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ABSTRACT 
The purpose of this paper is to study the approximation of unbounded functions by linear positive operator 𝑐𝑐𝑛𝑛(𝑓𝑓; 𝑥𝑥) in 
weighted spaces and finding the degree of best approximation of these functions. 
 

 
INTRODUCTION 
 
Many researchers studied theory of approximation of functions. Many properties and theorems about Jackson 
Polynomials were introduced by Zygmund [1]. E. S. Bhaya [2] obtained some results about the convergence of periodic 
functions in the space 𝐿𝐿𝑃𝑃(0 < 𝑃𝑃 ≤ 1). Eman Hassan Muhammed Al-Asady [3] study on the best approximation of 
function in the spaces 𝐿𝐿𝑃𝑃(𝜇𝜇). Hammod A. A. [4] introduced the estimation of any function by the k-functional and he 
found estimation for positive linear operator. 
 
Definition: 1 [5] Let 𝐶𝐶𝐵𝐵[0,∞) = {𝑓𝑓|𝑓𝑓: [0,∞) → 𝑅𝑅} such that ‖𝑓𝑓‖ = 𝑆𝑆𝑆𝑆𝑆𝑆𝑋𝑋∈[0,∞)|𝑓𝑓(𝑥𝑥)|and we consider a new linear 
positive operator 
 
𝐶𝐶𝑛𝑛 :𝐶𝐶𝐵𝐵[0,∞) → 𝐶𝐶𝐵𝐵[0,∞) Such that 
 

 𝐶𝐶𝑛𝑛(𝑓𝑓; 𝑥𝑥) = 1
(1+𝑥𝑥)𝑛𝑛

𝑓𝑓(0) + ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
. 1
𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)∫ 𝑓𝑓(𝑡𝑡)∞

0
𝑡𝑡𝑘𝑘−1

(1+𝑡𝑡)𝑛𝑛+2 𝑑𝑑𝑑𝑑 + � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛
𝑓𝑓(𝑛𝑛),   𝑥𝑥 ≥ 0 

 
Where β is beta function. 
 
Definition: 2 [7] (Beta Function) ∫ 𝑡𝑡𝑎𝑎−1(1 − 𝑡𝑡)𝑏𝑏−11

0 𝑑𝑑𝑑𝑑is called Beta function of 𝑎𝑎 > 0, 𝑏𝑏 > 0. It is also written as 
𝛽𝛽(𝑎𝑎, 𝑏𝑏) = ∫ 𝑡𝑡𝑎𝑎−1(1 − 𝑡𝑡)𝑏𝑏−11

0 𝑑𝑑𝑑𝑑 
 
Remark: 1 [7] Properties of Beta function: 

i. 𝛽𝛽(𝑎𝑎, 𝑏𝑏) = 𝛽𝛽(𝑏𝑏, 𝑎𝑎), a andb are interchanged. 
ii. 𝛽𝛽(𝑎𝑎, 𝑏𝑏) = ∫ 𝑡𝑡𝑎𝑎−1

(1+𝑡𝑡)𝑎𝑎+𝑏𝑏
∞

0 𝑑𝑑𝑑𝑑 

iii. 𝛽𝛽(𝑎𝑎, 𝑏𝑏) = (𝑎𝑎−1)!
𝑏𝑏(𝑏𝑏+1)………(𝑏𝑏+𝑎𝑎−1)

 if 𝑎𝑎 ≠ 𝑏𝑏, a, b are positive integers 
 
Remark: 2 
 1
𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)

∫ 𝑡𝑡𝑘𝑘

(1+𝑡𝑡)𝑛𝑛+2
∞

0 𝑑𝑑𝑑𝑑 = 𝑘𝑘
𝑛𝑛−𝑘𝑘+1

, 𝑡𝑡 > 0, 1 ≤ 𝑘𝑘 ≤ 𝑛𝑛 − 1 

 
Proof: 

  1
𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)

∫ 𝑡𝑡𝑘𝑘

(1+𝑡𝑡)𝑛𝑛+2
∞

0 𝑑𝑑𝑑𝑑 = 1
𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)

∫ 𝑡𝑡 (𝑘𝑘+1)−1

(1+𝑡𝑡)(𝑘𝑘+1)+𝑛𝑛−𝑘𝑘+1
∞

0 𝑑𝑑𝑑𝑑 

 
                                         = 𝛽𝛽(𝑘𝑘+1,𝑛𝑛−𝑘𝑘+1)

𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)
  Using remark (1), (iii) we get 

 
                                         = 𝑘𝑘

𝑛𝑛−𝑘𝑘+1
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Definition: 3 Let 𝐿𝐿𝑃𝑃 ,𝛼𝛼 = {𝑓𝑓|𝑓𝑓: [0, 𝑎𝑎] → 𝑅𝑅; 𝑎𝑎 > 0} 

 ‖𝑓𝑓‖𝑃𝑃,𝛼𝛼 = �∫ |𝑓𝑓(𝑥𝑥)𝑤𝑤(𝑥𝑥)|𝑃𝑃𝑎𝑎
0 𝑑𝑑𝑑𝑑�

1
𝑃𝑃 < ∞,   0 < 𝑃𝑃 < ∞ 

 
Where 𝑤𝑤(𝑥𝑥) = 𝑒𝑒−𝛼𝛼𝛼𝛼 ,𝛼𝛼 > 0 is weighted positive function, let 
 

 𝐶𝐶𝑛𝑛(𝑓𝑓; 𝑥𝑥) = 1
(1+𝑥𝑥)𝑛𝑛

(𝑓𝑓.𝑤𝑤)(0) + ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
1

𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)∫ (𝑓𝑓.𝑤𝑤)(𝑡𝑡)∞
0

𝑡𝑡𝑘𝑘−1

(1+𝑡𝑡)𝑛𝑛+2 𝑑𝑑𝑑𝑑 + � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛

(𝑓𝑓.𝑤𝑤)(𝑛𝑛) 
 
Definition: 4 [6] The difference of a function f of order k with step h at point x is defined by: 
 

 ∆ℎ𝑘𝑘𝑓𝑓(𝑥𝑥) = ∑ (−1)𝑚𝑚+𝑘𝑘𝑘𝑘
𝑚𝑚=0 �𝑘𝑘𝑚𝑚� 𝑓𝑓(𝑥𝑥 + 𝑚𝑚ℎ) 

where �𝑘𝑘𝑚𝑚� = 𝑘𝑘 !
𝑚𝑚 !(𝑘𝑘−𝑚𝑚)!

, ∆ℎ 𝑓𝑓(𝑥𝑥) = ∆ℎ1𝑓𝑓(𝑥𝑥) 
 
Definition: 5 [6] The modulus of smoothness of order k of function f,𝛿𝛿 > 0 is defined by: 
 

𝜔𝜔𝑘𝑘(𝑓𝑓; 𝛿𝛿) = 𝑆𝑆𝑆𝑆𝑆𝑆��∆ℎ𝑘𝑘𝑓𝑓(𝑥𝑥)�: |ℎ| ≤ 𝛿𝛿, 𝑥𝑥, 𝑥𝑥 + 𝑘𝑘ℎ ∈ [𝑎𝑎, 𝑏𝑏]� 
 
Definition: 6 Let 𝑓𝑓 ∈ 𝐿𝐿𝑃𝑃,𝛼𝛼  be an unbounded function and 𝑓𝑓.𝑤𝑤(𝑥𝑥) a bounded one, the modulus of smoothness of order k 
of the function 𝑓𝑓, 𝛿𝛿 > 0 is defined by: 
 

𝜔𝜔𝑘𝑘 (𝑓𝑓; 𝛿𝛿)𝛼𝛼 = 𝑆𝑆𝑆𝑆𝑆𝑆��∆ℎ𝑘𝑘𝑓𝑓(𝑥𝑥)𝑤𝑤(𝑥𝑥)�: |ℎ| ≤ 𝛿𝛿, 𝑥𝑥, 𝑥𝑥 + 𝑘𝑘ℎ ∈ [𝑎𝑎, 𝑏𝑏]� 
 
Lemma: 1 [6] Let 𝑓𝑓 ∈ 𝐶𝐶[𝑎𝑎, 𝑏𝑏] then 
 

𝜔𝜔𝑘𝑘 (𝑓𝑓;𝛿𝛿) ≤ 2𝜔𝜔𝑘𝑘−1(𝑓𝑓; 𝛿𝛿) 
 
Lemma: 2 Let 𝑓𝑓 ∈ 𝐿𝐿𝑃𝑃,𝛼𝛼 , 𝑓𝑓.𝑤𝑤 is a bounded function, 𝛿𝛿 > 0, then 
 

𝜔𝜔𝑘𝑘 (𝑓𝑓;𝛿𝛿)𝛼𝛼 ≤ 2𝜔𝜔𝑘𝑘−1(𝑓𝑓; 𝛿𝛿)𝛼𝛼  
 
Proof: Since 𝑓𝑓.𝑤𝑤 is a bounded, using lemma (1), we get 
 

𝜔𝜔𝑘𝑘 (𝑓𝑓;𝛿𝛿)𝛼𝛼 ≤ 2𝜔𝜔𝑘𝑘−1(𝑓𝑓; 𝛿𝛿)𝛼𝛼  
 
Lemma: 3 [6] Let 𝑓𝑓 ∈ 𝐶𝐶[𝑎𝑎, 𝑏𝑏],𝛿𝛿 > 0, then  
 

𝜔𝜔𝑘𝑘 (𝑓𝑓; 𝛿𝛿) ≤ 2𝜔𝜔𝑘𝑘−1(𝑓𝑓′; 𝛿𝛿) 
 
Lemma: 4 Let 𝑓𝑓 ∈ 𝐿𝐿𝑃𝑃,𝛼𝛼(𝑥𝑥), 𝑥𝑥 = [0, 𝑎𝑎], 𝑎𝑎 > 0, , 𝛿𝛿 > 0, then 
 

𝜔𝜔𝑘𝑘 (𝑓𝑓; 𝛿𝛿)𝛼𝛼 ≤ 𝛿𝛿𝜔𝜔𝑘𝑘−1(𝑓𝑓′; 𝛿𝛿)𝛼𝛼  
 
Proof: Since 𝑓𝑓.𝑤𝑤 is a bounded function, then using lemma (3), we get 
 

𝜔𝜔𝑘𝑘 (𝑓𝑓; 𝛿𝛿)𝛼𝛼 ≤ 𝛿𝛿𝜔𝜔𝑘𝑘−1(𝑓𝑓′; 𝛿𝛿)𝛼𝛼  
 
Lemma: 5 [6] Let 𝑓𝑓 ∈ 𝐶𝐶[𝑎𝑎, 𝑏𝑏],𝛿𝛿 > 0, then 
 

𝜔𝜔𝑘𝑘 (𝑓𝑓; 𝜆𝜆𝜆𝜆) ≤ (𝜆𝜆 + 1)𝑘𝑘𝜔𝜔𝑘𝑘 (𝑓𝑓; 𝛿𝛿), 𝜆𝜆 > 0 
 
Lemma: 6 Let 𝑓𝑓 ∈ 𝐿𝐿𝑃𝑃,𝛼𝛼 , 𝛿𝛿 > 0, then 
 

𝜔𝜔𝑘𝑘 (𝑓𝑓; 𝜆𝜆𝜆𝜆)𝛼𝛼 ≤ (𝜆𝜆 + 1)𝑘𝑘𝜔𝜔𝑘𝑘 (𝑓𝑓; 𝛿𝛿)𝛼𝛼 , 𝜆𝜆 > 0 
 
Proof: Since 𝑓𝑓.𝑤𝑤 is a bounded, and using lemma (5), we get 
 

𝜔𝜔𝑘𝑘 (𝑓𝑓; 𝛿𝛿)𝛼𝛼 ≤ (𝜆𝜆 + 1)𝑘𝑘𝜔𝜔𝑘𝑘−1(𝑓𝑓; 𝛿𝛿)𝛼𝛼  
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Lemma: 7 Let 𝑓𝑓 ∈ 𝐿𝐿𝑃𝑃,𝛼𝛼 [0, 𝑎𝑎], 𝑎𝑎 > 0,if 𝑓𝑓0(𝑥𝑥) = 1, 𝑓𝑓1(𝑥𝑥) = 𝑥𝑥and 𝑓𝑓2(𝑥𝑥) = 𝑥𝑥2, then 

1) 𝐶𝐶𝑛𝑛 (𝑓𝑓0; 𝑥𝑥) = 𝐶𝐶𝑛𝑛 (1;𝑥𝑥) = 1 
2) 𝐶𝐶𝑛𝑛 (𝑓𝑓1; 𝑥𝑥) = 𝐶𝐶𝑛𝑛 (𝑥𝑥; 𝑥𝑥) = 𝑥𝑥 − 𝑥𝑥 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 

3) 𝐶𝐶𝑛𝑛 (𝑓𝑓2; 𝑥𝑥) = 𝐶𝐶𝑛𝑛 (𝑥𝑥2;𝑥𝑥) = 𝑥𝑥2 + 11𝑥𝑥(1+𝑥𝑥)2

𝑛𝑛+2
,𝑛𝑛 ≥ 2 

 
Proof: 

1) 𝐶𝐶𝑛𝑛 (1; 𝑥𝑥) = 1
(1+𝑥𝑥)𝑛𝑛

𝑓𝑓.𝑤𝑤(0) + ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
1

𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)∫ 𝑓𝑓.𝑤𝑤(𝑡𝑡)∞
0

𝑡𝑡𝑘𝑘−1

(1+𝑡𝑡)𝑛𝑛+2 𝑑𝑑𝑑𝑑 + � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛
𝑓𝑓.𝑤𝑤(𝑛𝑛) 

 

               = 1
(1+𝑥𝑥)𝑛𝑛

+ ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)
𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)

+ � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛

 
 
               = 1

(1+𝑥𝑥)𝑛𝑛
+ ∑ �𝑛𝑛𝑘𝑘�

𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
+ 𝑥𝑥𝑛𝑛

(1+𝑥𝑥)𝑛𝑛
 

 

               = ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛
𝑘𝑘=0

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
 

 
               = 1

(1+𝑥𝑥)𝑛𝑛
∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛
𝑘𝑘=0 𝑥𝑥𝑘𝑘  

 
               = (1+𝑥𝑥)𝑛𝑛

(1+𝑥𝑥)𝑛𝑛
= 1 

 

2) 𝐶𝐶𝑛𝑛 (𝑥𝑥; 𝑥𝑥) = 1
(1+𝑥𝑥)𝑛𝑛

𝑓𝑓.𝑤𝑤(0) + ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
1

𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)∫ 𝑓𝑓.𝑤𝑤(𝑡𝑡)∞
0

𝑡𝑡𝑘𝑘−1

(1+𝑡𝑡)𝑛𝑛+2 𝑑𝑑𝑑𝑑 + � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛
𝑓𝑓.𝑤𝑤(𝑛𝑛) 

 

                              = ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
1

𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)∫
𝑡𝑡𝑘𝑘

(1+𝑡𝑡)𝑛𝑛+2
∞

0 𝑑𝑑𝑑𝑑 + � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛
𝑛𝑛 

 

                              = ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
𝑘𝑘

𝑛𝑛−𝑘𝑘+1
+ 𝑛𝑛 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 
 

                              = ∑ � 𝑛𝑛
𝑘𝑘 − 1�

𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
+ 𝑛𝑛 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 
 

                              = ∑ �
𝑛𝑛
𝑗𝑗�

𝑛𝑛−2
𝑗𝑗=0

𝑥𝑥𝑗𝑗+1

(1+𝑥𝑥)𝑛𝑛
+ 𝑛𝑛 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 
 
                              = 𝑥𝑥

(1+𝑥𝑥)𝑛𝑛
∑ �

𝑛𝑛
𝑗𝑗�

𝑛𝑛−2
𝑗𝑗=0 𝑥𝑥𝑗𝑗  

 
                              = 𝑥𝑥

(1+𝑥𝑥)𝑛𝑛
[(1 + 𝑥𝑥)𝑛𝑛 − 𝑛𝑛𝑥𝑥𝑛𝑛−1 − 𝑥𝑥𝑛𝑛] + 𝑛𝑛 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 
 
                              = 𝑥𝑥(1+𝑥𝑥)𝑛𝑛

(1+𝑥𝑥)𝑛𝑛
− 𝑛𝑛𝑥𝑥𝑛𝑛

(1+𝑥𝑥)𝑛𝑛
− 𝑥𝑥𝑛𝑛𝑥𝑥

(1+𝑥𝑥)𝑛𝑛
+ 𝑛𝑛 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 
 
                              = 𝑥𝑥 − 𝑛𝑛 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛
− 𝑥𝑥 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

+ 𝑛𝑛 � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛

 
 
                              = 𝑥𝑥 − 𝑥𝑥 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 
 

3) 𝐶𝐶𝑛𝑛 (𝑥𝑥2; 𝑥𝑥) = 1
(1+𝑥𝑥)𝑛𝑛

𝑓𝑓.𝑤𝑤(0) + ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
1

𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)∫ 𝑓𝑓.𝑤𝑤(𝑡𝑡) 𝑡𝑡𝑘𝑘−1

(1+𝑡𝑡)𝑛𝑛+2
∞

0 𝑑𝑑𝑑𝑑 + � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛
𝑓𝑓.𝑤𝑤(𝑛𝑛) 

 
                  = ∑ �𝑛𝑛𝑘𝑘�

𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
1

𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)∫ 𝑡𝑡2 𝑡𝑡𝑘𝑘−1

(1+𝑡𝑡)𝑛𝑛+2
∞

0 𝑑𝑑𝑑𝑑 + 𝑛𝑛2 � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛

 
 

                  = ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
1

𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)∫
𝑡𝑡 (𝑘𝑘+2)−1

(1+𝑡𝑡)(𝑘𝑘+2)+𝑛𝑛−𝑘𝑘
∞

0 𝑑𝑑𝑑𝑑 + 𝑛𝑛2 � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛

 
 

                  = ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
𝛽𝛽(𝑘𝑘+2,𝑛𝑛−𝑘𝑘)
𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)

+ 𝑛𝑛2 � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛

 
 



Sahib Al- Saidy* and Raad Falih / On the Best Approximation of Unbounded Functions by Linear Positive Operator / 
 IJMA- 5(4), April-2014. 

© 2014, IJMA. All Rights Reserved                                                                                                                                                                      77   

 
                  = ∑ �𝑛𝑛𝑘𝑘�

𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
𝑘𝑘(𝑘𝑘+1)

(𝑛𝑛−𝑘𝑘)(𝑛𝑛−𝑘𝑘+1)
+ 𝑛𝑛2 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 
 

                  = ∑ � 𝑛𝑛
𝑘𝑘 − 1�

𝑛𝑛−1
𝑘𝑘=1 �𝑛𝑛+1

𝑛𝑛−𝑘𝑘
− 1� 𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
+ 𝑛𝑛2 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 
 

                  = ∑ � 𝑛𝑛
𝑘𝑘 − 1�

𝑛𝑛−1
𝑘𝑘=1

𝑛𝑛+1
𝑛𝑛−𝑘𝑘

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
− ∑ � 𝑛𝑛

𝑘𝑘 − 1�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
+ 𝑛𝑛2 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 
 

                  = ∑ �𝑛𝑛 + 1
𝑘𝑘 − 1�

𝑛𝑛−1
𝑘𝑘=1

𝑛𝑛−𝑘𝑘+2
𝑛𝑛−𝑘𝑘

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
− ∑ �

𝑛𝑛
𝑗𝑗�

𝑛𝑛−2
𝑗𝑗=0

𝑥𝑥𝑗𝑗+1

(1+𝑥𝑥)𝑛𝑛
+ 𝑛𝑛2 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 
 

                  = ∑ �𝑛𝑛 + 1
𝑘𝑘 − 1�

𝑛𝑛−1
𝑘𝑘=1 �𝑛𝑛−𝑘𝑘

𝑛𝑛−𝑘𝑘
+ 2

𝑛𝑛−𝑘𝑘
� 𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
− ∑ �

𝑛𝑛
𝑗𝑗�

𝑛𝑛−2
𝑗𝑗=0

𝑥𝑥𝑗𝑗+1

(1+𝑥𝑥)𝑛𝑛
+ 𝑛𝑛2 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 
 

                  = ∑ �𝑛𝑛 + 1
𝑘𝑘 − 1�

𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
+ 2∑ �𝑛𝑛 + 1

𝑘𝑘 − 1�
𝑛𝑛−1
𝑘𝑘=1

1
𝑛𝑛−𝑘𝑘

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
− 𝑥𝑥 + 𝑛𝑛 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 +𝑥𝑥 � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛

+ 𝑛𝑛2 � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛

 
 

                  = ∑ �𝑛𝑛 + 1
𝑗𝑗 �𝑛𝑛−2

𝑗𝑗=0
𝑥𝑥𝑗𝑗+1

(1+𝑥𝑥)𝑛𝑛
+ 2∑ �𝑛𝑛 + 1

𝑗𝑗 �𝑛𝑛−2
𝑗𝑗=0

1
𝑛𝑛−𝑗𝑗−1

𝑥𝑥𝑗𝑗+1

(1+𝑥𝑥)𝑛𝑛
− 𝑥𝑥 + 𝑛𝑛 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 +𝑥𝑥 � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛

+ 𝑛𝑛2 � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛

 

 
                  = 𝑥𝑥

(1+𝑥𝑥)𝑛𝑛
�(1 + 𝑥𝑥)𝑛𝑛+1 − 𝑛𝑛(𝑛𝑛+1)

2
𝑥𝑥𝑛𝑛−1 − (𝑛𝑛 + 1)𝑥𝑥𝑛𝑛 − 𝑥𝑥𝑛𝑛+1� 

                     +2∑ �𝑛𝑛 + 1
𝑗𝑗 �𝑛𝑛−2

𝑗𝑗=0   1
𝑛𝑛−𝑗𝑗−1

. 𝑥𝑥𝑗𝑗+1

(1+𝑥𝑥)𝑛𝑛
− 𝑥𝑥 + 𝑛𝑛 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

+ 𝑥𝑥 � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛

+ 𝑛𝑛2 � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛
 

  
                  = 𝑥𝑥2 + 𝑛𝑛(𝑛𝑛+1)

2
� 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛
− 𝑛𝑛𝑛𝑛 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛
− 𝑥𝑥𝑛𝑛+2

(1+𝑥𝑥)𝑛𝑛
+ 𝐼𝐼 

 

Put𝐼𝐼 = 2∑ �𝑛𝑛 + 1
𝑗𝑗 �𝑛𝑛−2

𝑗𝑗=0
1

𝑛𝑛−𝑗𝑗−1
𝑥𝑥𝑗𝑗+1

(1+𝑥𝑥)𝑛𝑛
 

 
Since 4

𝑛𝑛−𝑗𝑗+2
≥ 1

𝑛𝑛−𝑗𝑗−1
              𝑛𝑛 − 2 ≥ 𝑗𝑗 ≥ 0, 2 ≤ 𝑛𝑛 

 

 𝐼𝐼 ≤ 8∑ �𝑛𝑛 + 1
𝑗𝑗 �𝑛𝑛−2

𝑗𝑗=0
1

𝑛𝑛−𝑗𝑗+2
𝑥𝑥𝑗𝑗+1

(1+𝑥𝑥)𝑛𝑛
 

 

   < 8𝑥𝑥 ∑ �𝑛𝑛 + 1
𝑗𝑗 �𝑛𝑛+1

𝑗𝑗=0
1

𝑛𝑛−𝑗𝑗+2
𝑥𝑥𝑗𝑗

(1+𝑥𝑥)𝑗𝑗
�1 − 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛−𝑗𝑗

 

 
Let 1

𝑛𝑛+2−𝑣𝑣
 be a random variable with v has binomial distribution with parameters 𝑛𝑛 = 𝑛𝑛 + 1 and 𝑝𝑝 = 𝑥𝑥

1+𝑥𝑥
 

 

 𝐼𝐼 < 8𝑥𝑥(1 + 𝑥𝑥)∑ �𝑛𝑛 + 1
𝑗𝑗 �𝑛𝑛+1

𝑗𝑗=0
1

𝑛𝑛−𝑗𝑗+2
𝑥𝑥𝑗𝑗

(1+𝑥𝑥)𝑗𝑗
�1 − 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛+1−𝑗𝑗

 

 
    = 8𝑥𝑥(1 + 𝑥𝑥)E � 1

𝑛𝑛+2−𝑣𝑣
� 

 
Using the result of Chao and Strawderman [8], the random variable 𝑛𝑛 + 1 − 𝑣𝑣 has parameters 𝑛𝑛 = 𝑛𝑛 +
1 and 𝑞𝑞 = 1 − 𝑝𝑝 = 1

1+𝑥𝑥
, we get 

 
 E � 1

𝑛𝑛+2−𝑣𝑣
� = E � 1

1+(𝑛𝑛+2−𝑣𝑣)
� = 1−𝑃𝑃𝑛𝑛+2

(𝑛𝑛+2)𝑞𝑞
 

 
                 < 1

(𝑛𝑛+2)𝑞𝑞
 

 
                 =  1+𝑥𝑥

𝑛𝑛+2
 

 
Thus, 𝐼𝐼 ≤ 8𝑥𝑥(1+𝑥𝑥)2

𝑛𝑛+2
 

 𝐶𝐶𝑛𝑛 (𝑥𝑥2; 𝑥𝑥) ≤ 𝑥𝑥2 + 𝑛𝑛(𝑛𝑛+1)
2

� 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛
− 𝑛𝑛𝑛𝑛 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛
− 𝑥𝑥𝑛𝑛+2

(1+𝑥𝑥)𝑛𝑛
+ 8𝑥𝑥(1+𝑥𝑥)2

𝑛𝑛+2
 

                   ≤ 𝑥𝑥2 + 𝑛𝑛(𝑛𝑛+1)
2

� 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛

+ 8 𝑥𝑥(1+𝑥𝑥)2

𝑛𝑛+2
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Since 
 
 �𝑛𝑛+2

3 �𝑥𝑥𝑛𝑛−1 ≤ (1 + 𝑥𝑥)𝑛𝑛+2, 𝑥𝑥 ≥ 0 
 
 (𝑛𝑛+2)!
3!(𝑛𝑛−1)!

𝑥𝑥𝑛𝑛−1 ≤ (1 + 𝑥𝑥)𝑛𝑛+2 
 
 (𝑛𝑛+2)(𝑛𝑛+1)𝑛𝑛(𝑛𝑛−1)!

6(𝑛𝑛−1)!
𝑥𝑥𝑛𝑛−1 ≤ (1 + 𝑥𝑥)𝑛𝑛+2 

 
 𝑛𝑛(𝑛𝑛+2)(𝑛𝑛+2)

6
𝑥𝑥𝑛𝑛−1 ≤ (1 + 𝑥𝑥)𝑛𝑛+2 

 
 6𝑥𝑥
𝑛𝑛(𝑛𝑛+1)(𝑛𝑛+2)𝑥𝑥𝑛𝑛

≥ 1
(1+𝑥𝑥)𝑛𝑛+2 

 
 6𝑥𝑥
𝑛𝑛(𝑛𝑛+1)(𝑛𝑛+2)

≥ 𝑥𝑥𝑛𝑛

(1+𝑥𝑥)𝑛𝑛 (1+𝑥𝑥)2 
 
 6𝑥𝑥
𝑛𝑛(𝑛𝑛+1)(𝑛𝑛+2)

≥ � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛 1

(1+𝑥𝑥)2 
 
 6𝑥𝑥
𝑛𝑛+2

≥ � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛 𝑛𝑛(𝑛𝑛+1)

(1+𝑥𝑥)2  
 
 3𝑥𝑥
𝑛𝑛+2

≥ � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛 𝑛𝑛(𝑛𝑛+1)

2(1+𝑥𝑥)2 
 
 3𝑥𝑥(1+𝑥𝑥)2

𝑛𝑛+2
≥ � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛 𝑛𝑛(𝑛𝑛+1)

2
, we get 

 
 𝐶𝐶𝑛𝑛 (𝑥𝑥2; 𝑥𝑥) ≤ 𝑥𝑥2 + 3𝑥𝑥(1+𝑥𝑥)2

𝑛𝑛+2
+ 8𝑥𝑥(1+𝑥𝑥)2

𝑛𝑛+2
 

 
                   ≤ 𝑥𝑥2 + 11𝑥𝑥(1+𝑥𝑥)2

𝑛𝑛+2
 

 
Here under we listed some theorems that we need to prove our reslts. 

 
Theorem: 1 (Korevkin’s Theorem) [6] Let 𝐿𝐿 be a linear positive operator in the space 𝐶𝐶[𝑎𝑎, 𝑏𝑏]i. e, 𝐿𝐿:𝐶𝐶[𝑎𝑎, 𝑏𝑏] → 𝐶𝐶[𝑎𝑎, 𝑏𝑏] 
and 

1) 𝐿𝐿(1; 𝑥𝑥) = 1 
2) 𝐿𝐿(𝑡𝑡;𝑥𝑥) = 𝑥𝑥 + 𝛼𝛼(𝑥𝑥) 
3) 𝐿𝐿(𝑡𝑡2;𝑥𝑥) = 𝑥𝑥2 + 𝛽𝛽(𝑥𝑥), then for every function 𝑓𝑓 ∈ 𝐶𝐶[𝑎𝑎, 𝑏𝑏],  

we have ‖𝐿𝐿(𝑓𝑓; . ) − 𝑓𝑓‖𝐶𝐶[𝑎𝑎 ,𝑏𝑏] ≤ 3𝜔𝜔�𝑓𝑓;√𝑑𝑑�, 𝑑𝑑 = ‖𝛽𝛽(𝑥𝑥) − 2𝑥𝑥𝑥𝑥(𝑥𝑥)‖𝐶𝐶[𝑎𝑎 ,𝑏𝑏] 
 
Theorem: 2 Let 𝐿𝐿𝑛𝑛  be a linear positive operator, 𝑓𝑓 ∈ 𝐿𝐿𝑃𝑃,𝛼𝛼 [0,𝛼𝛼], 𝑎𝑎 > 0, 𝐿𝐿𝑛𝑛 : 𝐿𝐿𝑃𝑃,𝛼𝛼 [0,𝛼𝛼] → 𝐿𝐿𝑃𝑃,𝛼𝛼 [0,𝛼𝛼]and 

1) 𝐿𝐿𝑛𝑛(1, 𝑥𝑥) = 1 
2) 𝐿𝐿𝑛𝑛(𝑡𝑡, 𝑥𝑥) = 𝑥𝑥 + 𝛼𝛼(𝑥𝑥) 
3) 𝐿𝐿𝑛𝑛(𝑡𝑡2, 𝑥𝑥) = 𝑥𝑥2 + 𝛽𝛽(𝑥𝑥), then ‖𝐿𝐿𝑛𝑛(𝑓𝑓; . ) − 𝑓𝑓(. )‖𝑃𝑃,𝛼𝛼 ≤ 3𝜔𝜔�𝑓𝑓;√𝑑𝑑�𝛼𝛼 , 𝑑𝑑 = ‖𝛽𝛽(𝑥𝑥) − 2𝑥𝑥𝑥𝑥(𝑥𝑥)‖𝑃𝑃,𝛼𝛼  

 
Proof: Let 𝑤𝑤(𝑥𝑥) = 𝑒𝑒−𝛼𝛼𝛼𝛼 , since f is an unbounded function, thus 𝑓𝑓(𝑥𝑥).𝑤𝑤(𝑥𝑥) is a bounded one, using theorem (1), we 
get 

‖𝐿𝐿𝑛𝑛(𝑓𝑓; . ) − 𝑓𝑓(. )‖𝑃𝑃,𝛼𝛼 ≤ 3𝜔𝜔 �𝑓𝑓;�‖𝛽𝛽(𝑥𝑥) − 2𝑥𝑥𝑥𝑥(𝑥𝑥)‖𝑃𝑃,𝛼𝛼�
𝛼𝛼

 

 
Lemma: 8 Let 𝑓𝑓 ∈ 𝐿𝐿𝑃𝑃,𝛼𝛼  be an unbounded function, 𝑥𝑥 ∈ [0, 𝑎𝑎], 𝑎𝑎 > 0,𝑛𝑛 ≥ 2, then 𝐶𝐶𝑛𝑛(𝑓𝑓; 𝑥𝑥) is a linear positive operator. 
 
Proof: Since 𝑥𝑥 ∈ [0, 𝑎𝑎], 𝑎𝑎 > 0 → 0 ≤ 𝑥𝑥 ≤ 𝑎𝑎 → 𝑥𝑥 ≥ 0, then 𝐶𝐶𝑛𝑛(𝑓𝑓;𝑥𝑥) is a positive operator, also, since 𝐶𝐶𝑛𝑛 : 𝐿𝐿𝑃𝑃,𝛼𝛼 [0, 𝑎𝑎] →
𝐿𝐿𝑃𝑃,𝛼𝛼 [0, 𝑎𝑎] take 𝑓𝑓 ≤ 𝑔𝑔, then 
 

 1
 (1+𝑥𝑥)𝑛𝑛

𝑓𝑓.𝑤𝑤(0) + ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
1

𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)∫ 𝑓𝑓(𝑡𝑡)∞
0

𝑡𝑡𝑘𝑘−1

(1+𝑡𝑡)𝑛𝑛+2 𝑑𝑑𝑑𝑑 + � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛
𝑓𝑓(𝑛𝑛) 

                            ≤ 1
(1+𝑥𝑥)𝑛𝑛

𝑔𝑔.𝑤𝑤(0) + ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
1

𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)∫ 𝑔𝑔.𝑤𝑤(𝑡𝑡)∞
0

𝑡𝑡𝑘𝑘−1

(1+𝑡𝑡)𝑛𝑛+2 𝑑𝑑𝑑𝑑 + � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛
𝑔𝑔(𝑛𝑛),  
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we get 𝐶𝐶𝑛𝑛(𝑓𝑓; 𝑥𝑥) ≤ 𝐶𝐶𝑛𝑛(𝑔𝑔; 𝑥𝑥),  
 
Thus 
𝐶𝐶𝑛𝑛(𝑓𝑓; . )is monotone 
 
Now let 

𝐶𝐶𝑛𝑛�(𝛼𝛼1𝑓𝑓 + 𝛽𝛽1𝑔𝑔), 𝑥𝑥� =
1

(1 + 𝑥𝑥)𝑛𝑛
(𝛼𝛼1𝑓𝑓 + 𝛽𝛽1𝑔𝑔).𝑤𝑤(0) 

                                      ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
1

𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)∫ (𝛼𝛼1𝑓𝑓 + 𝛽𝛽1𝑔𝑔).𝑤𝑤(𝑡𝑡)∞
0

𝑡𝑡𝑘𝑘−1

(1+𝑡𝑡)𝑛𝑛+2 𝑑𝑑𝑑𝑑 + � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛

(𝛼𝛼1𝑓𝑓 + 𝛽𝛽1𝑔𝑔)(𝑛𝑛) 
  

                                 = 1
(1+𝑥𝑥)𝑛𝑛

(𝛼𝛼1𝑓𝑓𝑓𝑓)(0) + 1
(1+𝑥𝑥)𝑛𝑛

(𝛽𝛽1𝑔𝑔𝑔𝑔)(0) + ∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
1

𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)∫ 𝛼𝛼1𝑓𝑓𝑓𝑓(𝑡𝑡)∞
0

𝑡𝑡𝑘𝑘−1

(1+𝑡𝑡)𝑛𝑛+2 𝑑𝑑𝑑𝑑 

                                   +∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛−1
𝑘𝑘=1

𝑥𝑥𝑘𝑘

(1+𝑥𝑥)𝑛𝑛
1

𝛽𝛽(𝑘𝑘 ,𝑛𝑛−𝑘𝑘+2)∫ 𝛽𝛽1𝑔𝑔𝑔𝑔(𝑡𝑡)∞
0

𝑡𝑡𝑘𝑘−1

(1+𝑡𝑡)𝑛𝑛+2 𝑑𝑑𝑑𝑑 

                                   + � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛
𝛼𝛼1𝑓𝑓.𝑤𝑤(𝑛𝑛) + � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛
𝛽𝛽1𝑔𝑔.𝑤𝑤(𝑛𝑛) 

 
                                 = 𝛼𝛼1𝐶𝐶𝑛𝑛(𝑓𝑓; 𝑥𝑥) + 𝛽𝛽1𝐶𝐶𝑛𝑛(𝑔𝑔; 𝑥𝑥), 𝐶𝐶𝑛𝑛 is a linear operator 
 
MAIN RESULTS 
 
Theorem: 3 Let 𝑓𝑓 ∈ 𝐿𝐿𝑃𝑃 ,𝛼𝛼 , 𝑥𝑥 ∈ [0, 𝑎𝑎], 𝑎𝑎 > 0, 𝛿𝛿 > 0,𝑛𝑛 ≥ 2, then 

 �𝐶𝐶𝑛𝑛 (𝑓𝑓; . ) − 𝑓𝑓(. )�
𝑃𝑃,𝛼𝛼

≤ �1, 1
𝛿𝛿
�13𝑎𝑎(1+𝑎𝑎2)

𝑛𝑛+2
�𝜔𝜔(𝑓𝑓; 𝛿𝛿)𝛼𝛼  

 
Proof: Since 𝐶𝐶𝑛𝑛(𝑓𝑓; . ) is a linear positive operator, and lemma (7) holds, using theorem (2), we get 
 𝛼𝛼(𝑥𝑥) = −𝑥𝑥 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 
 
 𝛽𝛽(𝑥𝑥) = 11𝑥𝑥(1+𝑥𝑥)2

𝑛𝑛+2
 

 

 �𝛽𝛽(𝑥𝑥) − 2𝑥𝑥𝑥𝑥(𝑥𝑥) = �11𝑥𝑥(1+𝑥𝑥)2

𝑛𝑛+2
+ 2𝑥𝑥2 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 
 
Since 𝑥𝑥 ∈ [0, 𝑎𝑎], 𝑎𝑎 > 0 → 0 ≤ 𝑥𝑥 ≤ 𝑎𝑎, then 
 
 �𝛽𝛽(𝑥𝑥) − 2𝑥𝑥𝑥𝑥(𝑥𝑥) ≤ �𝛽𝛽(𝑎𝑎) − 2𝑎𝑎𝑎𝑎(𝑎𝑎) 
 

                              ≤ �11𝑎𝑎(1+𝑎𝑎)2

𝑛𝑛+2
+ 2𝑎𝑎2 � 𝑎𝑎

1+𝑎𝑎
�
𝑛𝑛

 
 

                              ≤ �13𝑎𝑎(1+𝑎𝑎)2

𝑛𝑛+2
 

 
Then 

 �𝐶𝐶𝑛𝑛 (𝑓𝑓; . ) − 𝑓𝑓(. )�
𝑃𝑃,𝛼𝛼

≤ 3𝜔𝜔 �𝑓𝑓;  �13𝑎𝑎(1+𝑎𝑎)2

𝑛𝑛+2
�
𝛼𝛼

 

 

                                     ≤ 3𝜔𝜔 �𝑓𝑓;  𝛿𝛿
𝛿𝛿
�13𝑎𝑎(1+𝑎𝑎)2

𝑛𝑛+2
�
𝛼𝛼

 

 
From lemma (6), we have 
 
𝜔𝜔(𝑓𝑓; 𝜆𝜆𝜆𝜆)𝛼𝛼 ≤ (𝜆𝜆 + 1)𝜔𝜔(𝑓𝑓; 𝛿𝛿)𝛼𝛼 , we get 
 

 �𝐶𝐶𝑛𝑛 (𝑓𝑓; . ) − 𝑓𝑓(. )�
𝑃𝑃,𝛼𝛼

≤ 3�1 + 1
𝛿𝛿
�13𝑎𝑎(1+𝑎𝑎)2

𝑛𝑛+2
�𝜔𝜔(𝑓𝑓; 𝛿𝛿)𝛼𝛼  
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Corollary: Let 𝑓𝑓 ∈ 𝐿𝐿𝑃𝑃,𝛼𝛼 , 𝑥𝑥 ∈ [0, 𝑎𝑎], 𝑎𝑎 > 0, then 𝐶𝐶𝑛𝑛(𝑓𝑓; . )

𝑢𝑢 .𝑐𝑐
�� 𝑓𝑓 Uniform converence as 𝑛𝑛 → ∞ 

 
Proof: Since 𝛼𝛼(𝑥𝑥) = −𝑥𝑥 � 𝑥𝑥

1+𝑥𝑥
�
𝑛𝑛

 
 
 lim𝑛𝑛→∞�𝛼𝛼𝑛𝑛 (. )�

𝑃𝑃,𝛼𝛼
= lim𝑛𝑛→∞ �𝑥𝑥 �

𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛
�
𝑃𝑃,𝛼𝛼

 

 

     = lim𝑛𝑛→∞ �∫ �𝑥𝑥 � 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛
𝑒𝑒−𝑛𝑛𝑛𝑛 �

𝑃𝑃𝑎𝑎
0 𝑑𝑑𝑑𝑑�

1
𝑃𝑃
 

 
     ≤ lim𝑛𝑛→∞ Sup𝑥𝑥 �𝑥𝑥𝑒𝑒−𝑛𝑛𝑛𝑛 �

𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛
� 

 
     ≤ lim𝑛𝑛→∞ Sup𝑥𝑥 �

𝑥𝑥
𝑒𝑒𝑛𝑛𝑛𝑛

� 𝑥𝑥
1+𝑥𝑥

�
𝑛𝑛
� 

 
Then �𝛼𝛼𝑛𝑛 (. )�

𝑃𝑃,𝛼𝛼
→ 0       𝑎𝑎𝑎𝑎      𝑛𝑛 → ∞ 

 
Also 
 lim𝑛𝑛→∞�𝛽𝛽𝑛𝑛 (. )�

𝑃𝑃,𝛼𝛼
= lim𝑛𝑛→∞ �

11𝑥𝑥(1+𝑥𝑥)2

𝑛𝑛+2
�
𝑃𝑃,𝛼𝛼

 

 

     = lim𝑛𝑛→∞ �∫ �11𝑥𝑥(1+𝑥𝑥)2

𝑛𝑛+2
𝑒𝑒−𝑛𝑛𝑛𝑛 �

𝑃𝑃𝑎𝑎
0 𝑑𝑑𝑑𝑑�

1
𝑃𝑃
 

 
     ≤ lim𝑛𝑛→∞ Sup𝑥𝑥 �

11𝑥𝑥(1+𝑥𝑥)2

𝑛𝑛+2
𝑒𝑒−𝑛𝑛𝑛𝑛 � 

 
     ≤ lim𝑛𝑛→∞ Sup𝑥𝑥 �

11𝑥𝑥
𝑒𝑒𝑛𝑛𝑛𝑛

. (1+𝑥𝑥)2

𝑛𝑛+2
� 

 
     ≤ Sup𝑥𝑥 � lim

𝑛𝑛→∞

11𝑥𝑥
𝑒𝑒𝑛𝑛𝑛𝑛

. lim
𝑛𝑛→∞

(1+𝑥𝑥)2

𝑛𝑛+2
� = 0 

 
Then �𝛽𝛽𝑛𝑛 (. )�

𝑃𝑃 ,𝛼𝛼
→ 0       𝑎𝑎𝑎𝑎      𝑛𝑛 → ∞ 

 

��𝛽𝛽𝑛𝑛 (𝑥𝑥) − 2𝑥𝑥𝑥𝑥(𝑥𝑥)�
𝑃𝑃,𝛼𝛼

→ 0 as 𝑛𝑛 → ∞ 

 

 lim𝑛𝑛→∞�𝐶𝐶𝑛𝑛 (𝑓𝑓; . ) − 𝑓𝑓(. )�
𝑃𝑃,𝛼𝛼

≤ 3𝜔𝜔 �𝑓𝑓,��𝛽𝛽𝑛𝑛 (𝑥𝑥) − 2𝑥𝑥𝑥𝑥(𝑥𝑥)�
𝑃𝑃,𝛼𝛼
�
𝛼𝛼

 

 
                      = 3𝜔𝜔(𝑓𝑓, 0) 
 
                                     = 0 
 
Thus �𝐶𝐶𝑛𝑛 (𝑓𝑓; . ) − 𝑓𝑓(. )�

𝑃𝑃,𝛼𝛼
→ 0 as 𝑛𝑛 → ∞ 

 
𝐶𝐶𝑛𝑛 (𝑓𝑓)

   𝑢𝑢 .𝑐𝑐    
�⎯⎯� 𝑓𝑓 

 
Theorem: 4 Let 𝑓𝑓 ∈ 𝐿𝐿𝑃𝑃 ,𝛼𝛼 , [0, 𝑎𝑎], 𝑎𝑎 > 0,  (𝑓𝑓𝑒𝑒−𝛼𝛼)′ ∈ 𝐿𝐿𝑃𝑃,𝛼𝛼 is differentiable, then  
 
 �𝐶𝐶𝑛𝑛 (𝑓𝑓; . ) − 𝑓𝑓(. )�

𝑃𝑃,𝛼𝛼
≤ 3𝐶𝐶(𝛿𝛿 + 𝐴𝐴)𝜔𝜔(𝑓𝑓′ ; 𝛿𝛿)𝛼𝛼  

 

 𝐴𝐴 = �13𝑎𝑎(1+𝑎𝑎)2

𝑛𝑛+2
, C is a constant 
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Proof: 
�𝐶𝐶𝑛𝑛 (𝑓𝑓; . ) − 𝑓𝑓(. )�

𝑃𝑃,𝛼𝛼
≤ 3𝜔𝜔 �𝑓𝑓;�𝛽𝛽(𝑥𝑥) − 2𝑥𝑥𝑥𝑥(𝑥𝑥)�

𝛼𝛼
 

 
                                    ≤ 3𝜔𝜔1�𝑓𝑓;�𝛽𝛽(𝑥𝑥) − 2𝑥𝑥𝑥𝑥(𝑥𝑥)�

𝛼𝛼
 

 

                                    ≤ 3𝜔𝜔1 �𝑓𝑓;�13𝑎𝑎(1+𝑎𝑎)2

𝑛𝑛+2
�
𝛼𝛼

 

 

                                    ≤ 3𝜔𝜔�𝑓𝑓; 𝛿𝛿
𝛿𝛿
�13𝑎𝑎(1+𝑎𝑎)2

𝑛𝑛+2
�
𝛼𝛼

 

 
Using lemma (6), we have 
 
𝜔𝜔(𝑓𝑓; 𝜆𝜆𝜆𝜆)𝛼𝛼 ≤ (𝜆𝜆 + 1)𝜔𝜔(𝑓𝑓; 𝛿𝛿)𝛼𝛼 , we get 
 

 �𝐶𝐶𝑛𝑛 (𝑓𝑓; . ) − 𝑓𝑓�
𝑃𝑃 ,𝛼𝛼

≤ 3�1 + 1
𝛿𝛿
�13𝑎𝑎(1+𝑎𝑎)2

𝑛𝑛+2
�𝜔𝜔(𝑓𝑓; 𝛿𝛿)𝛼𝛼  

 

 �𝐶𝐶𝑛𝑛 (𝑓𝑓; . ) − 𝑓𝑓(. )�
𝑃𝑃,𝛼𝛼

≤ 3𝐶𝐶 �1 + 1
𝛿𝛿
�13𝑎𝑎(1+𝑎𝑎)2

𝑛𝑛+2
�𝜔𝜔2(𝑓𝑓; 𝛿𝛿)𝛼𝛼  

 
By using lemma (4), we have: 
 
𝜔𝜔2(𝑓𝑓;𝛿𝛿)𝛼𝛼 ≤ 𝛿𝛿𝜔𝜔1(𝑓𝑓′;𝛿𝛿)𝛼𝛼 , we get 
 

 �𝐶𝐶𝑛𝑛 (𝑓𝑓; . ) − 𝑓𝑓(. )�
𝑃𝑃,𝛼𝛼

≤ 3𝐶𝐶𝐶𝐶 �1 + 1
𝛿𝛿
�13𝑎𝑎(1+𝑎𝑎)2

𝑛𝑛+2
�𝜔𝜔(𝑓𝑓′; 𝛿𝛿)𝛼𝛼  

 
                    ≤ 3𝐶𝐶(𝛿𝛿 + 𝐴𝐴)𝜔𝜔(𝑓𝑓′; 𝛿𝛿)𝛼𝛼  

 

𝐴𝐴 = �13𝑎𝑎(1 + 𝑎𝑎)2

𝑛𝑛 + 2
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