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ABSTRACT

A graph & = (V. E} with @ vertices and g edges is said to have skolem difference mean labeling if it is possible to
label the vertices x eV with distinct elements f (x) from 1.2.3.....7 + g in such a way that for each edge e = uv, let

f*(e) :{ fu)- f(V)Wand the resulting labels of the edges are distinct and are from 1, 2, 3,..., g. A graph that admits a
2

skolem difference mean labeling is called a skolem difference mean graph. In this paper we prove that,, <T 0K, >,
where T is a Tp-tree, caterpillar , S —and C,@K.,, areskolem difference mean graphs, where T is a Tp-tree, are
skolem difference mean graphs.
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1. INTRODUCTION

By a graph we mean a finite, simple and undirected one. The vertex set and the edge set of a graph G are denoted by
V(G) and E(G) respectively. The disjoint union of m copies of the graph G is denoted by mG. The union of two graphs
G; and G, is the graph G; U G, with V(G; U Gy) = V (Gy) U V (Gy) and E (G, u Gy) = E(Gy) U E(G,). A vertex of
degree one is called a pendant vertex. The corona G; © G, of the graphs G; and G, is obtained by taking one copy of
G (with p vertices) and p copies of G, and then joining the i"" vertex of G, to every vertex of the i"" copy of G.

Let T be atree and U, and V, be two adjacent vertices in V(T). Let there be two pendant vertices u and v in T such that

the length of u,— u path is equal to the length of v,— v path. If the edge u,v, is deleted from T and u, v are joined by an
edge uv, then such a transformation of T is called an elementary parallel transformation (or an ept) and the edge u,v, is
called a transformable edge. If by a sequence of ept’s T can be reduced to a path, then T is called a Tp-tree (transformed
tree) and any such sequence regarded as a composition of mappings (ept’s) denoted by P, is called a parallel
transformation of T. The path, the image of T under P is denoted as P(T). s is a star graph with n spokes in which

each spoke is a path of length m. Let T be a Tp- tree on m vertices. Then <T 6k, is a graph obtained from T and m
copies of g by identifying a leaf of i" copy of K, ,with i" vertex of T. A caterpillar is a tree with the property that
the removal of its pendant vertices results in a path.

Terms and notations not defined here are used in the sense of Harary [1].

AgraphG = (V,E) with D vertices and ( edges is said to have skolem difference mean labeling if it is possible to
label the vertices x ev with distinct elements f (X) from 1,2,3,..., p + q in such a way that for each edge e = uv, let

fre) =/ TW-TW| | (u)- f(v)| isevenand [FW) - fO+1 |f(u) - f(v)| is odd and the resulting labels of the
2 2

edges are distinct and are from 1, 2, 3,..., g. A graph that admits a skolem difference mean labeling is called a skolem
difference mean graph.
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Let G =(V,E) be a skolem difference mean graph with p vertices and ( edges. Let one of the skolem difference
mean labeling of G satisfies the condition that all the labels of the vertices are odd, and then we call this skolem
difference mean labeling an extra skolem difference mean labeling and the graph G as extra skolem difference mean
graph.

The concept of skolem difference mean labeling is introduced by K. Murugan and A. Subramanian [3] in 2011. They
have studied the skolem difference mean labeling of H — graphs. In [6], some standard results on skolem difference
mean labeling was proved.

The extra skolem difference mean labeling of a Tp-tree with 14 vertices is given in Figure 1.
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Figure: 1

2. SKOLEM DIFFERENCE MEAN LABELING

Theorem: 2.1 The graph< T 0 Ky, > is an extra skolem difference mean graph.

Proof: Let T be a Tp- tree with m vertices. By the definition of a Tp - tree there exists a parallel transformation P of T
such that for the path P(T) we have (i) V(P(T)) = V(T) and (ii)E(P(T)) = (E(T) \ Eg) U Ep, where Eq is the set of edges
deleted from T and Ep is the set of edges newly added through the sequence P = (Py, Py, ..., Py) of the epts P used to
arrive at the path P(T). Clearly E4 and Ep have the same number of edges.

Now denote the vertices of P(T) successively as V,,V,,V,,...,V,, starting from one pendant vertex of P(T) right up to

other. Now, denote the vertices of P(T) successively as V,,V,,V,,...,V, starting from one pendant vertex of P(T) right

m

up to the other. Let u(')ul'u;u; be the vertices of the it copy of Ky Identify the vertex ui with v, for
1<i<mtoget<T oK, >.

Define f :V(<Tok,, >) >{123..,p+q=2m(n+1)-1} as follows:
fl:ué_] =n+1)2m—jl+n forjisodd, 1 =j=m,

fl:*uéj =n+1)j-1 for jiseven, 1 =j =m,
Flul) =+ DG -1 +2i—1 forjisodd, 1=j=m,1=i<n,
f[u;:_j_fjl =m+1R2m+1)—j1-(2i+1) forjiseven, 1=j=m,1=i=n,

flv;)=m+1)j—nforjisodd, 1 =j=m,
fLLJ =m+12m+1)—j1—-2n—1 forjiseven, 1 =j=m.

Let viv; be an edge of T for some indicesiand j, 1 <i<j<nand let P, be the ept that deletes this edge and adds the
edge v, v, where t is the distance from v; to vi,; and also the distance fromv; to v; .. Let P be a parallel transformation
of T that contains P, as one of the constituent epts. Since vi.vj . is an edge of the path P(T), it follows thati +t+ 1 =j
— twhich implies j =i+ 2t+ 1. The induced label of the edge vjv; is given by,

f* (viv)) = f *(ViVisarr) = ’7 fv)-f (Vi+2t+1)‘ —l = (n +]_)|m —i _t| (1)
2
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and f *(Vi+th—t) =f* (Vi+tVi+t+1) = lr f (Vi+t) —f (Vi+t+1)‘ —lz (n +1)|m —1i _t| (2)
2

Therefore from (1) and (2), f*(vivj) = f *(Visvj-,).

Let e;'- = ué_uf(l =j=m,1=i=n), € = VjVjsq (1= =m-— 1) be the edges of <T 6 Kyp>.

For each vertex label f, the induced edge labeling f * is as follows:

f'[e;"] =n+1{m—j+1)—ifor jisodd, 1=j=m,1=i=n,

f'[e;"] =n+m—j)+i for jiseven, 1=j=m, 1=i=n,

fe)=m+1im—-j for l<j=m—1.

It can be verified that f is an extra skolem difference mean labeling of <T 6K, > . Hence, <T 0 K,, > Iis an extra
skolem difference mean graph.

For example, the extra skolem difference mean labeling of <T 6K , > , where T isa Te-tree with 7 vertices is given in

Figure 2.
5 3
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Figure: 2

Theorem: 2.2 The caterpillar graph S(k,,k,,...,k,) is an extra skolem difference mean graph.

Proof: Let 14, t74,173,..., 1%, be the vertices of the path and 'u;', 'la”:', “3 uji . be the pendant vertices attached

with the vertex v;(1< j<n).

Define f 1V ('S(k, k,,....K,)) > {12,3,..., p+q=2(k, +k, +...+K,) +2n -1} as follows:
Flu)=2i—1for 12i=ky,

f(u!)=2(k, +Kky +kg +...4K,_,) +2(i—1) + j for J isodd, 3< j<n,1<i<k;,
fU))=2(k +ky +ks +. -k +k+K
fv;) =20k +k;+..+ Kk, +k;+kj +. 4Kk ) +2n—j for ] isodd,
1<j<n, f(v;)=2(k, +ks+...+k; ) +(j—1) for jiseven, 1< j<n.

+otk )+2(n—i)+1—j for j iseven, 1£i£kj, 1< j<n,

Let e;' = I"J.-'u;'(l =j=n,1=i= k) g =vv24(1 =) =n— 1) be the edges of S(k,,k,,....k,).
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For each vertex label f, the induced edge label [* is defined as follows:
Frel) =+ kpoy +kjog + oty +(n—j+ 1) =1 for jisodd,1=j=n, 1=

frlel )=kt kg thupto+k+n—j+)—iforjiseveni=j=n,1=1i

Fle)= kgt kjug + ok tn—j

It can be verified that f is an extra skolem difference mean labeling of sk, k,....k, )- Hence, S(k,k,.,...,

skolem difference mean graph.

for 1L=j=n-—1

—

-

.
K,

4

i
kj,

For example, the extra skolem difference mean labeling of 5(5,4,4,6,2) is given in Figure 3.
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Figure: 3

Theorem: 2.3 The graph Cp, @Ky, (1 = 3,m = 1) is a skolem difference mean graph.

Proof: we prove this theorem in two cases.

Case: (i) nisodd

Letnn = 2k + 1.

25

k,)is an extra

Let g, Wa g, o, Ug Vi Vg —10 .00 14, 17 be the vertices of the cycle Cop and let w,wy,wy,... Wy, be the vertices
of Ki,,. Thegraph C, @K, is obtained by identifying w of Ky, with vq.

Then EI\Cﬂ@KLm] = {11'11':-,11J.-1¢J.-_1,:“J.- Viag, WU, W, U Ty, L2iz=ml=j=k— l}.

Define f: V{(Caps1 @Ky ) = {123, .., p + g = 2n + 2m} as follows:

flw) =1,

flusq)=2n+2m—4(i —1)

Flvg_)=2n+2m—4i+3

flw,)=3+2i

For each vertex label [, the induced edge label F* is defined as follows:

“(upty) = 1,
Tww) =1+,
“(wuy) =n+m,
“lwiy) =n+m—1,

e

(Ui )=n+m—2i

1=1i=m,

for 1=

15,
15,

for 1=

[

for 1=i
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frlvweg)=n+m—-2i—1for 1=i=k-1
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It can be verified that f is a skolem difference mean labeling of C, @K ..
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Case: (ii) nis even
Let n =2k
Let Ug,Ug,Us,...,Ux1,W, Vi1 ,...V1 be the vertices of L'z
Define f: V{ Cop @Ky ) = £1,2,3, ...,p+ g = 2n + 2m} as follows:
Sub case: (i) k is even

Fflw) =1,
flw,)=5+4+2i for 1=i=m.

flugq)=2n+2m—40i—1) for 1 =i = ; ,
Flvgqy)=2n+2m—4i+3 for 1=i= f
Flug) =4 for 1=i= k::,
flovg)=4i+2 for 1=i= k::.

Flug)=2n+2m—2k +1.

For each vertex label f, the induced edge label [* is defined as follows:
Frlww)=2+ifor 1=i=m,

Friwuy) =n+m,

Flwry) =n+m—1,

Frluueq)=n+m—2i for 1=i=k—2
frlvwegd=n+m—-2i—1for 1=i=k-2
Frlugug) =2,

Frlvgr) = 1.

Subcase: (ii) k is odd

flw) =1

flw)=1+2i for 1 =i = m,
Flug_y)=2n+2m—4{i—1)for 1=i= f'f:ij
flvs)=2n+2m—4+3 for 1=i= k:iJ
Flug) =4 for 1=i< .'~c:11
flog)=4i+2 for L=<kt

(ug)=2n+m—k +1).

For each vertex label f, the induced edge label [* is defined as follows:
Friww)=i for 1=i=m,

Frlwuy) =n +m,

Frlwry)=n+m-—1,

Frlue)=n+m—2i for 1=i=k-—2
Frlvyjvieg)=n+m—-2i—1for 1=i=k-2

Flupug)=n+m—2k +1,
Flvgre)=n+m—2k+2

It can be verified that f is a skolem difference mean labeling of L'y @5 5. Hence, O, &Ky, is a skolem difference
mean graph.
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For example, the skolem difference mean labeling of {72 @1z and C14 (&K ¢ are given in Figure 4.

C‘lf @‘[{1.5

Figure: 4

™

Theorem: 2.4 The graph Sy, (1 = 1,1 = 1) is an extra skolem difference mean graph.

Proof: Let uo,uij (A<i<m, 1< j<n) be the vertices of two copies Of 5.

We define f: V(Syn) = 11,2,3, .., p + g = 2mn + 1} as follows:
fl:u?_".:l =min+j+1)+2—i foriisodd, 1 =i =m jisoddand 1 =j =mn,
fl:u?_“'j =min—j)+2—i foriisodd, 1 =i =m jiseven and1 =] =n,
Flu)=mn—j—1D+1+1 foriiseven, 1 =i =m jisodd and1 = =mn,
fl:u?_“'j =min+j)+1+i foriiseven,1=i=m jiseven and1l =j =mn,
flug)=2mn—m+ 2 form isodd,

.t

flugl=m+1 form iseven.
Lete! =wlu ,(1=i=m-1,1=j=n)and e_:;_ = u.:.u;':“_ be the edges of Sz

For each vertex label [, the induced edge label F* is defined as follows:
felel)=mn—i+1 for 1=i=m,

f'(e;;_i_:.] =mn—j+1)+1—i for jiseven,2=j=n and 1=i=m-1,
f'lie_:;J = ﬂm—%’j for jiseven, 1 =] =mn,

f'[e;'.:l =min—j+1)—ifor jisodd, 3=j=n and 1=i=m—1,

Lji—1'm

f'l:e;;]= — for j iseven, 3 =] =mn.
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For example, the skolem difference mean labeling of 5z . is given in Figure 5.

Figure: 5
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