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ABSTRACT

The aim of this paper is studying the approximation of unbounded functions by positive linear operators in locally-
global weighted-spaces Lp s ,, (X).

INTRODUCTION

The theory of approximation of functions constitutes a very wide branch of Mathematics, the basis of approximation of
a real function was discovered by Weierstrass in 1885 [1], given by a theorem called “Weierstrass Approximation
Theorem”.

Afterwards, Stone [2], has generalized this theorem to a compact subsets of the real numbers that known as “Stone
Weierstrass Theorem”.

In 1912 Bernstein introduced another proof of Weierstrass approximation theorem, which was called Bernstein
Theorem.

1950, Szasz [3] defined a sequence of linear positive operators on the interval [0, o0), called classical Sazasz operators
defined as :

w 1 - i
Su(f, %) = £20 My (0 (5) where M, () = e &2 x € [0, ).

The purpose of this paper is studying approximation of unbounded functions by linear positive operator, which has a
very similar form to the form of Szasz-Mirakyan operators.

Before proceeding to the study of first and second order of approximation by linear positive operator, it is necessary to
know some definitions.

Definition: 1 Let X = [0,a],a > 0, let Lp,, (X) be the spaces of all unbounded functions f, f (x) = 0 for x > a with
the following norm

1
fllp, = [f0“|(fw)(x)|de]P < oo where (fw) € C[0,a], w(x) be the positive weighted function and
a 7
P
s = [ Gupll o€ Mes )
0

Be the locally-global of f where N(x,8) = {y € X:|x —y| < 6},6 € R* and we denote
Lpsw @) = {f:Ifllpsp < oo}

Definition: 2 [4] Forn, k,r € [N|,x € X = [0, )

Let us recall some of the common notations:

1) (n)y=nn+1Dn+2)..(n+k—-1with(n),=1
2) e (x)=x"
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Definition: 3 [4] For f € Lp,, (X) let AL f(x) = f(x +h) — f(x) and AZf(x) = ALf(x + h) — A} f(x) be the first
and second difference with step h at point x.

Definition: 4 Let f € Lp,, (X),X = [0, o) then

i (f; 8)py = Subgep<s {||A’,§ (w0, :lhl <8 x,x+kheX, &> 0},k € {1,2} be the usual first and second

moduli of smoothness of function f. and w, (f; 8)p 5. = Subo<p<s {||Aﬁ (fw, x)||P6W},k € {1,2} be the locally usual
first and second moduli of smoothness of f.

Definition: 5 [4] For f € Lp,, (X), for n € N then L, (f,x) = 27 %7, (;l,f]zf‘f (g) ,x € X = [0, ) be the linear +ve
operator which has a very similar form to Szasz-Mirakyan operators.

AUXILIARY RESULTS
Here we prove some results, which will be useful to prove the main results.
Lemma: 1 For f,g € Lp,,, then

a) Ln(f + g'x) = Ln(f'x) + Ln(g:x)
b) L,(af,x) =aL,(f,x),aisaconstant.

Proof: Since L, (f,x) = 27™ Z,‘f’zo%f (5) then

D L +00 =25 G +0) ()
+9(5)]
k

- e S () + 2 2 ()

n

= 2 g, B[ ()

n

=L, (f,%) + L, (9, %)

b) La(af,x) =27 57022k (af) (£)

2k

_ o0 k
= a2 37, B £ (%) = aL, (f, )

n

Hence, L, be a linear operator.

Remark: 1 [6] For f € Lp(X) = {f: £l = [f; If(x)lpdx]F < oo} then

1
1Fle < Wflles = [fy Supocpssllf W)l:u € Nx, )1 da]
where N(x,8) = {y € X: |[x —y| < 6}
Lemma: 2 For x € X = [0,a],a > 0 then
1) L,(e,x)=e, r ={0,1}
2) L,(ezx) = x? +2n—x

Proof:
1) Since (nx);, = nx(nx+ 1) ..(nx + k—1) = nx(nx + 1), _4

and Ly (f, x) = 27 T G f (%) then

For r = 0 we get

Ly(eq, %) = Ly (1,x) = 27 R o S0k = 3o gk Bk —
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For r =1 we get

_ (nx)k k —nx—1 nx (nx+1)p—1 k
— nx |0 nx oo nx(mx+l)g—1k
L,(e;,x) =2 Y=o Kkl n =2 Yi=1 2k=1p(k=1)! n

— vo—nx—1yoo x+1)k_q
=x2 Zim 2k=1(k—1)!

Letk —1 = j then

(nx +1)1-

Ly(ey,x) = x27™ 7132, o = xl=x
_ w (X)) k2
2) L,(eyx)=27™ Zk=02k_k:(n—2

—nx—1 Mk —nx—1ywo (x+Dk1k
2 Yi=t 2k (k=1)! n2 = x2 Y=t 2k=1(k—1)1n

Letk —1 = j then

_ o-nx—1yoo (Mx+Dp_1k _ nx -1 ww
Ln(ez,x) =x2 Zk 15k— L(k— 1)‘n X2~ Z 2/ 1 n

el XL x o o Qe (X +1); _ .

=2 e h TR By, (k=/+1)

(nx +1)(nx +2); x

— —nx —2 |
=x2 L0 i

x | x 2x
=x*+-+-=x*+=
n n n

Then

2x
L,(e;x) = x*+ —

Lemma: 3 [5] For f € C[a, b] then
w, (f,A8)p < A+ D*w, (f,8)p6 = 0,1 >0

Lemma: 4 For f € Lp,,(X),X = [0,a],a > 0,4 > 0 then
e (F,A8)pspw < (A + Dfwy (f, )psw  k={1,2}

Proof: To prove this lemma we must prove that

wi (f,18)psw < n*wy (f, 8)p s, Where n is a natural number let’s use the identity that

Dpnf(x) < XE 2 - Zi A f(x +igh + igh + - i, R) by [5]
We can prove this identity by induction on k

For k=1 we have

A f(x) = f(x + nh) — f(x)
=YY" Mf(x + ih + h) — f(x + ih)]
= Yi) ALf (x + ih)

Let’s suppose that the identity is valid for a given natural number k then

AFLF (o) = Ak [f (x + nkh) — F(0)] = A% AL, (F ()]

= le =0 e D= 0 A% [Ap f(x + ih + iph + - i h)]
=¥ 0 2ieo AR [ER 0By fCx +ith + R+ - igh + g B)]
=¥ CER DI o AR f(x + iR+ iph 4 - igh + Gy h)
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Then

0 (s = Sup {1854 O, 5, Inhl < 6}

1

=swp [ (sun |8k Pw)w | u e NGO} ]

1
<Sup [[[002h - B0 Th Ak (Fw)(u + Lk + Lph + - ih) 1w € N(x, 8)| d]”

1

_ n— n— a . i i P P
< TR LI Sup [fo |Ak(Fw) (u + ih + iph + i h):u € N(x, 6)| dx]P

< nfw, (F, 8)psw

Then
w (f,n8)psw < nfwy (f, 8)psw

Now since [A] < A, A1 > 0then A < [4] + 1 then by proposition monotonic, we have

o (f,A8)psw < 0y (f, (A1 + D)p s

Let [A] + 1 = n then
w, (f,A8)psw < w (f, (Al + D)) p s

= wy, (f,nd)psw
< n* wy (f,8)p s
= ([ + D" @, (f, )psm

<@+ Dk wy, (f,8)psw

Hence
wi (f,28)p s < A+ D*wy, (f,8)p s

Lemma: 5 [5] For f € C[a, b] then
w, (f,8)p S 8wy (f,8)p, k=12,.., §=0

Lemma: 6 For f € Lp,,(X).X = [0,al,a > 0,6 = 0 then
Wy (f,8)psw < 8wy (f',8)p s, Where £ = (fw)’

Proof:
O (1 8)p s = Sup [|81(fw. )], 5,

1
<sup [f}]ak(fw)qyiu € N, 5)|de]P
1

=sup [f; |85 @n (W) )i u € Nz, 8)| dx]”

<sup [f |85 (W) — UW)aoliu € N, 8)| dx]”

1 ch , p P
< Sup [foa Ak—1 fo (fw) +ndt:u € N(x, 5)| dx]

1
.t
M (WY oy € NG, 0) [ de] x|

< Sup [foa

< Sup ||Aﬁ_1(fw)’||P15’W.h < Swi1 (f, 8)psw
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Then
Wi (f, 8)p s < 6wy (f',8)p 5, Where f = (fw)’

Hence, for k = 2, we get

wy (f, O)psw < 0wy (f,8)psw

Lemma: 7 For L, be a linear positive operator in the space Lp ,,(X). X = [0,a],a > 0 such that
1) L,(1L,x)=1
2) L,(t,x) =x+a(x)
3) L,(t%x)=x*+ B(x) then for every f € Lp,, (X)
1Lu () = Fllp o < 3w, (f,/BG) = 2xa(x))

P,Sw

Proof: For f € C[a, b] then

ILn(f,) = fllp < 3w (f,4/B(x) — 2xa(x)), by Korevkin theorem [5]

And since (fw) € C[0, a] by definitionl

1o (fw,) = fwllp < 30 (fw, /&) = 2xa (@),

Then by remark 1, we get

1Ly (Fw,) = fwllps < 30 (fw,/B@) — 22a@)),,

Thus

I (F) = Fllps <30 (£,4/BC) = 2xa(@)
< 3w, (f,y/B(x) — Zxa(x))Pl&w

Hence

1Lu (2 = Fllp s < 3w, (f,/BG) = 2xa(x))

P,Sw

Remark: 2 [4] From the linear operator L, (f,x) = 27™ ¥_, (;:lzf‘ f (5)

Let’s introduce a new linear positive operator as
o (k+1)/
Ko (f,2) = nE7o Mase () [, " F(2) dt
Where f:[0,0) —» R and M, , (x) = 27 % k=0
Remark: 3 In order to obtain an approximation process in spaces of an unbounded functions, let’s introduce the new

linear positive operator as
(k+1)/n

Ko (f,x) = 200 My e () f, W) dt

Where M,  (x) = 27 % and w is the positive weighted function, k = 0
Lemma: 8 For f € Lp, (X)',X = [0,a],a > 0 then

1) K,(ep,x)=1

2) K,(e;,x)=x +%

3) K,(eyx) = x? +3:1_X+L

3n2
Proof: K, (f,x) = n X 27 S0k [0V (fwy (1) dt
Then
) —nx X))k (k+1)/
Kn(eo: x) = Kn(L x) = nZk:O 2 %fk/n " dt
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[*) —nx (nx)k kLl_ E _ [*) —nx (nx)k l
nXk=02 2k | n n] =nXi=2 2k k1 [n]

i 2 Gk =1

2kl
o o—nx Wk k+1)/n
Kq(er,x) = Ky (t,0) = nXio 2™ Jer [ 77 tdt
) k+1)? k_ZZ
_ ) — nx)k n?2 _ _ nZ
=N 227 G0 [ 2]

o)y [+ k2

2kkr L 2n2 2n2

nyim 2™

_ nzzo . o—nx (nx)g [2k+1]

2kkr | 2n2
_ o —nx (nx)g k o —nx (nx)r 1
=N 2™ Sy P i=0 2T g

—nx x(x+1)_q k 0 —nx—1 (X)) 1
=nYy® 2 nx L > p—nx =
Zi= 2 2Tk (k—1)! n2 + iz 2Kk n

0 o —1 (x+1)— 1 v —nx —1 (nx) .
=xXp=1 27 1m+;2k=02 nx 12k—k;‘letk—1=]

-1 (nx +1);

— oo —nx l — l— l
—x2j=02 7T +n.1—x.1+n—x+n

K, (e, %) = K, (t2,x) = n Y5 g 27 Lk (+D/m 12

2kt Jke/n
wo [SF 5 oy [(R+D? K3
o —nx Wk | 5 n3 o —nx (X k[ +
=y 2 Wk w3 n3 ) g e ony Ok [RADT K
Yi=0 ke | 3 3 Zi=o 2kt L 303 3n3

© _ 3k2+3k o0 o k2 k 1
nYk—o2 ™ )i [—+ +1] =nXpo2™™ ) [n—3+—+ ]

2kk! 313 2Kk n3 " 3n3
2
_ o) —nx (nx)k k e} —nx (nx)k k o) —nx (nx)k 1
=N X0 2 G B0 Y Gy a0 2T g
(nx) k

T2 Tk

2
© —nx (X)g k © —nx
Y=o 2 + Xi=0 2 2Kk1 302

2Kkl n2 2Kkl n2

() (x +1) 1 k2

_ 9—nx—1yo© —nx—1 v (nx)(nx+1)k_1i 1 v e ()
=2 Xzt Tkt n? T 2 Ziz1 2Tkt n2 T Tz Zk=0 27 S
— —nx—-1ve @x+1i_q k —nx—1yweo (x+1),41 1

=x2 L= 2 1—nyin T x2 Liza T e—tyin T 3n2 L

Letk — 1 = j then

N
K,(ez,x) = x277 152, e

(nx+1); 1 1

+x27L YR

20j1 n 2iji n  3n2
_ x2‘""‘1 Z?o (nx +1); j + fz—nX—l Z(-)o (nx+1)1- + fz—nX—l Z(-)o (nx +1); 1
Jj=0"2ij1 n ' n J=0"2jj n J=0"2jj 3n2

e iE -1 -F N RELEE I
n n 3n

3 n i n 3n2
=x2 4224 2
Hence K,, (e;, x) = x* + —+:5

MAIN RESULTS

Theorem: 1 For f € Lp,, (X),X = [0,a] with f(x) = 0 for x > a > 0 then

1
1aCF) = Fllps < 3(1+V20) @, (f 'v_z)P,,s,w
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Proof: From lemma 2 we have

1) Ln(er:x) = €&, r= {0,1}
2) Li(eyn)=x*+Z
Then
L,(1,x) =1

L,(t,x) = x+ a(x) where a(x) =0
L, (t%x) = x% + B(x) where B(x) = 27
And since L, is a linear positive operator by lemma 1, then from lemma 7, we get

1Ln (o) = Fllp g < 3w, f\/ﬁ(x)—Zxa(x)

—3w2< ——0
(

)
o <

Thus
J7a
1L, (f,) = fllpsw < 3w, (f:ﬁ)mw

And from lemma 4 we have

1 1
() = flosn < 30z (F2az) | <302+ D'os (1)

2 1
ThuS 1 (f,) = g, < 320+ 1)z (£, 72)
Theorem: 2 For f € Lp,, (X),X = [0,a] with f(x) = 0 forx > a > 0 then
3(v2a +1)° (
\/ﬁ w

P,6w

o1 . .
M (F,) = Fllns < =) wheref = (fw)

\/ﬁ P,6w

Proof: From theorem 1, we get

2 1
Ln ) = w < 3 V2 + 1 ( ’—)
” (f ) f”P,é‘, ( a ) wz f \/ﬁ P o
Then by using lemma 6, we get

1
s (723 = Fllsn < 3(V2+1) 0y (1)
P,6w
<3(WVZa+1) o (f”v%)p,,s,w
Thus
3(Vza+1)" (1
1 (F) = fllpg S = = (f,v—ﬁ)w

Where f' = (fw)’
Theorem: 3 For f € Lp,, (X),X = [0,a],a > 0 then one has lim, ., L, (f,x) = f(x) uniformly on [0, a]

Proof: From theorem 1, we get

1
1w (F,) = Fllpsw < 3(V2a + 1) w, (f,ﬁ> then
P,5,w
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I, . = 7l £ 3072 + 1) o (1, )
P,Sw

=3(V2a+1) w, (f,0)
=3(V2a+1).(0) =0

Thus
lm [[L, (f,.) = fll =0

Hence, L, (f,x) — f(x)on [0, d]

Theorem: 4 For f € Lp,, (X),X = [0, a]with f(x) = 0 for x > a > 0 then
VZa ¥ 1>2 ( 1 )
= ) w, (f,

K (1) = Flp s < (1 5 P s

Proof: From lemma 8, we get
1) K,(ep,x)=1
2) K,(ey,x) =x+%

3) K,(eyx)=x? +3n—x-|-L

3n2

Then
K,(1,x) = 1,K,(t,x) = x + a(x) where a(x) = %

K, (¢2,%) = x2 + B(x) where B(x) ==+ —

3n2

Thus from lemma 7, we get
1K (F,-) = Fllp s < 300, (F,/BG) — 2xa(@))
P,5,w
3 1 2 3 1
=50 (1. (Frsey) = (n 5
< 3w (f, /3§1§1>
P,Sw

Then for n - oo we have

>P,5,w

P,5w

3an+1 Vv3a+1
K. (f5) = fllpsw < 3w, | f, < 3w, (f:—>
3n? ﬁ\/ﬁ P,6,w
P,6,w
Thus
V3a+1
K. (f,) = fllpsw < 3w, (f—)
ﬁﬁ P,sw

Then from lemma 4, we have

”Kn(f') _f"P,(S,w < 3(‘)2 (f \/ﬁ
P,6w

VR TR

V3a¥1 V3aF1\ 1
e Y
P,6,.w \/§

Hence,
\/W)z o) (f, 1 )

1K (F,) = Fllps < 3<1 S Vs

CONCLUSION

We are using linear positive operators L, (f,x)and K,(f,x), for f € Lp,,(X) and obtaining the degree of best
approximation of this function in weighted space in terms of weighted modulus of function f.
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