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ABSTRACT

The purpose of this paper is to study the approximation of unbounded functions by linear positive operator c, (f; x) in
weighted spaces and finding the degree of best approximation of these functions.

INTRODUCTION

Many researchers studied theory of approximation of functions. Many properties and theorems about Jackson
Polynomials were introduced by Zygmund [1]. E. S. Bhaya [2] obtained some results about the convergence of periodic
functions in the space Lp(0 < P < 1). Eman Hassan Muhammed Al-Asady [3] study on the best approximation of
function in the spaces Lp(x). Hammod A. A. [4] introduced the estimation of any function by the k-functional and he
found estimation for positive linear operator.

Definition: 1 [5] Let C3[0,0) = {f|f:[0,0) — R} such that ||f|| = Supye[o0)|f(x)|and we consider a new linear
positive operator

C,: Cg[0,00) — C5[0, c0) Such that

1

n-1 n xk 1 0 tk—l L n
(14x)" f(O) + Zk:l (k) A4)" " B (kn—k+2) fO f(®) (1+t)n+2 dt + (1+x) f(n), xz0

Cn(f;x) =

Where B is beta function.

Definition: 2 [7] (Beta Function) fol t*~1(1 — t)P~1 dtis called Beta function of a > 0,b > 0. It is also written as
Bla,b) = f)toi (1 - )P dt

Remark: 1 [7] Properties of Beta function:
i. pB(a,b) =p(b,a), aandb are interchanged.
o) a-—1
i. Blab)=[ —

(1+t)a+h dt
(a—1)!

iii. p(a,b) = b D.braD) if a # b, a, b are positive integers
Remark: 2 )
/J’(k,nl—k+z) 000 (1+tt)"’r2 dt = n—lli+1 ,t>01<k<n-1
Proof: ) .
+)-
'B("'"l"‘”) 000 (1+tt)"+2 dt = ﬂ(k,nl—k+z) f0°° (1+t)t("+1)+n—k+1 dt

_ Bk+ln—k+1) |
= kD) Using remark (1), (iii) we get

k
T n—k+1
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Definition: 3 Let Lp , = {f|f:[0,a] = R;a > 0}
1
Ifllp.e = (J5 If COW)I" dx)” <0, 0 <P < oo
Where w(x) = e~*,a > 0 is weighted positive function, let

1

w0 + 25 (1) o s o F WO s de + () o)

Cn(f;x) =

Definition: 4 [6] The difference of a function f of order k with step h at point x is defined by:

AV F(x) = Bk _o(—1)m (T]:l)f(x +mh)
Where(r’:l)= KA f0) = ALF(0)

m!(k—m)!’

Definition: 5 [6] The modulus of smoothness of order k of function f,6 > 0 is defined by:
w (f; 8) = Sup{|Akf()|: |kl < 8,x,x + kh € [a,b]}

Definition: 6 Let f € Lp , be an unbounded function and f. w(x) a bounded one, the modulus of smoothness of order k
of the function £, & > 0 is defined by:

wi (f58)q = Sup{|AkfF )W ()| |l < 8,x,x + kh € [a,b]}
Lemma: 1 [6] Let f € C[a, b] then
wy (f;6) < 2w, _4(f;0)
Lemma: 2 Let f € Lp,, f.w isabounded function, § > 0, then
Wy (f38)e < 201 (f; 6)a
Proof: Since f.w is a bounded, using lemma (1), we get
Wy (f; 6)0{ < Zwk—l (f' 6):1
Lemma: 3 [6] Let f € Cla, b],§ > 0, then
wi (5 6) < 2w, (f; 6)
Lemma: 4 Let f € Lp ,(x),x = [0,a],a > 0,, § > 0, then
Wi (fi8)q < w1 (f;6)q
Proof: Since f.w is a bounded function, then using lemma (3), we get
i (f58)q < Swi1(f';8)q
Lemma: 5 [6] Let f € Cla, b],§ > 0, then
wi (f;28) < A+ Dy (f36),4> 0
Lemma: 6 Let f € Lp,,5 > 0, then
w, (f;18)g < A+ D*wy (f38)0, A >0
Proof: Since f.w is a bounded, and using lemma (5), we get

w (f58)e < A+ Dfw_1(f;6)q
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Lemma: 7 Let f € Lp,[0,al,a > 0,if fo(x) = 1, fi(x) = xand f,(x) = x?, then
) G (ex)=C (Lx)=1
2) € (fun)=Co (ix) =x—x(5)

1+x

2
3) G (f50) =G (x) =x? + 5 > 2
Proof:
. 1 n—1 (M xk 1 o0 thk-1 x n
D G @x) = 1+x)m f-w(0) + Xim (k) (L+x)™ B (kn—k+2) fo fw® (1+t)n+2 de + (1+x) fow(m)

1 n_1(M\ xF Blkn—k+2) x \"
T @+ + 2o (k) (1+x)" B (kn—k+2) + (1+x)
1 n-1(M\ «x x"

S T Zi=1 (k) Ao T e

—yn (n) xk

= &k=0 k) (1+x0)n

_ 1 n n k
T (14 “k=0 (k) x

@+
T A+

. 1 -1 (n xk 1 ] gh—1 x \"
2) G, (x;x) fow(0) +XkZ: (k)mmfo f-W(t)de‘(E) f-w(n)

=~ deon

n xk 1 o0 t x \"
k) (10" B(len—k+2) fO (1+o)n+2 dt + (E) n

(

=52 () m (&)
(
(

) ()
7) (fjr;n tn (ﬁ)n
= us ()

n
= (1+xx)n [T+ )" —nx" 1 —x"]+n (L)

1+x
_x(14x)" _ nx™ _ x™x (L)n
To@tor @H0r (Lo Tl

x \" x \" x \"
~xon(E) 2 ()
1+x 1+x 1+x
x \"
~xox()
1+x

1 n_1 (M xk 1 © thk-1 x n
(14+x)" f-w(0) + Xk (k) A+x)" B (kn—k+2) fO fow(®) (1+t)n+2 dt + (1+x) fow(m)

3) C, (x%x) =

_ yn-1 n) xk 1 © ot Z(L)n
T 4k=1 (k (1+x)”ﬁ(k,n—k+2)f0 t (1+t)n+2 dt +n 1+x

_ yn-1 n) x 1 otk 2 (L)"
= Xk=1 (k (14" B (k,n—k+2) fO (1+6) K+ 4n—k dt+n 1+x
I n) xk  Bk+2n—k) 2 (L>"

=Xz (k (142" B(en—k+2) s
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) e ()

= Zict k i 1) (g - 1) (111(:)” +n? (ﬁ)n

- (Dt ()

e () ()

[— + i () ()

a2 D) S () () e ()

”7- Namremd (M) g —r () 4 () 4 ()
(1+ = [( +x)n+1 "(n+1) X — (n+ Dx™ — n+1]
ey ("T) 2 JLI; —xn () x () et ()

=4 M () () B

j+1
PUtl = 2 (" + 1); Xt
] n—j—1 (1+x)"

1

Since _]+2> = n—-22j=20,2<n
n+1 1 ¥/ ¥l
I'=8 ( ] ) —j+2 (14+x)"

< Bx YA (n * 1);’“—j.(1 - L)"_j

] n—j+2 (1+x) 14+x

be a random variable with v has binomial distribution with parametersn =n+ landp = ﬁ

Let

Y U WS N N RN b
I <8x(1+ x) ( j )n—j+2 (1+x)/ (1 1+x>

=8x(1+ x)E

n+2— 17]

Using the result of Chao and Strawderman [8], the random variable n +1 — v has parameters n =n +

1andq—1—p— Weget
=] = Bl ] = oo
n+2—vl 1+(n+2-v) - (n+2)q
1
(n+2)q
_ L
T a2
2
Thus, I < —qu:zx)
n(n+1) x n _ x n _ xn+2 8x(1+4x)2
C (x x) s x Tt (1+x) nx (1+x) (1+x)" T n+2
n(n+1) kN x(14x)2
+ (1+x) +8= o n+2
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Since
(";rz)xn_1 <A+x)"2,x=>0

n+2)!
3l(n—-1)!

L< L+t

(m+2)(n+Dn(n-1)! ,_1 n+2
oot X <(1+x)

n(n+22(n+2)xn_1 < (1+x)n+2

6x 1
n(n+1)m+2)x" — (1+x)n+2

6x x™

n(n+1)(n+2) — (1+x)" (1+x)?2

6x ( x )n 1
2 o >(=) ——_
n(n+1)m+2) — \1+x/ (1+x)2

6x > (L)n nn+1)
n+2

14+x (14x)2

3x > (L)n nn+1)
n+2 — \1+x/ 2(1+x)2

3x(1+x)2 - (L)n n(n+1)

n+2 — \l+4x 2

,we get

3x(1+x)2 + 8x(1+x)2
n+2 n+2

C, (x%;x) <x*+

2
< xz + 11x(1+x)
n+2
Here under we listed some theorems that we need to prove our reslts.

Theorem: 1 (Korevkin’s Theorem) [6] Let L be a linear positive operator in the space C[a, bli.e, L: C[a, b] = C|a, b]
and
1) L(Lx)=1
2) L(t;x)=x+ax)
3) L(t%x) = x? + B(x), then for every function f € C[a, b],
we have [IL(f;.) = fllcias) < 30(f;Vd), d = IB(x) = 2xa(®)llcjan]

Theorem: 2 Let L, be a linear positive operator, f € Lp ,[0,a],a > 0, L,: Lp ,[0,a] = Lp ,[0, a]and
1) L,(1,x)=1
2) L,(t,x) =x+a(x)
3) Ln(t%x) =x*+ (), then 1L, (f;.) = f()llpe < 3w(f;Vd),, d = IF(x) = 2xa(®)llpq

Proof: Let w(x) = e~*, since f is an unbounded function, thus f(x).w(x) is a bounded one, using theorem (1), we
get

a3 = FOls < 30 (£ [I8CO — 2xaColn )

Lemma: 8 Let f € Lp, be an unbounded function, x € [0,a],a > 0,n > 2, then C, (f; x) is a linear positive operator.

Proof: Since x € [0,a], a >0 - 0<x <a - x>0, then C,(f; x) is a positive operator, also, since C,: Lp,[0,a] —
Lp,[0,a] take f < g, then

1 n-1 n xk 1 © tk_l L n
(142" f- w(0) + k=1 (k) (1+x)" B (kn—k+2) fO f(t) (1+4t)n+2 dt + (1+x> fm

1 n-1 n xk 1 0 tk—l L n
s (14x)n g W(O) + Zk:l (k) (142" B (k;n—k+2) fO 9 W(t) (1+t)n+2 dt + (1+x> g(n),
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we get C, (f;x) < C,(g; x),

Thus
C,(f;.)is monotone

Now let
Co((arf + B19),x) = aT )n 5 (a1 f + B19).-w(0)

n-1 n xk 1 © thk-1 x \"
i (k)mmfg (a1f+ﬁ1g)-w(t)mdt+(m) (a1 f + Brg)(m)

= @O + s B O + 515 () o s o @ fw(e) st

xk -1
+2k= ()(1+x)"ﬁ(kn k+2)f ﬁlgw(t)(nt)nﬂdt

X

+(Z) wfwm + () pig.wmn)
= a,C,(f;x) + B1C,.(g; x), C,is a linear operator
MAIN RESULTS

Theorem: 3 Let f € Lp,,x € [0,a],a > 0,6 > 0,n > 2, then

e, 50— FOll,, < (Q/M) O (f; 8)a

Proof: Since C,, (f;.) is a linear positive operator, and lemma (7) holds, using theorem (2), we get

a(x) = —x( al )n

1+x

_ 11x(1+x)?
B(X) - n+2

VPG~ 2xate) = [0y g2 (1)’

Sincex € [0,a], a>0-0<x < a, then

\/,B(x) —2xa(x) < \/,B(a) — 2aa(a)
11a(1+a)? a \"
= \/ n+2 +2a? (m)
< 13a(1+a)?
- n+2
Then
. _ . 13a(1+a)?
lc. (750 = FOIl,, <30 (f, [Redre
5 ’13a(1+a)2
3w (f, E )

From lemma (6), we have

N——
]

IA

w(f;26) < (A + Dw(f;6),, we get

e (50 = FOl,, < 3(1 + 5/%)(»0: e
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Corollary: Let f € Lp,,x € [0,a],a > 0, then C, (f;.) u—'if Uniform converence as n — o

1+x

Proof: Since a(x) = —x (L)n

X

. i "
lim,, o, ||, (.)||P,a = lim,,_ ”x (E)

P,a
x( x )n e "X
1+x
n
_ x
xe ™ (—)
1+x

=)
e™ \1+x

as n—> o

1

N
dt)

lim,, (foa

IA

lim,, 4 Sup,

IA

lim,, 4 Sup,

Then ||an (.)”P’a -

o

Also

2
limy oo |8 Ol = 1My [

n+2

P,a

11x(1+x)2 e X
n+2

1
NG
dt)

11x(1+x)2 e X
n+2

= lim, 0 (foa

< lim,_, Sup,

11x (1+x)2|
enx " p42

< lim,,_, Sup,

< Sup, =0

. 11x 4. (14x)?
lim —. lim ———
noowe™ noo n+

Then ||, (.)||Pa -0 as n-oow

\/”Bn (x) — Zxa(x)”Pﬂ —>0asn —> o

tim |G 50 = FOll, , < 30 (£, I8, @) - 2xa2), )

=3w(f,0)
=0
Thus ||C, (f;.) —f(.)”Pﬂ —0asn - o
G (= f

Theorem: 4 Let f € Lp,,[0,a],a > 0, (fe™™)" € Lp ,is differentiable, then

€. (F;) = FOl,, <3C6 +Dw(f';6)a

13a(1+a)? .
A= ’M,Clsaconstant
n+2
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Proof:

Ica (50 = Ol < 30 (£ VB = 2xa(@)
< 3w1(f;,/ﬁ(x) - Zxa(x))a

2
<30 (1; [R)
a

§ [13a(1+a)?
S3w<f i T)
a

Using lemma (6), we have

o(f;18)q < (A + Dw(f; 8)q, We get

e (5= 1, < 3(1 +k /%%g; 8.
lcw (5= 7O, < 36(1 +§/%) w2 (f; 6)a

By using lemma (4), we have:

wy(f;6)y < Swi(f';8)q, We get

6 G50 = 1Ol =365 (143 [P airio),

< 3C(5 + D (f; 6),

13a(1 + a)?
A= /—
n+2

REFERENCES

[1] A. Zygmund, “Trigometric Series”, Cambridge University Press, (2002).
[2] Bhaya E.S., "A Study on Approximation of Bounded Measurable Function with Some Discrete Series in

Lp—Space; (0< pSl)", M.Sc. These, Baghdad University, Department of Mathematics, College of

Education Ibn-Al-Haitham, (1999).

[3] Eman Hassan Muhammed Al-Asady, “A Study on the Best Approximation of Functions in Lp(u) —
Spaces (0 < P < )", (2007).

[4] A. A, Hammod, “Degree of Best Approximation in Lp-Weighted Spaces”, (2012).

[5] Cristina Sanda CISMASIV, “A New Linear Positive Operator of Durrmeyer Type Associated with Bleimann-
Butzer-HAHN Operator”, Vol. 6(55), No. 1:1-8, (2013).

[6] BlagovestSendovVasil A. Popov, “The Averaged Moduli of Smoothness”, (1988).

[7] H. K. Dass and V. Rama, “Introduction to Engineering Mathematics”, Vol. 1, (2002).

[8] M. T. Chao, W. E. Strawdermann, “Negative Moments of Positive Random Variables”, J. Amer. Statist.
Assoc., 67:429-431, (1972).

Source of support: Nil, Conflict of interest: None Declared

© 2014, IIMA. All Rights Reserved 81



