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1. INTRODUCTION  
 
Menger in 1942[9] was first introduced the concept of probabilistic metric space. the theory of probabilistic space is of 
fundamental importance in probabilistic functional analysis. The most interesting reference in this direction are 
[1],[2],[3],[4],[5],[6] and many others have proved common fixed point theorems in probabilistic metric space and 
menger space 
 
2. PRELIMINARIES  
 
Definition 2.1: let R denote the set of real’s and R+ the non negative real’s. A mapping F: R→ R+ is called a distribution 
function if it non decreasing left continuous with inf𝑡𝑡∈𝑅𝑅 𝐹𝐹(𝑡𝑡) = 0 and sup𝑡𝑡∈𝑅𝑅 𝐹𝐹(𝑡𝑡) = 1 
 
Definition2.2: A probabilistic metric space is an ordered pair (X, F) where X is a non empty set, L be set of all 
distribution function and F:𝑋𝑋𝑋𝑋𝑋𝑋 → 𝐿𝐿. We shall denote the distribution function by F (p, q) or 𝐹𝐹𝑝𝑝 ,𝑞𝑞(𝑋𝑋) will represents the 
values of F(p, q) at x∈R. The function F (p, q) is assumed to satisfy the following conditions: 
1.𝐹𝐹𝑝𝑝 ,𝑞𝑞(𝑋𝑋) = 1 for all x>0 ⇔p=q 
2.𝐹𝐹𝑝𝑝 ,𝑞𝑞(𝑋𝑋) = 0 for every p,q ∈X 
3.𝐹𝐹𝑝𝑝 ,𝑞𝑞(𝑋𝑋) =𝐹𝐹𝑞𝑞 ,𝑝𝑝(𝑋𝑋)for every p, q ∈X 
4.𝐹𝐹𝑝𝑝 ,𝑞𝑞(𝑋𝑋) = 1 𝑎𝑎𝑎𝑎𝑎𝑎 𝐹𝐹𝑞𝑞 ,𝑟𝑟 ,(𝑋𝑋) = 1  then 𝐹𝐹𝑝𝑝 ,𝑟𝑟(𝑋𝑋 + 𝑦𝑦) = 1 for every p,q,r∈X and in metric space (X, d). The metric d 
induced a mapping F:𝑋𝑋𝑋𝑋𝑋𝑋 → 𝐿𝐿 such that 𝐹𝐹𝑝𝑝 ,𝑞𝑞(𝑋𝑋) =𝐹𝐹𝑞𝑞 ,𝑝𝑝(𝑋𝑋) =H(x-d(p, q) for every p, q ∈ X where H is the distribution 
defined as  
 

𝐻𝐻(𝑋𝑋) = �0, 𝑋𝑋 ≤ 0
1, 𝑋𝑋 > 0

� 
 
Definition2.3: A mapping *: [0, 1] X [0, 1] →[0,1] is called t-norm if  
1. (a*1) = a ∀ 𝑎𝑎 ∈ [0,1] 
2. (a*b) = 0 ∀ 𝑎𝑎,𝑏𝑏 ∈ [0,1] 
3. (a*b) = (b*a) 
4. (c*d)≥ (a*b) for c≥ 𝑎𝑎,𝑎𝑎 ≥ 𝑏𝑏 
5. ((a*b)*c) = (a*(b*c)) 
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Example: 
1. (a*b) =ab 
2. (a*b) = min (a, b) 
3. (a*b) = max (a+b-1; 0) 
 
Definition 2.4: A menger space is triplet (X, F. *) where (X, F) a PM-space and ⊿ is a t-norm with the following 
condition 𝐹𝐹𝑢𝑢 ,𝑤𝑤(𝑋𝑋 + 𝑦𝑦) ≥ 𝐹𝐹𝑢𝑢 ,𝑣𝑣(x)* 𝐹𝐹𝑣𝑣,𝑤𝑤 (y) this inequality is called menger‘s triangle inequality. 
 
Example; Let X=R. (a+b) = min (a, b) ∀a, b ∈(o, 1)  

𝐹𝐹𝑢𝑢 ,𝑣𝑣(x) = �𝐻𝐻(𝑋𝑋), 𝑓𝑓𝑓𝑓𝑟𝑟 𝑢𝑢 ≠ 𝑣𝑣
1, 𝑢𝑢 = 𝑣𝑣

� 

 
where 

𝐻𝐻(𝑋𝑋) = �0, 𝑋𝑋 ≤ 0
1, 𝑋𝑋 > 0

�   .Then (X, F, *) is a menger space. 
 
Definition 2.5: let (X, F, *) is menger space with the continuous T-norms t. A sequence {𝑃𝑃𝑎𝑎} in X, if for every  
∈ > 0, 𝜆𝜆 > 0 𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑒𝑒  𝑒𝑒𝑋𝑋𝑒𝑒𝑒𝑒𝑡𝑡𝑒𝑒 𝑎𝑎𝑎𝑎 𝑒𝑒𝑎𝑎𝑡𝑡𝑖𝑖𝑒𝑒𝑟𝑟 𝑁𝑁 = 𝑁𝑁(∈, 𝜆𝜆) 
(I). Is said to be 𝑃𝑃𝑎𝑎 =∪ 𝑝𝑝(∈, 𝜆𝜆) for all n≥ N. or equivalently,  𝐹𝐹𝑝𝑝𝑃𝑃𝑎𝑎 ,(∈) > 1− ∈ for all n≥ N. we write 𝑃𝑃𝑎𝑎 → 𝑝𝑝 𝑎𝑎𝑒𝑒 n→ ∞    
      or lim𝑎𝑎→∞ 𝑃𝑃𝑎𝑎 = 𝑝𝑝 
(II). Is said to Cauchy 𝐹𝐹𝑃𝑃𝑎𝑎𝑃𝑃𝑚𝑚 ,(∈) > 1 −  𝜆𝜆 for all n, m ≥ N. 
(III).Is said to be complete if every Cauchy sequence in X is converges to a point in X. 
 
Definition 2.6: A coincidence point of two mappings is a point in their domain having the same image point under both 
mappings formally, given two mapping f, g: X→ Y we say that a point x in X is coincidence point of f and g if  
f(x) =g(x). 
 
Definition 2.7: Let (X, F, *) be a menger space. two mappings f, g: X→ X  are said to be weakly compatible if they 
commute at the coincidence point. i.e the pair {f, g} is weakly compatible pair if and only if fx=gx implies that fgx=gfx 
 
Examples 2.9: Define athe pair A, S, [0, 1] → [0,1] by  
 

𝐴𝐴(𝑋𝑋) = �
𝑋𝑋, 𝑋𝑋 ≤ [0,1)
1, 𝑋𝑋 > [0.1]

�  , 𝑆𝑆(𝑋𝑋) = �
1 − 𝑋𝑋, 𝑋𝑋 ≤ [0,1)

1, 𝑋𝑋 > [0.1]
� 

 
Then for any x∈ [0, 1], ASx=Sax, showing that A, S are weakly compatible maps on [0, 1] 
 
Definition 2.8: Let (X, F,*) be a menger space. two mappings A,S: X→  X  are said to be semi compatible if 
𝐹𝐹𝐴𝐴𝑆𝑆𝑋𝑋𝑎𝑎 ,𝑒𝑒𝑋𝑋 (t) → 1 for all t > 0 wherrnever {𝑋𝑋𝑎𝑎} is a sequence in X such that 𝐴𝐴𝑋𝑋𝑎𝑎 , 𝑆𝑆𝑋𝑋𝑎𝑎 ) → 𝑝𝑝 for some p in X as n→ ∞, it 
follow that (A, S) is semi compatible and Ay=Sy imply ASy=Say by taking {𝑋𝑋𝑎𝑎} =y and x=Ay =Sy. 
 
Lemma 2.9: Let (X, F,*) be a menger space. If {𝑃𝑃𝑎𝑎} be a sequence in menger space, where * is continuous  
I. (x*x) ≥ x ∀ x∈ [0,1] 
II.1.∃ 𝑘𝑘 ∈ (0,1) such that x> 0 and n ∈ 𝑁𝑁 𝐹𝐹𝑝𝑝𝑎𝑎 ,𝑝𝑝𝑎𝑎+1(kx) ≥ 𝐹𝐹𝑝𝑝𝑎𝑎−1,𝑝𝑝𝑎𝑎 (x). Then {𝑃𝑃𝑎𝑎} is Cauchy sequence. 
 
Lemma 2.10: ∃ 𝑘𝑘 ∈ (0,1) such that 𝐹𝐹𝑋𝑋 ,𝑦𝑦 (kt) ≥ 𝐹𝐹𝑦𝑦 ,𝑋𝑋(t) ∀𝑋𝑋,𝑦𝑦 ∈ 𝑋𝑋 𝑎𝑎𝑎𝑎𝑎𝑎 𝑘𝑘 > 0 𝑡𝑡ℎ𝑒𝑒𝑎𝑎 𝑋𝑋 = 𝑦𝑦. 
 
Lemma 2.11: If (X, d) is a metric space, then the metric d induces a mapping F:X x X→L, define by F(p, q)=H(x-d(p, 
q)), p, q∈X and x∈R.Further more if *:[0,1]X[0,1] →[0,1] is defined by (a*b)= min(a, b) then (X,F,*) is a menger 
space. It is complete if (X, d) is complete. The space (X, F,*) is obtained is called the induced menger space. 
 
3. MAIN RESULT 
 
Theorem 3.1: Let (X, F,*) be a complete menger space where * is continuous and (t*t) ≥ t for all t∈ [0,1]. Let S. T. A. 
and B be mapping from x into it self such that  
(i).S(X)⊂B(X) AND T(X) ⊂ 𝐴𝐴(𝑋𝑋) 
(II).A, B, are continuous. 
(iii).the pair (S,A) AND (T,B) semi compatible  
(iv).there exists a number 𝑘𝑘 ∈ (0,1)such that  
(𝐹𝐹𝑆𝑆𝑋𝑋 ,𝑇𝑇𝑦𝑦 (𝐾𝐾 ∈))2)≥ min{(𝐹𝐹𝐴𝐴𝑋𝑋 ,𝑆𝑆𝑋𝑋 (∈),𝐹𝐹𝐵𝐵𝑦𝑦 ,,𝑇𝑇𝑦𝑦(∈),𝐹𝐹𝐴𝐴𝑋𝑋 ,𝑇𝑇𝑦𝑦(2 ∈),(𝐹𝐹𝐵𝐵𝑋𝑋 ,𝑆𝑆𝑋𝑋 (2 ∈),}for all x, y∈ 𝑋𝑋 𝑎𝑎𝑎𝑎𝑎𝑎 ∈ > 0. Then S, T, A, and 
B have a unique common fixed point in X. 
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Proof: we can find a sequence {𝑦𝑦𝑎𝑎 } as follows  
 
𝑦𝑦2𝑎𝑎  =𝑒𝑒2𝑎𝑎  =𝐵𝐵2𝑎𝑎+1 and 𝑦𝑦2𝑎𝑎+1=𝑇𝑇𝑋𝑋2𝑎𝑎+1=𝐴𝐴𝑋𝑋2𝑎𝑎+2. 
 
𝑤𝑤𝑒𝑒 𝑒𝑒ℎ𝑎𝑎𝑎𝑎𝑎𝑎 𝑝𝑝𝑟𝑟𝑓𝑓𝑣𝑣𝑒𝑒 𝑡𝑡ℎ𝑎𝑎𝑡𝑡 𝑓𝑓𝑓𝑓𝑟𝑟 𝑎𝑎𝑎𝑎𝑦𝑦 𝑎𝑎 ∈ 𝑁𝑁 𝑎𝑎𝑎𝑎𝑎𝑎 ∈ > 0 

 
𝐹𝐹𝑦𝑦2𝑎𝑎+1,𝑦𝑦2𝑎𝑎+2

(k∈)≥ 𝐹𝐹𝑦𝑦2𝑎𝑎 ,𝑦𝑦2𝑎𝑎+1
(∈)                                                                                                                                       (1) 

 
𝑒𝑒𝑢𝑢𝑝𝑝𝑝𝑝𝑓𝑓𝑒𝑒𝑒𝑒 (1) is not true. Then there exist n∈N and ∈> 𝑓𝑓 such that  
 
𝐹𝐹𝑦𝑦2𝑎𝑎+1,𝑦𝑦2𝑎𝑎+2

(k∈)< 𝐹𝐹𝑦𝑦2𝑎𝑎 ,𝑦𝑦2𝑎𝑎+1
(∈)                                                                                                                                       (2) 

 
𝑒𝑒𝑡𝑡 𝑓𝑓𝑓𝑓𝑎𝑎𝑎𝑎𝑓𝑓𝑤𝑤 𝑓𝑓𝑟𝑟𝑓𝑓𝑚𝑚 (𝑒𝑒𝑣𝑣)𝑎𝑎𝑎𝑎𝑎𝑎 (2)      
 
(𝐹𝐹𝑆𝑆𝑋𝑋 ,𝑇𝑇𝑦𝑦 (𝐾𝐾 ∈))2             
(𝐹𝐹𝑦𝑦2𝑎𝑎+1,𝑦𝑦2𝑎𝑎+2

(𝑘𝑘 ∈))2 = (𝐹𝐹𝑆𝑆𝑋𝑋2𝑎𝑎+2,𝑇𝑇𝑋𝑋 2𝑎𝑎+1
(𝑘𝑘 ∈))2 

 
                                 ≥ min{(𝐹𝐹𝐴𝐴𝑋𝑋2𝑎𝑎+2 ,𝑒𝑒𝑋𝑋2𝑎𝑎+2 (∈),)(𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎+1 ,𝑇𝑇𝑋𝑋2𝑎𝑎+1(∈))(𝐹𝐹𝐴𝐴𝑋𝑋2𝑎𝑎+2 ,𝑒𝑒𝑋𝑋2𝑎𝑎+2 (2 ∈),)(𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎+1 ,𝑇𝑇𝑋𝑋2𝑎𝑎+1 (2∈)        
  
                                 = min{(𝐹𝐹𝐴𝐴𝑋𝑋2𝑎𝑎+2 ,𝑒𝑒𝑋𝑋2𝑎𝑎+2 (∈),)(𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎+1 ,𝑇𝑇𝑋𝑋2𝑎𝑎+1(∈)(𝐹𝐹𝐴𝐴𝑋𝑋2𝑎𝑎+2 ,𝑒𝑒𝑋𝑋2𝑎𝑎+2(2 ∈)(𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎+1 ,𝑇𝑇𝑋𝑋2𝑎𝑎+1 (2∈)   
 
                                 = min{(𝐹𝐹𝑦𝑦2𝑎𝑎+1 ,𝑦𝑦2𝑎𝑎+2 (∈),)(𝐹𝐹𝑦𝑦2𝑎𝑎  ,𝑦𝑦2𝑎𝑎+1(∈)(𝐹𝐹𝑦𝑦2𝑎𝑎+1 ,𝑦𝑦2𝑎𝑎+1(2 ∈)(𝐹𝐹𝑦𝑦2𝑎𝑎  ,𝑦𝑦2𝑎𝑎+2(2∈)   
 
                                 ≥ min{(𝐹𝐹𝑦𝑦2𝑎𝑎+1 ,𝑦𝑦2𝑎𝑎+2 (𝐾𝐾 ∈),)(𝐹𝐹𝑦𝑦2𝑎𝑎  ,𝑦𝑦2𝑎𝑎+1 (∈)(𝐹𝐹𝑦𝑦2𝑎𝑎  ,𝑦𝑦2𝑎𝑎+2(2∈)  since K∈ <∈ 
 
And F is non decreasing. 
 
                                ≥min{(𝐹𝐹𝑦𝑦2𝑎𝑎+1 ,𝑦𝑦2𝑎𝑎+2(𝑘𝑘 ∈),)(𝐹𝐹𝑦𝑦2𝑎𝑎  ,𝑦𝑦2𝑎𝑎+1(∈)}min{(𝐹𝐹𝑦𝑦2𝑎𝑎  ,𝑦𝑦2𝑎𝑎+1(∈)(𝐹𝐹𝑦𝑦2𝑎𝑎+1 ,𝑦𝑦2𝑎𝑎+2 (∈)                            (3) 
 
Now 𝑎𝑎𝑓𝑓𝑡𝑡𝑒𝑒, 𝑡𝑡ℎ𝑎𝑎𝑡𝑡 
 

 �
(𝑎𝑎)min{(𝐹𝐹𝑦𝑦2𝑎𝑎  ,𝑦𝑦2𝑎𝑎+1 (∈)(𝐹𝐹𝑦𝑦2𝑎𝑎+1 ,𝑦𝑦2𝑎𝑎+2 (∈)} >. (𝐹𝐹𝑦𝑦2𝑎𝑎+1,𝑦𝑦2𝑎𝑎+2

(𝑘𝑘 ∈))2

(𝑏𝑏)min{(𝐹𝐹𝑦𝑦2𝑎𝑎  ,𝑦𝑦2𝑎𝑎+1(∈)(𝐹𝐹𝑦𝑦2𝑎𝑎+1 ,𝑦𝑦2𝑎𝑎+2(∈)} ≥ (𝐹𝐹𝑦𝑦2𝑎𝑎+1 ,𝑦𝑦2𝑎𝑎+2(𝑘𝑘 ∈)
(𝑐𝑐)min{(𝐹𝐹𝑦𝑦2𝑎𝑎  ,𝑦𝑦2𝑎𝑎+1(∈)(𝐹𝐹𝑦𝑦2𝑎𝑎+1 ,𝑦𝑦2𝑎𝑎+2(∈)}(𝐹𝐹𝑦𝑦2𝑎𝑎  ,𝑦𝑦2𝑎𝑎+1(∈)

� 

 
                                     ≥ {(𝐹𝐹𝑦𝑦2𝑎𝑎+1 ,𝑦𝑦2𝑎𝑎+2(𝑘𝑘 ∈),)(𝐹𝐹𝑦𝑦2𝑎𝑎  ,𝑦𝑦2𝑎𝑎+1(∈) 
 
                                     >  (𝐹𝐹𝑦𝑦2𝑎𝑎+1,𝑦𝑦2𝑎𝑎+2

(𝑘𝑘 ∈))2 
 
So we get from (3) that  
 
(𝐹𝐹𝑦𝑦2𝑎𝑎+1,𝑦𝑦2𝑎𝑎+2

(𝑘𝑘 ∈))2 > (𝐹𝐹𝑦𝑦2𝑎𝑎+1,𝑦𝑦2𝑎𝑎+2
(𝑘𝑘 ∈))2, a contradiction. 

 
𝑇𝑇ℎ𝑒𝑒𝑟𝑟𝑒𝑒 for, (1) holds, for any n∈ 𝑁𝑁 and ∈>∈ 
 
0 𝑢𝑢𝑒𝑒𝑒𝑒𝑎𝑎𝑖𝑖 𝑎𝑎 𝑒𝑒𝑒𝑒𝑚𝑚𝑒𝑒𝑎𝑎𝑎𝑎𝑟𝑟 𝑎𝑎𝑟𝑟𝑖𝑖𝑢𝑢𝑚𝑚𝑒𝑒𝑎𝑎𝑡𝑡 𝑤𝑤𝑒𝑒 𝑓𝑓𝑏𝑏𝑎𝑎𝑡𝑡𝑎𝑎𝑒𝑒𝑎𝑎 𝑡𝑡ℎ𝑎𝑎𝑡𝑡 𝑓𝑓𝑓𝑓𝑟𝑟 𝑎𝑎𝑎𝑎𝑦𝑦 n∈ 𝑁𝑁and ∈> 0 
 
(𝐹𝐹𝑦𝑦2𝑎𝑎  ,𝑦𝑦2𝑎𝑎+1 (∈)) ≥ (𝐹𝐹𝑦𝑦2𝑎𝑎−1 ,𝑦𝑦2𝑎𝑎 (∈)}                                                                                                                                   (4) 
 
Thus putting (1) and (4) to gather, we see that (𝐹𝐹𝑦𝑦𝑎𝑎  ,𝑦𝑦𝑎𝑎+1(∈)) ≥ (𝐹𝐹𝑦𝑦𝑎𝑎−1 ,𝑦𝑦𝑎𝑎 (∈)for any n∈ 𝑁𝑁 and ∈> 0, and hence by 
lemma2.9 {𝑦𝑦𝑎𝑎}is a Cauchy sequence in X. Since X is complete. There exists z in X such that  
 

⎩
⎨

⎧
𝑒𝑒𝑋𝑋2𝑎𝑎 ⟶ 𝑧𝑧
𝐵𝐵𝑋𝑋2𝑎𝑎+1 ⟶ 𝑧𝑧
𝑇𝑇𝑋𝑋2𝑎𝑎+1 ⟶ 𝑧𝑧
𝐴𝐴𝑋𝑋2𝑎𝑎+2 ⟶ 𝑧𝑧

� as n⟶ ∞ 
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Now, suppose A is continuous. Then  
 
𝐴𝐴𝑋𝑋2𝑎𝑎

2 ⟶ 𝐴𝐴𝑧𝑧 and 𝐴𝐴𝑒𝑒𝑋𝑋2𝑎𝑎 ⟶ 𝐴𝐴𝑧𝑧 as n⟶ ∞                                                                                                                           (5) 
 
𝑒𝑒𝑒𝑒𝑎𝑎𝑐𝑐𝑒𝑒 𝑏𝑏𝑓𝑓𝑡𝑡ℎ 𝑓𝑓𝑓𝑓 { 𝐴𝐴𝑋𝑋2𝑎𝑎} and { 𝑒𝑒𝑋𝑋2𝑎𝑎} are convergent to z, the semi compatibility of A and S implies that  
 
𝑎𝑎𝑒𝑒𝑚𝑚𝑎𝑎→∞𝐹𝐹𝐴𝐴𝑆𝑆𝑋𝑋2𝑎𝑎 ,𝐴𝐴𝑆𝑆𝑋𝑋 2𝑎𝑎 ,

(∈) = 1. 
 
This in conjunction with (5) and the inequality  
 
𝐹𝐹𝑆𝑆𝐴𝐴𝑋𝑋2𝑎𝑎 ,𝐴𝐴𝐴𝐴 (∈) ≥ min{𝐹𝐹𝑆𝑆𝐴𝐴𝑋𝑋2𝑎𝑎 ,𝐴𝐴𝑒𝑒𝑋𝑋 2𝑎𝑎

(∈
2
), 𝐹𝐹𝐴𝐴𝑒𝑒𝑋𝑋2𝑎𝑎 ,𝐴𝐴𝑧𝑧 2𝑎𝑎

(∈
2
) 

 
Show that 𝑆𝑆𝐴𝐴𝑋𝑋2𝑎𝑎 ⟶ 𝐴𝐴𝑧𝑧 𝑎𝑎𝑒𝑒 n⟶ ∞ 
 
Let E= {∈ >0: 𝐹𝐹𝐴𝐴𝑧𝑧 ,𝑧𝑧  is continuous at ∈} since 𝐹𝐹𝐴𝐴𝑧𝑧 ,𝑧𝑧   is non decreasing, it can be discontinuous at only denumerable many 
points. 
 
We show that 𝐹𝐹𝐴𝐴𝑧𝑧 ,𝑧𝑧  (∈) ≥ 𝐹𝐹𝐴𝐴𝑧𝑧 ,𝑧𝑧  (𝑘𝑘−1 ∈)for any ∈ 𝑏𝑏𝑒𝑒𝑎𝑎𝑓𝑓𝑎𝑎𝑖𝑖𝑒𝑒 𝑡𝑡𝑓𝑓 𝐸𝐸. by IV 
 
(𝐹𝐹𝑆𝑆𝐴𝐴𝑋𝑋2𝑎𝑎 ,𝑇𝑇𝑋𝑋 2𝑎𝑎+1

(𝑘𝑘 ∈))2 ≥ min{(𝐹𝐹𝐴𝐴2𝑋𝑋2𝑎𝑎  ,𝑒𝑒𝑋𝑋2𝑎𝑎+2(𝑘𝑘−1 ∈),)(𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎+1 ,𝑇𝑇𝑋𝑋2𝑎𝑎+1 (𝑘𝑘−1 ∈)(𝐹𝐹𝐴𝐴2𝑋𝑋2𝑎𝑎+2 ,𝑒𝑒𝑋𝑋2𝑎𝑎+2 (2𝑘𝑘−1 ∈),)                                                                                                                                                               
                                                (𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎+1 ,𝑇𝑇𝑋𝑋2𝑎𝑎 (2𝑘𝑘−1 ∈)                                                                                                       (6) 
 
𝑒𝑒𝑡𝑡 𝑒𝑒𝑒𝑒 𝑒𝑒𝑎𝑎𝑒𝑒𝑦𝑦 to see that we can choose a subsequence {𝑎𝑎𝑗𝑗 } of natural numbers such that all the limits in (6) exists as 
j⟶ ∞ and satisfy  
 
𝐿𝐿𝑒𝑒𝑚𝑚𝑗𝑗→∞(𝐹𝐹𝑆𝑆𝐴𝐴𝑋𝑋2𝑎𝑎𝑗𝑗 ,𝑇𝑇𝑋𝑋 2𝑎𝑎𝑗𝑗 +1

(𝑘𝑘 ∈))2 ≥ min{𝐿𝐿𝑒𝑒𝑚𝑚𝑗𝑗→∞(𝐹𝐹𝐴𝐴2𝑋𝑋2𝑎𝑎𝑗𝑗  ,𝑒𝑒𝐴𝐴𝑋𝑋2𝑎𝑎𝑗𝑗 (𝑘𝑘−1 ∈),)(𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎𝑗𝑗 +1 ,𝑇𝑇𝑋𝑋2𝑎𝑎𝑗𝑗 +1(𝑘𝑘−1 ∈)} 
 
𝐿𝐿𝑒𝑒𝑚𝑚𝑗𝑗→∞{(𝐹𝐹𝐴𝐴2𝑋𝑋2𝑎𝑎𝑗𝑗 +1 ,𝑇𝑇𝑋𝑋2𝑎𝑎𝑗𝑗 +1 (2𝑘𝑘−1 ∈),)(𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎𝑗𝑗 +1 ,𝑆𝑆𝐴𝐴𝑋𝑋2𝑎𝑎 𝑗𝑗 (2𝑘𝑘

−1 ∈) }             
 
                                                  ≥ min{𝐿𝐿𝑒𝑒𝑚𝑚𝑗𝑗→∞(𝐹𝐹𝐴𝐴2𝑋𝑋2𝑎𝑎𝑗𝑗  ,𝑒𝑒𝐴𝐴𝑋𝑋2𝑎𝑎𝑗𝑗 (𝑘𝑘−1 ∈),)(𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎𝑗𝑗 +1 ,𝑇𝑇𝑋𝑋2𝑎𝑎𝑗𝑗 +1(𝑘𝑘−1 ∈)} 
                                                              𝐿𝐿𝑒𝑒𝑚𝑚𝑗𝑗→∞(𝐹𝐹𝐴𝐴2𝑋𝑋2𝑎𝑎𝑗𝑗 +1 ,𝑇𝑇𝑋𝑋2𝑎𝑎𝑗𝑗 +1(2𝑘𝑘−1 ∈),)(𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎𝑗𝑗 +1 ,𝑆𝑆𝐴𝐴𝑋𝑋2𝑎𝑎 𝑗𝑗 (2𝑘𝑘

−1 ∈)    
 
                                                  ≥ min{lowerlim𝑎𝑎→∞(𝐹𝐹𝐴𝐴2𝑋𝑋2𝑎𝑎  ,𝑒𝑒𝐴𝐴𝑋𝑋2𝑎𝑎 (𝑘𝑘−1 ∈), )(𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎+1 ,𝑇𝑇𝑋𝑋2𝑎𝑎+1(𝑘𝑘−1 ∈) 
                                                             lowerlim

𝑎𝑎→∞
(𝐹𝐹𝐴𝐴2𝑋𝑋2𝑎𝑎+1 ,𝑇𝑇𝑋𝑋2𝑎𝑎+1 (2𝑘𝑘−1 ∈),)(𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎+1 ,𝑆𝑆𝐴𝐴𝑋𝑋2𝑎𝑎 (2𝑘𝑘−1 ∈)   

 
                                                 ≥ min{𝐹𝐹𝐴𝐴𝑧𝑧 ,𝐴𝐴𝑧𝑧(𝑘𝑘−1 ∈),)(𝐹𝐹𝑧𝑧 ,𝑧𝑧  ,(𝑘𝑘−1 ∈)(𝐹𝐹𝐴𝐴𝑧𝑧 ,𝑧𝑧  ,(2𝑘𝑘−1 ∈),)(𝐹𝐹𝑧𝑧 ,𝐴𝐴𝑧𝑧  (2𝑘𝑘−1 ∈)    
 
                                                 ≥ (𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(𝑘𝑘−1 ∈))2                                                                                                            (7) 
 
Also since ∈ belong to E, it follow from lemma 2.9 that 𝑎𝑎𝑒𝑒𝑚𝑚𝑎𝑎→∞𝐹𝐹𝑆𝑆𝐴𝐴𝑋𝑋2𝑎𝑎 ,,𝑇𝑇𝑋𝑋 2𝑎𝑎+1,

(∈) = (𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(∈) which in conjunction 
with (7) shows that 
 
 (𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(∈) ≥ (𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(𝑘𝑘−1 ∈) for ∈ belong to E.                                                                                                                 (8)  
 
𝑡𝑡𝑓𝑓 𝑐𝑐𝑓𝑓𝑎𝑎𝑐𝑐𝑎𝑎𝑢𝑢𝑎𝑎𝑒𝑒 𝑡𝑡ℎ𝑎𝑎𝑡𝑡 𝐴𝐴𝑧𝑧 = 𝑧𝑧 𝑤𝑤𝑒𝑒 𝑚𝑚𝑢𝑢𝑒𝑒𝑡𝑡 𝑒𝑒ℎ𝑓𝑓𝑤𝑤 𝑡𝑡ℎ𝑎𝑎𝑡𝑡 𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(∈)=1 for any∈> 0. 𝑓𝑓𝑓𝑓𝑟𝑟 𝑡𝑡ℎ𝑒𝑒𝑒𝑒 𝑎𝑎𝑒𝑒𝑡𝑡 ∈ be any member in E and put 
∈1=∈. Then we have  
 
∈1=𝑘𝑘−1(∈1) <. 𝑘𝑘−2(∈1) <.…….𝑘𝑘−𝑎𝑎(∈1) <.………𝑎𝑎𝑒𝑒𝑚𝑚𝑎𝑎→∞𝑘𝑘−𝑎𝑎(∈1) = ∞                                                                   (9) 
 
𝑎𝑎𝑒𝑒𝑡𝑡 ή >0 be any given positive number. Since 𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴  is left continuous at 𝑘𝑘−2(∈1).  𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑒𝑒 𝑒𝑒𝑒𝑒 𝛿𝛿 > 0. Such that 
 
 𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴  (𝑘𝑘−2(∈1).)≤ 𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(𝜔𝜔) + ή

2
                                                                                                                                     (10) 

 
For all 𝜔𝜔 ∈ (𝑘𝑘−2(∈1) - 𝛿𝛿 , 𝑘𝑘−2(∈1)) 
 
By the continuity of 𝑘𝑘−1at 𝑘𝑘−1(∈1), we choose ∈2∈ ( ∈1, 𝑘𝑘−1(∈1))∩ E so that 𝑘𝑘−1(∈1) ∈ ( 𝑘𝑘−2(∈1)- 𝛿𝛿, ( 𝑘𝑘−2(∈1)), 
and hence with the aid of (10) 
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(𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(𝑘𝑘−1(∈2))) ≥ (𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(𝑘𝑘−2(∈1))) - -ή

2
                                                                                                                       (11) 

 
𝑏𝑏𝑦𝑦 𝑒𝑒𝑎𝑎𝑎𝑎𝑢𝑢𝑐𝑐𝑡𝑡𝑒𝑒𝑓𝑓𝑎𝑎, 𝑓𝑓𝑓𝑓𝑟𝑟 𝑎𝑎𝑎𝑎𝑦𝑦 n∈ 𝑁𝑁 we can choose ∈𝑎𝑎+1∈ E so that  
 
𝑘𝑘−𝑎𝑎+1(∈1))) < ∈𝑎𝑎+1 < 𝑘𝑘−𝑎𝑎(∈1) and (𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(𝑘𝑘−1(∈𝑎𝑎+1))) ≥ (𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(𝑘𝑘−(𝑎𝑎+1)(∈1))) - ή

2𝑎𝑎
                                                  (12) 

 
So we have 
 
𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(∈) =𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(∈1) 
              ≥ (𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(𝑘𝑘−1(∈1))) 
              ≥ (𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(𝑘𝑘−2(∈2))) since ∈2  𝑏𝑏𝑒𝑒𝑎𝑎𝑓𝑓𝑎𝑎𝑖𝑖 𝑡𝑡𝑓𝑓 𝐸𝐸                           
              ≥ (𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(∈3) - -ή

2
  

              ≥ (𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴𝐾𝐾−1(∈2))- -ή
2
 

              ≥ (𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(𝐾𝐾−1(∈1))- - ή
22   -ή

2
    

                     …………….. 
              ≥ (𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(𝐾𝐾−𝑎𝑎(∈1))- -( ή

2𝑎𝑎−1 + ή
2𝑎𝑎−2  +……. -ή

2
) 

              = (𝐹𝐹𝐴𝐴𝐴𝐴 ,𝐴𝐴(𝐾𝐾−𝑎𝑎(∈1))- ή(1 − 1
2𝑎𝑎−1)∀𝑎𝑎 ∈ 𝑁𝑁 

 
Letting 𝑎𝑎 → ∞ in (13) and holding 𝑎𝑎𝑒𝑒𝑚𝑚𝑎𝑎→∞𝑘𝑘−𝑎𝑎  (∈1)= ∞, we obtain that  
 
𝐹𝐹𝐴𝐴𝑧𝑧 ,𝑧𝑧(∈) ≥ 1-𝜂𝜂 for 𝜂𝜂 > 0. 
 
Since 𝜂𝜂 > 0 is arbitrary, we conclude that 𝐹𝐹𝐴𝐴𝑧𝑧 ,𝑧𝑧(∈) =1 for any ∈ belong to E. Since E is dense in [0, ∞)and 𝐹𝐹𝐴𝐴𝑧𝑧 ,𝑧𝑧  is left 
continuous on (0,  ∞) . We see that 𝐹𝐹𝐴𝐴𝑧𝑧 ,𝑧𝑧 ( ∈ ) =1 for all ∈> 0 and so Az=z. As for Sz=z, using (𝐹𝐹𝐴𝐴𝑧𝑧 ,𝑧𝑧(∈))2 
=limn→∞(𝐹𝐹𝑆𝑆𝑧𝑧 ,𝑇𝑇𝑋𝑋2𝑎𝑎+1(∈))2 and (iv), we can just follow as before to obtain 𝐹𝐹𝑆𝑆𝑧𝑧 ,𝑧𝑧(∈)≥ (𝐹𝐹𝑆𝑆𝑧𝑧 ,𝑧𝑧(∈))2 for ∈>Where 𝐹𝐹𝑆𝑆𝑧𝑧 ,𝑧𝑧  is 
continuous. Then in a similar argument as before, we conclude 𝐹𝐹𝑆𝑆𝑧𝑧 ,𝑧𝑧(∈) =1∀∈> 0. Since S(X)⊆ 𝐵𝐵(𝑋𝑋), there exist y in 
X such that By=Sz=Z. so for any ∈> 0 
 
(𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑦𝑦  (k ∈))2 = (𝐹𝐹𝑆𝑆𝑧𝑧 ,𝑇𝑇𝑦𝑦  (k ∈))2 
                       ≥ min{(𝐹𝐹𝐴𝐴𝑧𝑧 ,𝑆𝑆𝑧𝑧  (∈),𝐹𝐹𝐵𝐵𝑦𝑦 ,𝑇𝑇𝑦𝑦  (∈)(𝐹𝐹𝐴𝐴𝑧𝑧 ,𝑇𝑇𝑦𝑦  (2 ∈)(𝐹𝐹𝐵𝐵𝑦𝑦 ,𝑆𝑆𝑧𝑧  (2 ∈)} 
             ≥ min{ (𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑦𝑦  (∈)(𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑦𝑦  (2 ∈)} 
             ≥ (𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑦𝑦  (∈))2 
 
(𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑦𝑦  (𝐾𝐾 ∈) ≥ (𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑦𝑦  (∈)), and ty=z. up to now we have shown that SZ = Az = z = By = Ty. We are now going to show 
that z is a common fixed point of S, T, A, and B. Since T and B are semi compatible, we have BTy=TBy, that is          
Bz =Tz. Therefore for ∈> 0, we have following inequalities. 
 
(𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑧𝑧  (k ∈))2 = (𝐹𝐹𝑆𝑆𝑧𝑧 ,𝑇𝑇𝑧𝑧  (k ∈))2 
                       ≥ min{(𝐹𝐹𝐴𝐴𝑧𝑧 ,𝑆𝑆𝑧𝑧  (∈),𝐹𝐹𝐵𝐵𝑧𝑧 ,𝑇𝑇𝑧𝑧  (∈)(𝐹𝐹𝐴𝐴𝑧𝑧 ,𝑇𝑇𝑧𝑧  (2 ∈)(𝐹𝐹𝐵𝐵𝑧𝑧 ,𝑆𝑆𝑧𝑧  (2 ∈)    
                       ≥  min{ (𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑧𝑧  (∈)(𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑧𝑧  (2 ∈)} 
                          = min{ (𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑧𝑧  (2 ∈))2, (𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑧𝑧  (2 ∈) 
                       ≥ (𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑧𝑧  (∈))2 
 
So Tz=z ny Lemma 2.10. This completes the proof for z being the common fixed point of S, T, A, A and B provided 
that A is continuous. By symmetric, if B is continuous we can prove that S, T, A and B have common fixed point in a 
similar way. 
 
Next, assume that S is continuous. Then SA𝑋𝑋2𝑎𝑎 → 𝑆𝑆𝑧𝑧. and SB𝑋𝑋2𝑎𝑎+1 → 𝑆𝑆𝑧𝑧. as n→ ∞, and since S and A are semi 
compatible and both {A𝑋𝑋2𝑎𝑎}and {S𝑋𝑋2𝑎𝑎}are convergent to z, limn→∞(𝐹𝐹𝐴𝐴𝑆𝑆𝑋𝑋2𝑎𝑎 ,𝑆𝑆𝐴𝐴 𝑋𝑋2𝑎𝑎

∈
2
 , 𝐹𝐹𝐴𝐴𝑆𝑆𝑋𝑋2𝑎𝑎 ,𝑆𝑆𝑧𝑧

∈
2
}and both 𝐹𝐹𝐴𝐴𝑆𝑆𝑋𝑋2𝑎𝑎 ,𝑆𝑆𝐴𝐴 𝑋𝑋2𝑎𝑎

∈
2
} 

and {𝐹𝐹𝑆𝑆𝐴𝐴𝑋𝑋2𝑎𝑎 ,𝑆𝑆𝑧𝑧
∈
2

}are convergent to1. We see that limn→∞(𝐹𝐹𝐴𝐴𝑆𝑆𝑋𝑋2𝑎𝑎 ,𝑆𝑆𝑧𝑧 (∈)=1 for ∈> 0and so limn→∞ A𝑆𝑆𝑋𝑋2𝑎𝑎 = 𝑆𝑆𝑧𝑧 . In 
inequality  
 
(𝐹𝐹𝑆𝑆𝐵𝐵𝑋𝑋2𝑎𝑎+1,𝑇𝑇𝑋𝑋2𝑎𝑎+1, (∈))2 ≥ min{(𝐹𝐹𝐴𝐴𝐵𝐵𝑋𝑋2𝑎𝑎+1,𝐴𝐴𝐵𝐵𝑋𝑋2𝑎𝑎+1 (𝑘𝑘−1 ∈), (𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎+1,𝑇𝑇𝑋𝑋2𝑎𝑎+1 (𝑘𝑘−1 ∈), 
                                                 (𝐹𝐹𝐴𝐴𝐵𝐵𝑋𝑋2𝑎𝑎+1,𝑇𝑇𝑋𝑋2𝑎𝑎+1 (2𝑘𝑘−1 ∈), (𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎+1,𝑆𝑆𝐵𝐵𝑋𝑋2𝑎𝑎+1 (2𝑘𝑘−1 ∈), 
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We can imitate the procedure for the case that A is continuous to show that 𝐹𝐹𝑆𝑆𝑧𝑧 ,𝑧𝑧(∈)≥ (𝐹𝐹𝑆𝑆𝑧𝑧 ,,𝑧𝑧  (𝑘𝑘−1 ∈), for any ∈> 0 
where 𝐹𝐹𝑆𝑆𝑧𝑧 ,𝑧𝑧  is continuous, and then show that 𝐹𝐹𝑆𝑆𝑧𝑧 ,𝑧𝑧(∈) = 1 for any ∈> 0. So Sz=z. Since S(x)⊆ B(X). We can choose 
y∈ 𝑋𝑋. we can choose Y∈X  such that By=Sz=z. then for any ∈> 0 and n∈ 𝑁𝑁. So Tz=z by Lemma 2.10 This completes 
the proof for z being the common fixed point of S, T, A, A and B provided that A is continuous .By symmetric, if B is 
continuous we ca prove that S, T, A and B have common fixed point in a similar way. 
 
Next, assume that S is continuous. Then SA𝑋𝑋2𝑎𝑎 → 𝑆𝑆𝑧𝑧. and SB𝑋𝑋2𝑎𝑎+1 → 𝑆𝑆𝑧𝑧. as n→ ∞, and since S and A are semi 
compatible and both {A𝑋𝑋2𝑎𝑎} and {S𝑋𝑋2𝑎𝑎}are convergent to z, limn→∞(𝐹𝐹𝐴𝐴𝑆𝑆𝑋𝑋2𝑎𝑎 ,𝑆𝑆𝐴𝐴 𝑋𝑋2𝑎𝑎

∈
2
, 𝐹𝐹𝐴𝐴𝑆𝑆𝑋𝑋2𝑎𝑎 ,𝑆𝑆𝑧𝑧

∈
2
}and both 𝐹𝐹𝐴𝐴𝑆𝑆𝑋𝑋2𝑎𝑎 ,𝑆𝑆𝐴𝐴 𝑋𝑋2𝑎𝑎

∈
2
} 

and {𝐹𝐹𝑆𝑆𝐴𝐴𝑋𝑋2𝑎𝑎 ,𝑆𝑆𝑧𝑧
∈
2
}are convergent to 1. We see that limn→∞(𝐹𝐹𝐴𝐴𝑆𝑆𝑋𝑋2𝑎𝑎 ,𝑆𝑆𝑧𝑧 (∈) =1 for ∈> 0and so limn→∞A𝑆𝑆𝑋𝑋2𝑎𝑎 = 𝑆𝑆𝑧𝑧 . In 

inequality  
 
(𝐹𝐹𝑆𝑆𝐵𝐵𝑋𝑋2𝑎𝑎+1,𝑇𝑇𝑋𝑋2𝑎𝑎+1, (∈))2 ≥ min{(𝐹𝐹𝐴𝐴𝐵𝐵𝑋𝑋2𝑎𝑎+1,𝐴𝐴𝐵𝐵𝑋𝑋2𝑎𝑎+1 (𝑘𝑘−1 ∈), (𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎+1,𝑇𝑇𝑋𝑋2𝑎𝑎+1 (𝑘𝑘−1 ∈), 
                                                  (𝐹𝐹𝐴𝐴𝐵𝐵𝑋𝑋2𝑎𝑎+1,𝑇𝑇𝑋𝑋2𝑎𝑎+1 (2𝑘𝑘−1 ∈), (𝐹𝐹𝐵𝐵𝑋𝑋2𝑎𝑎+1,𝑆𝑆𝐵𝐵𝑋𝑋2𝑎𝑎+1 (2𝑘𝑘−1 ∈), 
 
We can imitate the procedure for the case that A is continuous to show that 𝐹𝐹𝑆𝑆𝑧𝑧 ,𝑧𝑧(∈)≥ (𝐹𝐹𝑆𝑆𝑧𝑧 ,,𝑧𝑧  (𝑘𝑘−1 ∈),for any ∈> 0 
where 𝐹𝐹𝑆𝑆𝑧𝑧 ,𝑧𝑧  is continuous , and then show that 𝐹𝐹𝑆𝑆𝑧𝑧 ,𝑧𝑧(∈) = 1for any ∈> 0. So Sz=z. Since S(x)⊆ B(X). We can choose 
y∈ 𝑋𝑋. We can choose Y∈X such that By=Sz=z. then for any ∈> 0 and n∈ 𝑁𝑁 𝑤𝑤𝑒𝑒 ℎ𝑎𝑎𝑣𝑣𝑒𝑒 
 
(𝐹𝐹𝑆𝑆𝐵𝐵𝑋𝑋2𝑎𝑎+1,𝑦𝑦  (∈))2 ≥ min{(𝐹𝐹𝐴𝐴𝐵𝐵𝑋𝑋2𝑎𝑎+1,𝑆𝑆𝐵𝐵𝑋𝑋2𝑎𝑎+1 (𝑘𝑘−1 ∈), (𝐹𝐹𝐵𝐵𝑦𝑦 ,𝑇𝑇𝑦𝑦  (𝑘𝑘−1 ∈), 
                                          (𝐹𝐹𝐴𝐴𝐵𝐵𝑋𝑋2𝑎𝑎+1,𝑇𝑇𝑦𝑦  (2𝑘𝑘−1 ∈), (𝐹𝐹𝐵𝐵𝑦𝑦 ,𝑆𝑆𝐵𝐵𝑋𝑋2𝑎𝑎+1 (2𝑘𝑘−1 ∈),         
       
                             = min{(𝐹𝐹𝐴𝐴𝑆𝑆𝑋𝑋2𝑎𝑎+1,𝑆𝑆2𝑋𝑋2𝑎𝑎  (𝑘𝑘−1 ∈), (𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑦𝑦  (𝑘𝑘−1 ∈), (𝐹𝐹𝐴𝐴𝑆𝑆𝑋𝑋2𝑎𝑎 𝑆𝑆2𝑋𝑋2𝑎𝑎 ,(2𝑘𝑘−1 ∈), (𝐹𝐹𝑧𝑧 ,𝑆𝑆2𝑋𝑋2𝑎𝑎  (2𝑘𝑘−1 ∈), 
 
As the case that A is continuous. We can take limit via a suitable subsequence {𝑎𝑎𝑗𝑗 } of natural numbers to get  
 
(𝐹𝐹𝑧𝑧 .𝑇𝑇𝑦𝑦, (k ∈))2 ≥ min{(𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑦𝑦 ,(𝑘𝑘−1 ∈), (𝐹𝐹𝑧𝑧 ,𝑇𝑇𝑦𝑦 ,(2𝑘𝑘−1 ∈),} 
                        ≥ (𝐹𝐹𝑧𝑧 .𝑇𝑇𝑦𝑦, (𝑘𝑘

−1 ∈))2 for ∈ >  0 where 𝐹𝐹𝑧𝑧 .𝑇𝑇𝑦𝑦, is continuous. 
 
Thus ty=z. in summary we have shown that By=Ty=z. Now Since T(X)⊆ 𝐴𝐴(𝑋𝑋)  there exists x∈ 𝑋𝑋  such that 
z=Sz=By=Ty=Ax. Then we get Ax=Sx from the following inequalities. 
 
(𝐹𝐹𝑆𝑆𝑋𝑋 .𝐴𝐴𝑋𝑋 , (k ∈))2 = (𝐹𝐹𝑆𝑆𝑋𝑋 .𝑇𝑇𝑦𝑦, (k ∈))2 
                          ≥ min{(𝐹𝐹𝐴𝐴𝑋𝑋 ,𝑆𝑆𝑋𝑋  (∈),𝐹𝐹𝐵𝐵𝑦𝑦 ,𝑇𝑇𝑦𝑦  (∈)(𝐹𝐹𝐴𝐴𝑋𝑋 ,𝑇𝑇𝑦𝑦  (2 ∈)(𝐹𝐹𝐵𝐵𝑦𝑦 ,𝑆𝑆𝑋𝑋  (2 ∈)    
                          = min{(𝐹𝐹𝐴𝐴𝑋𝑋 ,𝑆𝑆𝑋𝑋  (∈)(𝐹𝐹𝐴𝐴𝑋𝑋 ,𝑆𝑆𝑋𝑋  (2 ∈)}   
                          ≥ (𝐹𝐹𝐴𝐴𝑋𝑋 .𝑆𝑆𝑋𝑋 , (∈))2 
 
Let 𝜉𝜉 Ax=Sx=Ty=By. since S and A are semi compatible and hence Ax=Sx, we get ASx=Sax, that is                         
A𝜉𝜉 = 𝑆𝑆𝜉𝜉.  𝑇𝑇ℎ𝑒𝑒𝑎𝑎 𝑓𝑓𝑓𝑓𝑟𝑟 𝑎𝑎𝑎𝑎𝑦𝑦 ∈> 0 
 
(𝐹𝐹𝑆𝑆𝜉𝜉 ,𝜉𝜉, (k ∈))2 = (𝐹𝐹𝑆𝑆𝜉𝜉 ,𝑇𝑇𝜉𝜉, (k ∈))2 
                       ≥ min{(𝐹𝐹𝐴𝐴𝜉𝜉 ,𝑆𝑆𝜉𝜉  (∈),𝐹𝐹𝐵𝐵𝑦𝑦 ,𝑇𝑇𝑦𝑦  (∈)(𝐹𝐹𝐴𝐴𝜉𝜉 ,𝑇𝑇𝑦𝑦  (2 ∈)(𝐹𝐹𝐵𝐵𝑦𝑦 ,𝑆𝑆𝜉𝜉  (2 ∈)} 
                       = min{(𝐹𝐹𝑆𝑆𝜉𝜉 ,𝜉𝜉, (k ∈))2(𝐹𝐹𝑆𝑆𝜉𝜉 ,𝜉𝜉  (2 ∈} 
                          ≥ (𝐹𝐹𝑆𝑆𝜉𝜉 ,𝜉𝜉, (∈))2 
 
Which implies that S 𝜉𝜉 = 𝜉𝜉 = 𝐴𝐴𝜉𝜉.Next 𝜈𝜈 ∈ 𝑋𝑋 such that B 𝜈𝜈 = 𝑆𝑆 𝜉𝜉 = 𝜉𝜉. Then 
 
(𝐹𝐹𝜉𝜉 ,𝑇𝑇𝜈𝜈, (k ∈))2 = (𝐹𝐹𝑆𝑆𝜈𝜈 ,𝑇𝑇, 𝜈𝜈(k ∈))2 
                        ≥ min{(𝐹𝐹𝐴𝐴𝜉𝜉 ,𝑆𝑆𝜉𝜉  (∈),𝐹𝐹𝐵𝐵𝜈𝜈 ,𝑇𝑇𝜈𝜈  (∈)(𝐹𝐹𝐴𝐴𝜉𝜉 ,𝑇𝑇𝜈𝜈  (2 ∈)(𝐹𝐹𝐵𝐵,𝜈𝜈𝑆𝑆𝜉𝜉  (2 ∈)} 
                        = min{(𝐹𝐹𝜉𝜉 ,𝑆𝑆 𝜈𝜈(∈), (𝐹𝐹𝜉𝜉 ,𝑇𝑇𝜈𝜈  (2 ∈)} 
                           ≥ (𝐹𝐹𝜉𝜉 ,𝑇𝑇𝜈𝜈, (∈))2∀∈> 0 
 
Hence T 𝜈𝜈 = 𝜉𝜉. Since T and B are semi compatible and T 𝜈𝜈 = B 𝜈𝜈. We have T𝐵𝐵 𝜈𝜈 = BT 𝜈𝜈 that is T 𝜉𝜉 = 𝐵𝐵𝜉𝜉. Then we 
conclude that T 𝜉𝜉 = 𝜉𝜉 from the following inequalities. 
(𝐹𝐹𝑦𝑦 ,𝑧𝑧, (k ∈))2 = (𝐹𝐹𝑆𝑆𝑦𝑦 ,𝑇𝑇, 𝑧𝑧(k ∈))2 
                      ≥ min{(𝐹𝐹𝐴𝐴𝑦𝑦 ,𝑆𝑆𝑦𝑦  (∈),𝐹𝐹𝐵𝐵𝑧𝑧 ,𝑇𝑇𝑧𝑧  (∈)(𝐹𝐹𝐴𝐴𝑦𝑦 ,𝑇𝑇𝑧𝑧  (2 ∈)(𝐹𝐹𝐵𝐵𝑧𝑧 ,𝑆𝑆𝑦𝑦  (2 ∈)} 
                      = min{(𝐹𝐹𝑦𝑦 ,𝑧𝑧, (2 ∈))2, (𝐹𝐹𝑦𝑦 ,𝑧𝑧  (2 ∈)} 
                      ≥ (𝐹𝐹𝑦𝑦 ,𝑧𝑧, (∈))2 ∀∈> 0 
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We conclude that y=z by virtue of lemma 2.10 
 
Corollary 3.2: Let (X, F, *) be a complete menger space where * is continuous and (t*t) ≥ t for all t∈ [0,1]. Let S. T. 
A. and B be mapping from x into it self such that  
(i).S(X)⊂B(X)  
(II).B is continuous. 
(iii).the pair (S, B) is semi compatible  
(iv).there exists a number 𝑘𝑘 ∈ (0,1) such that  
 
(𝐹𝐹𝑆𝑆𝑋𝑋 ,𝑇𝑇𝑦𝑦 (𝐾𝐾 ∈))2)≥ min{(𝐹𝐹𝐴𝐴𝑋𝑋 ,𝑆𝑆𝑋𝑋 (∈),𝐹𝐹𝐵𝐵𝑦𝑦 ,,𝑇𝑇𝑦𝑦(∈),𝐹𝐹𝐴𝐴𝑋𝑋 ,𝑇𝑇𝑦𝑦(2 ∈),(𝐹𝐹𝐵𝐵𝑋𝑋 ,𝑆𝑆𝑋𝑋 (2 ∈),} for all x, y∈ 𝑋𝑋 𝑎𝑎𝑎𝑎𝑎𝑎 ∈ > 0. Then S, and B 
have a unique common fixed point in X.  
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