝑎2𝑎𝑎 )]

1+𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗)
 + 𝛽𝛽𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗)          

                                                       + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑎𝑎2𝑎𝑎 ,𝑇𝑇1𝑎𝑎2𝑎𝑎),𝑎𝑎(𝑎𝑎2𝑎𝑎 ,  𝑇𝑇1𝑎𝑎∗)𝑎𝑎(𝑎𝑎∗,𝑇𝑇1𝑎𝑎2𝑎𝑎)} 
 
                              ≤ 𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1) + 𝛼𝛼𝑎𝑎 (𝑎𝑎∗, 𝑎𝑎∗) [1+𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1)]

1+𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗)
 + 𝛽𝛽𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗)          

                                                       + 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1),𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗),𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1)} 
 

               ≤ 𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1) + 𝛽𝛽𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗)+ 𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎{𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1),𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗),𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1)} 
 
So, using the condition of normality of cone 
 
‖ 𝑎𝑎(𝑎𝑎∗,𝑇𝑇1𝑎𝑎∗)‖   ≤ 𝐾𝐾(𝑘𝑘‖𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1)‖ + 𝛽𝛽‖𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗)‖ +𝐿𝐿𝑚𝑚𝑖𝑖𝑎𝑎𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1),𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎∗),𝑎𝑎(𝑎𝑎∗, 𝑎𝑎2𝑎𝑎+1) → 0. 
 
Hence  ‖ 𝑎𝑎(𝑎𝑎∗,𝑇𝑇1𝑎𝑎∗)‖ = 0. This implies that 𝑎𝑎∗ =  𝑇𝑇1𝑎𝑎∗. So, 𝑎𝑎∗  is a fixed point of 𝑇𝑇1.Now if 𝑏𝑏∗ is another fixed point 
of 𝑇𝑇1. Then we have  
 
‖𝑎𝑎(𝑎𝑎∗,𝑏𝑏 ∗)‖  = 0 and   𝑎𝑎∗ = 𝑏𝑏∗ .Therefore the fixed point of 𝑇𝑇1 is unique. 
 
Similarly, it can be established that 𝑇𝑇2𝑎𝑎∗ = 𝑎𝑎 ∗.  Hence  𝑇𝑇1𝑎𝑎∗ = 𝑎𝑎∗ = 𝑇𝑇2𝑎𝑎∗. Thus 𝑎𝑎∗ is common fixed point of 𝑇𝑇1  
and 𝑇𝑇2. This completes the proof. 
 
Corollary 3.8: Let (𝑋𝑋,𝑎𝑎) be a complete cone metric space and P be a normal cone with normal constant K. suppose the 
mappings 𝑇𝑇1,   𝑇𝑇2 :𝑋𝑋 → 𝑋𝑋 be any two generalized Dass and Gupta contractions, by definition [3.5], satisfies the 
following condition 
d (𝑇𝑇1𝑎𝑎, 𝑇𝑇2𝑏𝑏) ≤ 𝛼𝛼𝑎𝑎 (𝑏𝑏 ,𝑇𝑇2𝑏𝑏)[1+𝑎𝑎  (𝑎𝑎 ,𝑇𝑇1𝑎𝑎)]

1+𝑎𝑎(𝑎𝑎 ,𝑏𝑏)
 +  𝛽𝛽𝑎𝑎 (𝑎𝑎,𝑏𝑏) for all x, y∈ 𝑋𝑋 where L ≥ 0 and 𝛼𝛼,𝛽𝛽 [0, 1] with  𝛼𝛼 + 𝛽𝛽 < 1.  

 
Then T1 and T2 have a unique fixed point in X.  
 
Proof: The proof of corollary immediately follows by putting L= 0 in previous theorem in 3.7. 
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Next, we shall generalize the theorem 2.1 of [14] in cone metric space for generalized contractive mappings with 
rational expression. 
 
Theorem 3.9: Let (𝑋𝑋,𝑎𝑎) be a complete cone metric space and P be a normal cone with normal constant K. suppose  
𝑇𝑇,𝑅𝑅, 𝑆𝑆 :𝑋𝑋 → 𝑋𝑋 be three self maps contractions satisfies the following condition 
 
d (𝑇𝑇𝑅𝑅𝑎𝑎, 𝑇𝑇𝑆𝑆𝑏𝑏) ≤ 𝛼𝛼 [𝑎𝑎(𝑇𝑇𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎 )𝑎𝑎  (𝑇𝑇𝑎𝑎 ,𝑇𝑇𝑆𝑆𝑏𝑏 )+𝑎𝑎(𝑇𝑇𝑏𝑏 ,𝑇𝑇𝑆𝑆𝑏𝑏 )𝑎𝑎(𝑇𝑇𝑏𝑏 ,𝑇𝑇𝑅𝑅𝑎𝑎 )

𝑎𝑎(𝑇𝑇𝑎𝑎 ,𝑇𝑇𝑆𝑆𝑏𝑏 )+𝑎𝑎(𝑇𝑇𝑏𝑏 ,𝑇𝑇𝑅𝑅𝑎𝑎 )
 all x, y ∈ 𝑋𝑋where and 𝛼𝛼 ∈ [0.1] with  Then  T, R and S  have a 

unique common fixed point in X.  
 
Proof: Let x0 be an arbitrary element and define the sequences {𝑎𝑎2𝑎𝑎  } and {𝑎𝑎2𝑎𝑎+1} such tha t 
𝑎𝑎2𝑎𝑎+1  = 𝑅𝑅 𝑎𝑎2𝑎𝑎   And  𝑎𝑎2𝑎𝑎+2  = 𝑆𝑆 𝑎𝑎2𝑎𝑎+1 for each n = 0, 1, 2,- - --- ---∞. 
 
Then we have 
𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑎𝑎+2) =  𝑎𝑎(𝑇𝑇𝑅𝑅𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑆𝑆𝑎𝑎2𝑎𝑎+1) 
 
                                ≤  𝛼𝛼 [𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎2𝑎𝑎 �𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑆𝑆𝑎𝑎2𝑎𝑎+1�+𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑆𝑆𝑎𝑎2𝑎𝑎+1)𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑅𝑅𝑎𝑎2𝑎𝑎 )

𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑆𝑆𝑎𝑎2𝑎𝑎+1�+𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑅𝑅𝑎𝑎2𝑎𝑎 )
 

 
                                =   𝛼𝛼[𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+1�𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+2�+𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑎𝑎+2)𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑎𝑎+1)

𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+2�+𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑎𝑎+1)
        

                                                                       
                                ≤ 𝛼𝛼𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+1� 
 
Hence by induction 
 
𝑎𝑎(𝑎𝑎2𝑎𝑎 , 𝑎𝑎2𝑎𝑎+1) ≤ 𝛼𝛼𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+1)≤𝛼𝛼2𝑎𝑎(𝑎𝑎2𝑎𝑎+1, 𝑎𝑎2𝑎𝑎+2)≤…….≤ 𝛼𝛼2𝑎𝑎𝑎𝑎(𝑇𝑇𝑎𝑎0,𝑇𝑇𝑎𝑎1) 
 
Now for 𝑚𝑚 ≥ 𝑎𝑎 ,  we have 
 
𝑎𝑎(𝑇𝑇𝑎𝑎2𝑚𝑚 ,𝑇𝑇𝑎𝑎2𝑎𝑎)  ≤ 𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+1) + 𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑎𝑎2𝑎𝑎+2) +…+𝑎𝑎(𝑇𝑇𝑎𝑎2𝑚𝑚−1.𝑇𝑇𝑎𝑎2𝑚𝑚 ) 
 
                         ≤(𝛼𝛼2𝑎𝑎 + 𝛼𝛼2𝑎𝑎+1 + ⋯+ 𝛼𝛼2𝑚𝑚−1)𝑎𝑎(𝑇𝑇𝑎𝑎0.𝑇𝑇𝑎𝑎1) 
 
                       ≤ 𝛼𝛼

2𝑎𝑎

1−𝛼𝛼
  𝑎𝑎(𝑇𝑇𝑎𝑎0,𝑇𝑇𝑎𝑎1). 

 
We get‖𝑎𝑎(𝑇𝑇𝑎𝑎2𝑚𝑚 ,𝑇𝑇𝑎𝑎2𝑎𝑎)‖ ≤  𝛼𝛼

2𝑎𝑎

1−𝛼𝛼
 𝐾𝐾‖𝑎𝑎(𝑇𝑇𝑎𝑎0,𝑇𝑇𝑎𝑎1)‖ . 

 
This implies that𝑎𝑎(𝑇𝑇𝑎𝑎2𝑚𝑚 ,𝑇𝑇𝑎𝑎2𝑎𝑎) → 0(𝑚𝑚,𝑎𝑎 → ∞ ). Hence{𝑇𝑇𝑎𝑎2𝑎𝑎 } is a Cauchy sequence. Since (𝑋𝑋,𝑎𝑎) is a complete 
cone metric space. So, there exist𝑎𝑎∗ ∈ 𝑋𝑋 such that 𝑇𝑇𝑎𝑎2𝑎𝑎 → 𝑎𝑎∗(𝑎𝑎 → ∞). 

   
Since 𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑎𝑎∗)  ≤  𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1) + 𝑎𝑎(𝑇𝑇𝑎𝑎2𝑎𝑎+1,𝑇𝑇𝑅𝑅𝑎𝑎∗)    
          
                                  ≤ 𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1) + 𝑎𝑎(𝑇𝑇𝑅𝑅𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎∗) 
 
                                  ≤ 𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1) + 𝛼𝛼 [𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎2𝑎𝑎 �𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎∗�+𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑎𝑎∗)𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑎𝑎2𝑎𝑎 )

𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎∗�+𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑎𝑎2𝑎𝑎 )
  

             
                                  = 𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1) + 𝛼𝛼 [𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎2𝑎𝑎+1�𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎∗�+𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎∗)𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1)]

𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎∗�+𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1)
 

 
So, using the condition of normality of the cone 
 
‖𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑎𝑎∗)‖ ≤ 𝐾𝐾(‖𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1)‖ + 𝛼𝛼��𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎2𝑎𝑎 �𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎∗��+‖𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎∗)𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1)‖�

�𝑎𝑎�𝑇𝑇𝑎𝑎2𝑎𝑎 ,𝑇𝑇𝑎𝑎∗�+𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑎𝑎2𝑎𝑎+1)�
) 

 
As 𝑎𝑎 → 0 we have ‖𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑎𝑎∗)‖ ≤ 0, a contradiction. So ‖𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑎𝑎∗)‖ = 0. This implies that 𝑇𝑇𝑎𝑎∗ = 𝑇𝑇𝑅𝑅𝑎𝑎∗. So 
𝑎𝑎∗ = 𝑅𝑅𝑎𝑎∗ is fixed point of R. Now if 𝑏𝑏∗is another fixed point of R. Then we have  
 
𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑏𝑏∗) = 𝑎𝑎(𝑇𝑇𝑅𝑅𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑏𝑏∗) 
                     ≤ 𝐾𝐾 𝛼𝛼[𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑎𝑎∗)𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑏𝑏∗)+𝑎𝑎(𝑇𝑇𝑏𝑏∗,𝑇𝑇𝑅𝑅𝑏𝑏∗)𝑎𝑎(𝑇𝑇𝑏𝑏∗,𝑇𝑇𝑅𝑅𝑎𝑎∗)

𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑅𝑅𝑏𝑏∗)+𝑎𝑎(𝑇𝑇𝑏𝑏∗,𝑇𝑇𝑅𝑅𝑎𝑎∗)
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So,  ‖𝑎𝑎(𝑇𝑇𝑎𝑎∗,𝑇𝑇𝑏𝑏∗)‖  = 0. Implies that 𝑇𝑇𝑎𝑎∗ =  𝑇𝑇𝑏𝑏∗. Therefore 𝑎𝑎∗ = 𝑏𝑏∗ is unique the fixed point R. 
 
Similarly, it can be established that 𝑇𝑇𝑆𝑆𝑎𝑎∗ = 𝑎𝑎∗. Hence 𝑇𝑇𝑅𝑅𝑎𝑎∗ = 𝑎𝑎∗ =  𝑇𝑇𝑆𝑆𝑎𝑎∗ . Thus 𝑎𝑎∗ is the common fixed point R and 
S. This completes the proof.  
 
Corollary 4.0: Let (𝑋𝑋,𝑎𝑎) be a complete cone metric space and P be a normal cone with normal constant K. suppose  
𝑇𝑇,𝑅𝑅, 𝑆𝑆 :𝑋𝑋 → 𝑋𝑋 be three self maps contractions satisfies the following condition 
 
d (𝑇𝑇𝑅𝑅𝑎𝑎𝑎𝑎, 𝑇𝑇𝑆𝑆𝑎𝑎𝑏𝑏) ≤ 𝛼𝛼 [𝑎𝑎(𝑇𝑇𝑎𝑎 ,𝑇𝑇𝑅𝑅𝑎𝑎𝑎𝑎)𝑎𝑎  (𝑇𝑇𝑎𝑎 ,𝑇𝑇𝑆𝑆𝑎𝑎𝑏𝑏)+𝑎𝑎(𝑇𝑇𝑏𝑏 ,𝑇𝑇𝑆𝑆𝑎𝑎𝑏𝑏)𝑎𝑎(𝑇𝑇𝑏𝑏 ,𝑇𝑇𝑅𝑅𝑎𝑎𝑎𝑎)

𝑎𝑎(𝑇𝑇𝑎𝑎 ,𝑇𝑇𝑆𝑆𝑎𝑎𝑏𝑏)+𝑎𝑎(𝑇𝑇𝑏𝑏 ,𝑇𝑇𝑅𝑅𝑎𝑎𝑎𝑎)
 all x, y ∈ 𝑋𝑋where and 𝛼𝛼 ∈ [0.1] and 𝑎𝑎 ∈ 𝑁𝑁.  Then  T, R 

and S  have a unique common fixed point in X.  
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