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ABSTRACT

If R be a 2-torsion free (-1, 1) ring with the associators in the middle nucleus N, then (N,,, R, R)=0 and the ring
becomes associative.
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INTRODUCTION

Yen [7] considered 2-torsion free simple rings with associators in the left nucleus and showed that such type of ring is
associative. Kleinfeld [2] studied the properties of the rings satisfying (X, v, z) = (X, z, y) and proved that there exists
simple Novikov rings which are not associative. Kleinfeld and Smith [4] generalized Novikov rings, which satisfy the
condition x(yz) = y(xz). Kleinfeld and Kleinfeld [3] have shown that a 2-torsion free simple ring with identity 1 must be
associative. In [6] Suvarna and Subba Reddy have consider a generalization of (1, 1) rings. They proved that if R is a 2-
torsion free simple ring satisfying the identities (x, y, z) = (X, z, y) and (w, (y, X, X), z) = 0, then R is right alternative.
Paul [5] studied the properties of prime rings satisfying (x, y, ) — (x, z, y) = 0 and (w, [y, z], x) = 0.

A ring R is said to be (-1, 1) ring if it satisfies the following two conditions:

(Xv Y, Z) == (X’ Z, y) (1)
and (x,y,2) + (Y, zX) +(z,x,¥) =0 )
forallx,y,z e R.

In a nonassociative ring an associator is defined as (x, y, z) = (xy)z — x(yz), commutator [x, y] is defined as xy — yx for
all x, y eR and the middle nucleus is defined as N, = {n €R / (R, n, R) = 0}. In this paper using the results of [5 and 6]
we show that a semi prime ring generated by U square to zero and hence R must be associative.

Let the associator (R, R, R) be in the middle nucleus of (-1, 1) ring that is (R, (R, R, R), R) = 0. ?3)
Throughout this paper R represents a 2, 3-torsion free (-1, 1) ring.

We use the Teichmuller identity

(WX, y, 2) = (W, Xy, Z) + (W, X, yz) = W(X, Y, Z) + (W, X, y)Z 4

for all x, y, z € R which holds in any arbitrary ring.

Let n e Ny then (2) implies (n, R, R) = 0.

Corresponding author: 1K. Jayalakshmi*
1. N. T. U. A College of Engg. Ananthapuramu - (A.P.), India.
E-mail: jayalakshmikaramsi@gmail.com

International Journal of Mathematical Archive- 5(4), April — 2014 152


http://www.ijma.info/�
mailto:jayalakshmikaramsi@gmail.com�

K. Jayalakshmi* and *K. Hari Babu / On Simple (-1, 1) Rings / IIMA- 5(4), April-2014.
For arbitrary (x, y, ) n = (%, y, zn) from (4).
Again from (4) we get
(xy, z,n) = (x, yz,n) + (X, y, zn) = x(y, 2, n) + (X, ¥, Z)n
Implies (x, y, zn) = (X, y, Z)n. )
Thus from (1) (x, y, zn) =— (X, zn, y). (6)
Again (4) implies (xz, n, y) = (X, zn, ¥) + (X, z, ny) = x(z, n, y) + (X, z, n)y which implies
(x, zn, y) = (x, Z, ny). )

From (5), (6) and (7) we see that

(X, zn, y) =- (Xv Y, Z) n. (8)
(X, Z, ny) == (X! y! Z) n. (9)
(X, ny! Z) == (X! yv Z) n. (10)
Now [n,y] & Np. (11)
S(X,¥,2) € Np.

Thatis (R, (x,y,2) + (¥, 2, ) + (2, X, ¥), R) = 0.
The following identity is valid in (-1, 1) ring [1]
(@ x,y),b,c)=((a b, c) x,y) - (a b,(c, x,¥)) - (& (b, x,y), ¢) + (& b, ¢)[x, y] - (&, b, ¢[x, y]) + (&, b, [x, y]) ¢ =0
forall a, b, c,x,y € R. (12)
Thus we get 0=~ (a, (b, x, y), ¢) = (&, (b, X, y), ©).
With b e Ny, in (12) we obtain - (a, (b, X, y), ¢) = 0.
That is (b, X, ) € Ny,
Thus (Nm, R, R) € N

(13)
Lemma: 1 Let T={T eR/Rt=0}then T =0,

Proof: Lett e R. Foreveryx e R, xt=0, so RT c T. Also y.tx = — (y, X, t) using equation (1). But (y, x,t)=0asxt=0
thus TR < T consequently T is an ideal and TT < RT =0,s0 T=0. We definea=b ifandonlyifa—-b € N,,.

Lemma: 2 (N, R, R) =0.
Proof: Letn € N, and X, y, z € R then (2) implies
(zn, x, ¥) == (Y, zn, X) — (X, Y, zn)
=- [,z )n + (x, y, zn)]
==,z %) + (x,y, 2)In
=(z, x, y)n. (14)
Using Ny, Ni, © Ny, and previous calculations we obtain (zn, X, y) = (z, X, y)n.

However (4) implies (zn, X, y) — (z, nX, ¥) + (z, n, xy) = z(n, X, y) + (z, n, X)y
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Implies (zn, X, y) = (z, nx, y) + z(n, X, y). (15)
Comparison of these two identities implies that z(n, x, y) = 0.
From (15) we see that (zn, X, ¥) = (z, nx, ¥) + z(n, X, y)
=z(n, X, y) + (z, nx, y)
=z(n, X, ¥) + (z, X, y)n by equation (11). (16)

Therefore subtracting (14) from (16) gives (zn, X, ¥)—(z, X, y)n —=(zn, X, y) + z(n, X, ¥)—(z, X, y)n = 0. That is z(n, x, y) = 0.
Equivalently z(n, x, y) € Ny, Thus (r, z(n, X, y), s) = 0 then (13) yields

(r,z,s)(n, x,y) = 0. 17)
The associator ideal of R may be characterized as A =X (R, R, R) + R(R, R, R). As a result of (13) and (17) it is clear
that A(Np, ,R, R) = 0. Since R is a simple and not associative, it follows that A=R, so that R (N, R, R) = 0 and thus
(Nm R, R) = T=0.Hence (N,,, R, R) =0.

Definition: 4 The center C is defined as C = {c € N/ [c, R] = 0}.

Lemma: 3 Middle nucleus equals the center in (-1, 1) ring.

Proof: From equation (4) with x, y, z € R and n € Ny, we obtain (xy, z, [y, n] ) = (X, zy, [y, n]) + (x, z, y[y, n]) = X(z, Y,
[y, n]) + (x, z, Y)Iy, n] implies (x, z, y[y, n]) = (x, z, y) [y, n]. Multiply both sides by 2 we get

2(x, z, yly, n]) = 2(x, 2, y) [y, n].

Now applying the semi Jacobi identity which is valid in any arbitrary ring we see that

V2, Nl =yIy, nl+ [y, nly + (v, v, m) + (0, Y, y) = (v, 0, y).

Implies [y n] =yly, n] + [y, n]y + nly, y].

Hence (x, [y*, n], 2) = (x, ¥, [y, n], 2) + (x, [y, n] Y, 2) + (x, (0, X, Y), 2).

Thatis 0= (x, y, [y, n], 2) + (x, [y, nly, 2).

Thus 2(x, Y, 2) [y, z] = 0 and since the ring is 2- torsion free we get (x, y, 2) [y, z] = 0. (18)

Now (18) and (11) shows A [w, n] = 0, so that R[w, n] = 0 and so [w, n] € T = 0. Consequently [R, n] = 0 and hence
neC.

Lemma: 4 If R satisfies the weak Novikov identity then (R, R, R)? = 0.
Proof: R satisfies (w, X, yz) =y(w, x, z) forallw, x,y,z e R. (19)
Letu = (R, R, R). From (3) and Lemma (3) we see that u € C. From (4) we obtain
(WX, y, 2) = (W, Xy, 2) + (W, X, yz) = W(X, Y, 2) + (W, X, Y)z.
((wx,y, 2), 1, 8) = ((W, Xy, 2), 1, 5) + (W, X, y2), I, S) = (W(X, ¥, 2), I, S) + ((W, X, ¥)z, I, S).
Now using (2) in above we obtain
—(r,s, (Wx, Y, 2)) = (s, (Wx, y,z, 1)+ (r, s, (W, xy, 2)) + (s, (W, xy, 2), 1) —(r, s, (W, X, ¥2)) = (S, (W, X, y2), )
= (W(x, Yy, 2), 1,8+ (W, x,Y)zr,s). Applying (13) we get (w(x, Y, z), 1, s) + (W, X, ¥)z, 1, s) = 0.
Thus ((w, X, y) z, r,8) == (W(X, ¥, 2), I, S). (20)
Now a repeated applications of equations (19), (1), [R, R] < N, and (20) gives

(%, y, 2w, 1, 8) = (W(x, Y, 2), T, 5). (21)
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Then from (20) we obtain
(W, X, )z, 1,5) == (W(X, Y, 2), T, 5)
== ((x,y,w2), 1,5)
== ((xy, zw), 1, 5)
=-(x y,w),r,s) from (19)
= (z(x, w, y), 1, s) from (1)
==(@z, x, W)y, r,s)
= ((z, W, X)y, 1,'5)
== (2w, x,y), r,5) from (4)
=—(w, x,y)z, 1,)). from (21)
Thatis (W, X, Y)z, 1, 5) + (W, X, y)z, 1, 8) = 0.
Thus 0 =2((w, X, y)z, 1, s)
=((w, x, y)z, 1, 5)
=W, X, V) r1,5)
=(R,R,R)(R, R, R)
= (R, R, Ry’
=U?

Theorem: 1 Let R be a 2-torsion free (-1, 1) ring if the associator is in the middle nucleus then of R must be a
associative.

Proof: Since U = (R, R, R) e C and U ? = 0.Since the ideal generated by U square to zero we get U = 0. Thus the ring
must be associative.
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