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ABSTRACT

A production and sales storage system is considered. During the operation time a machine produces random number of
products. After operation time, sales time starts and it has one among two distinct distributions depending on the
magnitude of production is within or exceeding a random threshold magnitude. Two models are treated. Sales time
depends on the number and size of the products produced. In Model A the operation times have exponential distributions
and the production times are general. Model B considers the case when the operation times have general distributions
and the production times are exponential. Joint transforms of the variables, means, variances, covariance and numerical
results are presented .

Key word: Storage system, production and sales times, Random magnitude of production, Joint transform.
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1. INTRODUCTION

Storage systems of (S,S) type was studied by Arrow, Karlin and Scrat [1]. Such systems with random lead times and
unit demand were treated by Danial and Ramanarayanan [2] .Models with bulk demands were analyzed by
Ramanarayanan and Jacob [9]. Murthy and Ramanarayanan [4,5,6,7] considered several (S, S) inventory systems.

Kun- Shan Wu and Liang -Yuh Ouyang [3] have studied (Q,r,L) inventory model with defective items. So far no

models in these areas have been studied in which the sale time is depending on the number or size of the products
produced. In manufacturing models to get the return on investment and to pay minimum interest, it is natural that when
the production is more, the sales time is made short so as to cut cost. It has been noticed that when the units produced are
more, financial supports for the customers are provided to clear products early. These are widely felt in perishable
commodity sectors where many banking institutions provide required finance for the purchase. In this paper we consider
two models. In model A we consider the operation times have exponential distributions and the production times have
general distributions. In model B we study the case when the operation times have general distributions and the
production times have exponential distributions. After the production, the sales time starts. In models A and B, the sale
time varies depending on the number of products produced and operation times are within or in excess of the threshold
limits. The joint transforms, the means of production times and sale times, the variances, the covariance of the variables
and numerical examples are also presented.
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2. MODEL A : MARKOVIAN OPERATION TIME AND GENERAL RANDOM PRODUCTION

The main assumptions of the model are given below.

1. The machine operation time T is a random variable with exponential distribution with parameter A .
2. The inter-production times of products are independent random variables with cumulative distribution function Cdf
F(Xx) and probability density function pdf f(x). Let N be the number of productions completed during the

operation time T. The size of each production is a random variable with general distribution function Cdf H (x) and
h(X) . Let Z be the total size of production in operation time.

3. The sale time S has general distribution either (i) with Cdf G;,(Yy) and pdf g,,(X) when the operation time is
within the time threshold U and the total size of the products produced Z is less than the threshold V, or (ii) with
cdf G,,(y) and pdf g,,(X) when the operation time is within the time threshold U and Z is more than the
threshold V, or (iii) with Cdf G, (y) and pdf gy, (X) when the operation time is more than the threshold U and

Z is less than the threshold V , or (iv) with Cdf Gg,(y) and pdf gy, (X) when the operation time is more than

the threshold U and Z is more than the threshold V, in order to provide change in selling rate. When no unit is
produced during operation time sales time S is used for other purpose.
4. The time threshold U has exponential distribution with parameter g and the size threshold V has exponential

distribution with parameter « .
We may derive the joint distribution of T and S as follows. Noting that the operation time has exponential distribution and
inter production times are general, we may derive the joint distribution of T, N, Z and S as follows. The joint probability
density function of T, Z and S and probability function of N is

0 0 0
———P(T<x,V<v,S<y)=f(x,v,
ox oy o ( y)=f(xv.y)
= > A IR, (X) — Fyy (0] “H, (vV)ae gy ()
0

267 [F, ()~ Fy (0] (1 H, (v))ae ™ gy (y)

+ 27 [F, (x) = Fo (011 - e )H, (v)ae ™ go, (y)

+ 27 [F, (%)~ ot (01— €)Y (1= H, (V))2e ™ gy (V)] @
Here n=1,2,3...... . The first term of equation (1) is the part of the pdf that the operation time is X, the sale time is

Yy , the operation time is within the threshold U, the number of productions is n and the size of production Z is within the

threshold level V. The second term of equation (1) is the part of the pdf that the operation time is x which is within the
threshold U, the sale time is y, the number of productions is n and the size of production Z is in excess of V, the threshold
level. The third term of equation (1) is the part of the pdf that the operation time is x which is in excess of the threshold
U, the sale time is y, the number of productions is n and the size of production Z is within V, the threshold level. The
fourth term of equation (1) is the part of the pdf that the operation time is x which is in excess of the threshold U, the
sale time is y, the number of productions is n and the size of production Z is in excess of V, the threshold level where
F, (2) isthe k fold 'Cdf convolution' and is the probability that the size of the sum of k productions is less than z. Let us
define the joint Laplace transform as follows.

E(e e e™ ) = [ [ f(xv, y)e e Ve " dxdvdy
= J-Owj-owj‘owle%x Z[ Fn (X) _ Fn+1(x)]efﬂx H . (V)ae—ave—txe—sye—wv gll(Y)dXdde
0
+ f:f:f:le’“ SR, (X) - Fra ()] ™ (1-H, (v))ae e e ¥e g,y (y)dxdvdy
0

[ [ e 2IF, 00~ Frs (0)L-7) Hy (Ve oy (y)e e e dedvay

[ [ [ DI (00~ Fa0l(i-e ) (-H, ()ae e "¢ e gy )y @
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0<60<1 and t,s,w>0 which on simplification gives

E(e—tTe—wVe—sS) — Aa 1- f*(t+ﬁ+ﬂ)
(@ +W)(A+t+u) )\ 1-h"(a+wW) f (t+1+ u)

N N N N Ao . N
(911(8) = 930 (S) = 901 (S) + G (8)) +£(a TWiits ﬂ)J(gm(S) — 0 (S))

Aa 1- £ (t+A) Cp
+((a+w)(/1+t)j(l—h*(a+w)f*(t+ /1)](901(8) Uno(S))

A a .
e P ©

A
Wemaynote E(e™")=—"— and E(e™")= . by putting zero for other variables in equation (3) .
t+ 1 o+W

. [ 2 1- £ (A + ) . . . . A, . .
E(e )_(//{-l-ﬂj(l—h*(a) f*(/l-i-/,l)j(gll(S)_glO(S)_gOl(S)+QOO(S)) +[l+ﬂj(glo(s)_goo(s))

NS0
1-h'(a) f ()

j(gél(s) ~ 000 (S)) + Ugo (9). @)

This on differentiation gives

ey 1- £ (A +p)
E(S)= (/1+,uj(l—h*(a) ¢ *(Mﬂ)J(E(Sn) —E(S10) —E(Sp1) + E(Syp))

1- °(4)
1-h'(a) ()

+( 2 jE(%HLE(SOO) +(
A+u

A+ u

j[E(Sm)_ E(Soo)]- ®)

We note that the joint transform of T and S is

T A 1- 7 (t+ A+ p) ey e .
E(e™e )—(Mt+ﬂJ(l_h*(a)f*(tww)j(gn(s) G10(8) = 901 (8) + G0 (5))

A . .
+{Z+t+yj(glO(S)_900(S))

A 1- f7(t+ A1) “ ey o AN A ).
J{/”Htj[l—h*(a)f*(t+/’t)j(g°1(s) QOO(S»J{t+ﬂ)(t+/ijg°"(s)' ®)

Using differentiation of (6) we get

E(TS) :%E(SOOHE(SOJ— E(SOO)]{

1-1(2) +(f*)'(/1)(1—h*(a)}
AL-h (@) () A-h() 1" (A)°

A J 1- 7 (A +u)
A+ p) (A+p)(A-h (@) £ (A + p))

A
+[(/1+,u)2 ](E(Slo) —E(Sg))-

+[E(Sy) —E(Sy) —E(Spy) + E(Soo)](

() (A+n)
(1-h"(a) T (2 + w)*
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Using Cov(T,S)=E(TS)—E(T)E(S) we get

" (A[1-h"(2)])
Cov(T,S E(S E(S +[E(S E(S E(S E(S
ov(T,S) =[E(Sy) — E(Se)] (1= () f (ﬂ,)) +[E(S,1) —E(Sy) —E(Sqy) + E(So)]

{ —u [ 1- £ (2+ ) H 2 j(f*)'(mm[l—h*(a)]}
A+ (Q-h (@) (A+w) ) (A+u) (@=N" (@) (A+w)’

+((ﬂ, 1)’ J[E(Slo) E(Spo)]- (M

We may find that

W la 1- £ (A + ) \ \ \ \
E(e € )_[(a+W)(ﬂ,+,u)j(l—h*(a+W)f*(ﬂ,+,u)j(gll(S)_gm(S)_gOl(S)+gOO(S))

[”—j(gm( )= 0 (5))

(a+W)(A+ u)
a 1-f7(2)
+(a+wj(l—h*(a+W)f*(ﬂ)j(g(n( )— 900(5))4‘( jgoo(s) ®)

evs)=( 4 1- £ (A + )
a(i+ 1) \1-h" (@) f A+ )

A 1- f*(/1+,u) o . .
+[/1+,uj (1- f*(/1+ﬂ)h*(a))z (h) (@) f (A+u)((gy) (s)
—(gfo)'(s)—(gél)'(S)+(930)'(s))

+[ a+ )}((910) ()= (9ao) (8))

-1\ 1-1°() 1- () v o N
+|:(;j£l— h*(a) f *(l)j-l_ (1- f*(l)h*(a))z (h)(o)f (/1)][(901) (s) _(goo) (s))

{2 e ®
(04

_ ) 1= £ (A4 p) v, s
COV(\/,S)——K“ﬂ)(l_ e (@) h (o) f (l"'ﬂ)}[E(Sll)_E(Slo)_E(801)+E(Soo)]

{ 1- £ (A)
1- 7 (Dh ()

3. MODEL B : GENERAL OPERATION AND RANDOM MAKOVIAN PRODUCTION TIME

h" () f*(ﬂ):|[E(801) —E(Sg)] (10)

The main assumptions of the model are given below.

1. The machine operation time T is a random variable with cumulative distribution function Cdf F (x) and probability
density function pdf f (x).

2. The inter-production times of products are independent random variables with exponential distribution with rate A .
Let N be the number of products produced during the operation time T. The size of each production is a random
variable with general distribution function Cdf H (X) and h(X) . Let Z be the total size of production in operation
time .
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3. The sale time S has general distribution either (i) with Cdf G;,(Yy) and pdf g,,(X) when the operation time is
within the time threshold U and the total size of the products produced Z is less than the threshold V, or (ii) with

Cdf G,,(y) and pdf g,,(X) when the operation time is within the time threshold U and Z is more than the
threshold V, or (iii) with Cdf G, (y) and pdf g,,(X) when the operation time is more than the threshold U and

Z is less than the threshold V , or (iv) with Cdf Gg,(y) and pdf gy, (X) when the operation time is more than

the threshold U and Z is more than the threshold V, in order to provide change in selling rate. When no unit is
produced during operation time sales time S is used for other purpose.
4. The time threshold U has exponential distribution with parameter £ and the production size threshold V has

exponential distribution with parameter « .

Noting that the number of products produced during a period has Poisson distribution, we may derive the joint
distribution of T, VV and S as follows. The joint probability density function of T, V and S is

0 0 0
— P <x,Vv,S<y)=f(xyv,
OX 0y oV ( y) ( )

=] (x){e-“ %}eH (V)ae g, (y)

+f (X){e’“ (/%)n}e"‘x (1-H,())ae gy, (Y)

+f (X){e_ﬂx (/%)n}(l—e_”x JH, (V)ae g (Y)

+f (X){eﬂx (/%)”}(1_ e ) (1-H, (V))ae gy ()] (11)

Here, n=0,1,2,3,.... . The firstterm of equation (11) is the part of the pdf that the operation time is X, the sale time
is y, the operation time is within the threshold U, the number of productions is n and the size of production Z is within the
threshold level V. The second term of equation (11) is the part of the pdf that the operation time is x which is within the
threshold U, the sale time is y, the number of productions is n and the size of production Z is in excess of V, the threshold
level. The third term of equation (11) is the part of the pdf that the operation time is x which is in excess of the
threshold U, the sale time is y, the number of productions is n and the size of production Z is within V, the threshold level.
The fourth term of equation (11) is the part of the pdf that the operation time is x which is in excess of the threshold U,

the sale time is y, the number of productions is n and the size of production Z is in excess of V, the threshold level. We
find the joint Laplace transform as follows.

E(e e ™) = X [[[(1 v,y e e dbavay
= z (1] f (x){e‘“ %}e*‘* H, (v)ae g, (y)e e e " dxdydv
ﬁ [I[f (x){e-” %}e“ (1= H,(v))ae gy (y)e e e " dxdydv
n

+ Z::IIJ?f (X){e—/lx (lx)“ }(1_ e_,,x) H ) (V)ae—avgOl(y)e—txe—sye—wvdxdydv

' Z::I I Jomf (X){ew %}(1— e") (1-H, (v))ae gy (y)e e Ve "dxdydv,t,5,w>0. (12)
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This on simplification gives the joint transform as

E(e‘”e‘sse‘wv):( & jgfl(s)f*[t+y+/1(1—h*(w+a))]

+
+( E g () (t+ )~ [t +u+ AA-N (W+a))]]
a+Ww

+( ¢ U S)F It +A(L-h"(x +W))]- f[t+u+A(L-h"(W+a))]

oo (S)F (1)~ F7(t+ ) — T [t+ AN (ar +W))]

_l_

+ ft+u+ A(1-h"(W+a))].
Collecting like terms, we obtain
@
a+Ww

B e e ) = 1690 090~ 0500+ BN Tt AL (W)

+( i j[g&(s)—g;o(s)]f*[t+ﬂ(1—h*(a+w»l

a+W
+( @ j[giL(s)—g:;o(s)]f*(tw){ @ jgz;o(s)f*(t). )
a+W a+W

EE™)=f"(t)

E(e™) =[951(5) ~ 910(8) — 901 (8) + Yoo ()T [+ A1~ (@))] +[01(8) — Goo ()L T (A(1—"(a))]

+[910(8) = 9oo ()17 (1) + oo (9). (14)
Using differentiation we get
E(S) =[E(S11) — E(S10) — E(Sp1) + E(So)I "[we+ A(L=N"(a))]
+[E(S01) = E(Spo)IL T (A(1=h"(a)]+[E(Sy0) — E(Seo)I f (1) + E(Sgo)- (15)

setting W =0,

E(ee™) =[0911(5) ~ 910(S) — Yoa(8) + Yoo ()] f [t + 1+ A(1-"(e))]
+[901(8) = Yoo (LT Tt + A(1— 0" (@) +[056(5) — Yoo (" (t+ 1) + Yo (S) (1) (16)

E(TS) = —[E(S) — E(Sy0) — E(Ser) + E(Seo)1f [+ A(1-h"(a))]
~[E(Se) ~ E(Spo)ILf " (A(L—h"(@)]-[E(S10) ~ESo)IL " (t+ )] + E(Su)E(T). 1)

Cov(T, ) = ~[E(S,,) ~ E(Sy0) ~ E(Sor) + E(Seo)I " [+ A(1—h"(@))]
+E(T) £ [+ 2= (@)]-[E(Ser) — E(Seo)I[ T~ (2(1-h"(@)))]
+EM) 7 (AQA-h" (@) ~[E(Sy) —E(Sp)I[ T (1) + E(T) £ (1)]. (18)

© 2013, IJMA. All Rights Reserved 290



K. Usha, S. Kalaiarasi?* and R. Ramanarayanan?/ Inventory Systems With Sales Time Depending On Producion Time And Size/
IJMA- 4(10), Oct.-2013.

We may find that
E(e"™e™)= ( a j[gfl(S) — 050(S) = 95 (8) + Goo ()1 f [+ A(1—N" (W+))]
oa+W
+[ i ][g;(s)—gso(s)]f*[ﬂ(l—h*(mw»]
oa+W
+( = ][gio(s)—géo(s)]f*(ﬂ){ “ jgéo(s)- (19)
oa+W o+ W

From (19), we get using differentiation
E(VS) = F flu+A(1- h*(a))} + £ [u+A(1-h"(a))]Ah" (@)
(04
[E(Su) - E(Su)~ E(Se) + EG)I+ [ 1AL (@))]
SN (@)1 @)[E(Sy) — E(S)] +§[E(Sm> ~E(So)]f (1) +§E(Soo).
Cov(V,S) = [+ A(1—h"(@))]2h" (@)[E(Sy) — E(S10) — E(Sgy) + E(So)]
+[f T2~ (@)} (@)[E(Ser) — E(Seo)]. (20)

When T is exponential with parameter a, we get

i [A(1-h ()]
C ’S =E Sl -E SZ * 2
ov(T,S) = -{E(S) -E(S,)] [a+A(1-h"(u))]

A
?.

and Cov(T,N)= (21)

4. NUMERICAL ILLUSTRATIONS
MODELS A AND B:

We present the usefulness of the results obtained by presenting numerical examples. We consider numerical examples for
two models A and B together. The results of the two models co-inside when we identify all distributions are exponentials.
We consider that the operation time is exponential with parameter a in Model 2. We give numerical values for the

operation time parameter @ = 2 , the inter production time parameter A =10 , Sales time S,;,S,;,S,; and Sy,
are exponentials with parameters 1,2,4 and 8 . We note the time threshold distribution is exponential with parameter
4

bva’
Assigning different values for threshold parameters x and ¢ , we find the statistical values E(S),Cov(T,S) and

Cov(V,S) asgiven below in the tables.

Lt . We further consider the individual production size is exponential with parameter £ =4 so that h () =

TABLE (1) : THE EFFECT OF VARIATION OF p AND o ON E(S)

/*/ 0 1 2 3 4 5 6
(04

0 1 75 .6875 | .65909 | .642857 | .63235 .625
1 .75 5875 | .54029 | 51771 | .504464 | .49575 | .48975
2 .625 5 46164 | 44279 | 431548 | .42407 | .41875
3 .55 44464 | 41187 | .39554 | .38571 | .37914 | .37443
4

5

5 40625 | 37723 | .36268 | .353896 | .34799 | .34375
4642 | 37797 | .35159 | .33837 | .330357 | .32496 | .32108
6 4375 | .35625 | .33180 | .31956 | .312157 | .30716 | .30357
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TABLE (11): THE EFFECT OF VARIATION OF p AND a ON COV][T,S]

0 1 2 3 4 5 6

0 -.0625 | -.0585 | -.0542 | -.0510 | -.0486 | -.0468
-.0833 | -.1022 | -.0968 | -.0925 | -.0895 | -.0874 | -.0857
-.0937 | -.1041 | -.0987 | -.0947 | -.0920 | -.0900 | -.0885
-09 |-.0988 | -.0938 | -.0902 | -.0877 | -.0859 | -.0846
-.0833 | -.0924 | -.0878 | -.0845 | -.0823 | -.0806 | -.0794
-.0765 | -.0898 | -.0821 | -.0791 | -.0770 | -.0755 | -.0743
-.0703 | -.0807 | -.0770 | -.0742 | -.0723 | -.0709 | -.0698

G)U‘I-bwf\)l—‘O-:\

TABLE (I11): THE EFFECT OF VARIATION OF p AND oo ON COV[V,S]

1 2 3 4 5 6
123 | .0501 | .0270 | .0168 | .0115 | .0083
.1083 | .0447 | .0244 | .0153 | .0105 | .0076
.0994 | .0412 | .0225 | .0142 | .0098 | .0071
.0937 | .0388 | .0212 | .0134 | .0092 | .0067
.0898 | .0371 | .0203 | .0128 | .0088 | .0064
.087 | .0357 | .0195 | .0123 | .0085 | .0062

O')U‘I-lkwl\)l—‘-:\

From the Tables (1) and (II) we note that the increase in the values of z and « (the decrease expected
thresholds) increases expected sales times, increases its co variances to zero. Since the mean of S11 is greater than the
mean of S, ,andthe meanof S, isgreaterthan S, the covariance between T and S (correlation) is negative. From
table 11l ,As g and « increase we note that the co-variance decreases and when V is large, S;; may not be replaced
by S, and S becomes large, indicating the variables are positively correlated.
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