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ABSTRACT 
In this paper, we explore properties of value distribution of differential polynomials of certain class of functions in the 
disk. 
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1. INTRODUCTION AND MAIN RESULTS 
 
If  𝑓𝑓 is a meromorphic function in the complex plane.  R. Nevanlinna noted that its characteristic function 𝑇𝑇(𝑟𝑟, 𝑓𝑓) could 
be used to categorize 𝑓𝑓 according to its rate of growth as  |𝑧𝑧| = 𝑟𝑟 → ∞ . Later H. Milloux showed for a 
transcendental meromorphic function in the plane that for each positive integer 𝑘𝑘,                               

                                            𝑚𝑚�𝑟𝑟, 𝑓𝑓
(𝑘𝑘)

𝑓𝑓
� = 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�  as    𝑟𝑟 → ∞                                                                                  (1.1) 

possibly outside a set of finite measure. If  𝑓𝑓 is a meromorphic

E-mail: 

 function in the unit disk 𝐷𝐷 = {𝑧𝑧: |𝑧𝑧|<1}, analogous 
results to (1.1) exit when 

 limsup
𝑛𝑛 → ∞

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
 − log  (1−𝑟𝑟)

= +∞                                                                                               (1.2) 
 
Definition: 1.1 (Class 𝑭𝑭) Class  𝐹𝐹 in defined as  
𝐹𝐹 = {𝑓𝑓 ∈ 𝐷𝐷 ∶ 𝑓𝑓 𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚𝑟𝑟𝑜𝑜𝑚𝑚𝑜𝑜𝑟𝑟𝑚𝑚ℎ𝑖𝑖𝑖𝑖  𝑎𝑎𝑛𝑛𝑎𝑎  limsup

𝑟𝑟 → 1
𝑇𝑇(𝑟𝑟 ,𝑓𝑓)

 − log  (1−𝑟𝑟)
= 𝛼𝛼 < +∞}  

 
Definition: 1.2 (Index of 𝒇𝒇) For functions 𝑓𝑓 in class 𝐹𝐹, we say that the index of 𝑓𝑓 denoted by  𝛼𝛼(𝑓𝑓) and given by 
limsup
𝑟𝑟 → 1

𝑇𝑇(𝑟𝑟 ,𝑓𝑓)
 − log  (1−𝑟𝑟)

= 𝛼𝛼 < +∞ 
 
Definition: 1.3 (Subclass 𝑷𝑷 of 𝑭𝑭) Subclass  𝑃𝑃 𝑜𝑜𝑓𝑓 𝐹𝐹  is defined as  
 𝑃𝑃 = � 𝑓𝑓 ∈ 𝐹𝐹 ∶ 𝑚𝑚 �𝑟𝑟 , 𝑓𝑓 ′

 𝑓𝑓
  � = 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�   𝑎𝑎𝑖𝑖   𝑟𝑟 → 1  𝑎𝑎𝑛𝑛𝑎𝑎   𝑙𝑙𝑖𝑖𝑚𝑚𝑟𝑟 → 1 𝑇𝑇(𝑟𝑟, 𝑓𝑓) = ∞ � 

 
Definition: 1.4(Closure properties of 𝑭𝑭) If 𝑓𝑓 ∈ 𝑃𝑃  and  𝑖𝑖 ≠ 0 , then (i) 𝑖𝑖𝑓𝑓 ∈ 𝑃𝑃    (ii) 1 𝑓𝑓� ∈ 𝑃𝑃   (iii) 𝑓𝑓𝑛𝑛 ∈ 𝑃𝑃  (iv) 𝑔𝑔 be a 

meromorphic functions not identically 0 such that  𝑇𝑇(𝑟𝑟,𝑔𝑔) = 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�𝑎𝑎𝑖𝑖 𝑟𝑟 → 1 𝑎𝑎𝑛𝑛𝑎𝑎 𝑚𝑚�𝑟𝑟, 𝑔𝑔
′

𝑔𝑔
� = 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)� 𝑎𝑎𝑖𝑖 𝑟𝑟 →

1, then 𝑓𝑓 𝑔𝑔 ∈ 𝑃𝑃. 
 
Remark: 1.5 The following theorem will show that there is a difference between the disk case and the plane case. In 
the plane case for transcendental functions, we are guaranteed not only that  

𝑚𝑚�𝑟𝑟,
𝑓𝑓 ′

𝑓𝑓
� = 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)� 𝑏𝑏𝑏𝑏𝑏𝑏 𝑎𝑎𝑙𝑙𝑖𝑖𝑜𝑜 𝑏𝑏ℎ𝑎𝑎𝑏𝑏  𝑚𝑚�𝑟𝑟,

𝑓𝑓(𝑘𝑘)

𝑓𝑓
� = 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)� 

by the theory of Milloux. However, we are not guaranteed this for functions of slow growth in the disk as the following 
theorem shows. 
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Theorem: 1.6 There exists an analytic function 𝑓𝑓 ∈ 𝑃𝑃 such that  

𝑚𝑚�𝑟𝑟,
𝑓𝑓 ′′

𝑓𝑓
� ≠ 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)� 𝑎𝑎𝑖𝑖  𝑟𝑟 → 1 

 
Theorem: 1.7(First Fundamental Theorem of Nevanlinna) Let 𝑓𝑓 be a meromorphic function in 𝐷𝐷. Then, for any 
𝑎𝑎 ∈ 𝐶𝐶 

𝑇𝑇(𝑟𝑟, 𝑓𝑓) = 𝑚𝑚�𝑟𝑟,
1

𝑓𝑓 − 𝑎𝑎
� + 𝑁𝑁 �𝑟𝑟,

1
𝑓𝑓 − 𝑎𝑎

� + 𝑂𝑂(1)    𝑎𝑎𝑖𝑖    𝑟𝑟 → 1 

 
Theorem: 1.8 (Reformulation of the Second Fundamental Theorem): Let 𝑓𝑓 be a nonconstant meromorphic function 
in 𝐹𝐹. Then 𝑞𝑞 ≥ 3 distinct values 𝑎𝑎1,  𝑎𝑎2 , … , 𝑎𝑎q   ∈ 𝐶𝐶 ∪ {∞}, we have  

 (𝑞𝑞 − 2) 𝑇𝑇(𝑟𝑟, 𝑓𝑓) ≤ ∑ 𝑁𝑁�(𝑟𝑟, 𝑎𝑎𝑖𝑖) + 𝑙𝑙𝑜𝑜𝑔𝑔𝑞𝑞
𝑖𝑖−1

1
1−𝑟𝑟

+  𝑂𝑂 �𝑙𝑙𝑜𝑜𝑔𝑔𝑙𝑙𝑜𝑜𝑔𝑔 1
1−𝑟𝑟

�    𝑎𝑎𝑖𝑖    𝑟𝑟 → 1 
 
In the year 1986,   Shea and Sons [4] explores varies results for admissible functions in class 𝐹𝐹 be refined further by 
restricting the functions to class P.  We now state a theorem from Shea and Sons that can be refined 
 
Theorem: 1.9 Let 𝑓𝑓 be a meromorphic function in 𝐷𝐷 which is in class 𝐹𝐹 and for which  

𝑁𝑁 �𝑟𝑟,
1
𝑓𝑓
� + 𝑁𝑁(𝑟𝑟, 𝑓𝑓) = 𝑜𝑜�𝑇𝑇(𝑟𝑟,𝑓𝑓)�  𝑎𝑎𝑖𝑖  𝑟𝑟 → 1 

 
Let 𝑛𝑛 be a positive integer and for 𝑘𝑘 = 0,1,2 …𝑛𝑛, let 𝑎𝑎𝑘𝑘  be a meromorphic function in 𝐷𝐷 for which 
 
 𝑇𝑇(𝑟𝑟, 𝑎𝑎𝑘𝑘) = 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�  𝑎𝑎𝑖𝑖  𝑟𝑟 → 1. If 𝜓𝜓  is defined in 𝐷𝐷 by 

 𝜓𝜓 = ∑ 𝑎𝑎𝑘𝑘𝑓𝑓(𝑘𝑘)𝑛𝑛
𝑘𝑘=0  

and 𝜓𝜓 is nonconstant, then  𝜓𝜓 assumes every complex number except possibly zero infinitely often provided the index 
of 𝑓𝑓 is 𝛼𝛼 > 1 + 𝑛𝑛(𝑛𝑛+1)

2
. 

 
Theorem: 1.10 Let 𝑓𝑓 be a meromorphic function in 𝐷𝐷 which is in class 𝑃𝑃 and for which 

𝑁𝑁 �𝑟𝑟,
1
𝑓𝑓
� + 𝑁𝑁(𝑟𝑟, 𝑓𝑓) = 𝑜𝑜�𝑇𝑇(𝑟𝑟,𝑓𝑓)�  𝑎𝑎𝑖𝑖  𝑟𝑟 → 1 

 
Let 𝑛𝑛 be a positive integer and for 𝑘𝑘 = 0,1,2, … ,𝑛𝑛, let 𝑎𝑎𝑘𝑘  be a meromorphic function in 𝐷𝐷 for which 
 𝑇𝑇(𝑟𝑟, 𝑎𝑎𝑘𝑘) = 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�  𝑎𝑎𝑖𝑖  𝑟𝑟 → 1.   Also, define 𝐸𝐸 to be the set defined by 

𝐸𝐸 = �𝑘𝑘 ∶  𝑚𝑚�𝑟𝑟, 𝑓𝑓
(𝑘𝑘)

𝑓𝑓
� = 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�  𝑎𝑎𝑖𝑖  𝑟𝑟 → 1�       and      𝜓𝜓 = ∑ 𝑓𝑓(𝑘𝑘)𝑛𝑛

𝑘𝑘=0  𝑖𝑖𝑛𝑛  𝐷𝐷. 
 
And  𝜓𝜓 is nonconstant, then  𝜓𝜓 assumes every complex number except possibly zero infinitely often provided the index 
of 𝑓𝑓 is 𝛼𝛼 > 1 + 𝑛𝑛(𝑛𝑛+1)

2
 - ∑𝐸𝐸  , where ∑𝐸𝐸 is the sum of the values of 𝐸𝐸. 

 
In this paper, we extend Theorem 1.9 and Theorem 1.10 to general homogeneous differential polynomials and prove 
the following theorem. 
 
Theorem: 1.11 Let 𝑓𝑓 be a meromorphic function in 𝐷𝐷 which is in class 𝑃𝑃 and for which 

                                 𝑁𝑁 �𝑟𝑟,
1
𝑓𝑓
� + 𝑁𝑁(𝑟𝑟, 𝑓𝑓) = 𝑜𝑜�𝑇𝑇(𝑟𝑟,𝑓𝑓)�  𝑎𝑎𝑖𝑖  𝑟𝑟 → 1                                                                                              (1.3) 

 
If non constant function 𝜓𝜓 is defined in 𝐷𝐷 as 
                                         𝜓𝜓 = ∑  𝑎𝑎j  𝑓𝑓𝑛𝑛0.j   (𝑓𝑓 ′)𝑛𝑛1 ,j  (𝑓𝑓 ′′)𝑛𝑛2,j … �𝑓𝑓(s)�𝑛𝑛s ,j   𝑚𝑚

j=0                                                                                 (1.4) 
 
Where  𝑛𝑛 = ∑ 𝑛𝑛𝑖𝑖 .𝑗𝑗   ( ∀  𝑗𝑗 = 0,1,2, … ,𝑚𝑚𝑖𝑖

𝑖𝑖=0 )  and let 𝑎𝑎𝑘𝑘  be a meromorphic function in 𝐷𝐷 for which 
                                𝑇𝑇(𝑟𝑟, 𝑎𝑎𝑘𝑘) = 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�  𝑎𝑎𝑖𝑖  𝑟𝑟 → 1                                                                                                   (1.5) 

and  𝐸𝐸 = {𝑘𝑘 ∶  𝑚𝑚�𝑟𝑟, 𝑓𝑓
(𝑘𝑘)

𝑓𝑓
� = 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�}  𝑎𝑎𝑖𝑖  𝑟𝑟 → 1}  for  𝑘𝑘 = 0,1,2, … , 𝑖𝑖. 

 
Then 𝜓𝜓 assumes every complex number except possibly zero infinitely often provided the index of 𝑓𝑓  is given by  
𝑛𝑛𝛼𝛼 > 1 + ∑  ∑    𝑘𝑘  𝑛𝑛𝑘𝑘  ,𝑗𝑗𝑘𝑘≠𝐸𝐸

𝑚𝑚
𝑗𝑗=0   . 
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2. PROOF OF THEOREM: 1.1 

 
Since Class 𝐹𝐹 is closed under differentiation, addition and multiplication and 𝜓𝜓 is in class 𝐹𝐹. Therefore we can apply 
the reformulation of the second fundamental theorem for class 𝐹𝐹 to  𝜓𝜓  
 
𝑇𝑇(𝑟𝑟,ψ  ) ≤ 𝑁𝑁� �𝑟𝑟, 1

 𝜓𝜓  
� +  𝑁𝑁� �𝑟𝑟, 1

𝜓𝜓  –c
� +  𝑁𝑁�(𝑟𝑟,𝜓𝜓 ) + log � 1

1−𝑟𝑟
� + 𝑂𝑂 �log log � 1

1−𝑟𝑟
��   𝑎𝑎𝑖𝑖   𝑟𝑟 → 1.                                        (2.1)  

 
From (1.4) and (1.5), we have  

𝑁𝑁�(𝑟𝑟,𝜓𝜓 ) ≤  𝑁𝑁�(𝑟𝑟, 𝑓𝑓 ) + �𝑁𝑁��𝑟𝑟, 𝑎𝑎𝑗𝑗  � ≤   𝑁𝑁�(𝑟𝑟, 𝑓𝑓 ) +  𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�   𝑎𝑎𝑖𝑖 𝑟𝑟 → 1.                                                                         (2.2)
𝑚𝑚

𝑗𝑗=0

 

 
Also, since the index of 𝑓𝑓 is greater than 0, we have O�log log � 1

1−𝑟𝑟
�� = 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)� 𝑎𝑎𝑖𝑖  𝑟𝑟 → 1. Therefore, using (2.1) 

and (2.2) and the first fundamental theorem, we get 𝑎𝑎𝑖𝑖  𝑟𝑟 → 1 

𝑇𝑇(𝑟𝑟,𝜓𝜓) = 𝑚𝑚�𝑟𝑟,
1
𝜓𝜓
� + 𝑁𝑁 �𝑟𝑟,

1
 𝜓𝜓
� + 𝑂𝑂(1) 

             ≤ 𝑁𝑁� �𝑟𝑟, 1
𝜓𝜓
� + 𝑁𝑁� �𝑟𝑟, 1

 𝜓𝜓−c
� +  𝑁𝑁�(𝑟𝑟,𝜓𝜓) + log � 1

1−𝑟𝑟
� + 𝑂𝑂 �log log � 1

1−𝑟𝑟
�� 

             ≤  𝑁𝑁� �𝑟𝑟, 1
  𝜓𝜓
� +  𝑁𝑁� �𝑟𝑟, 1

𝜓𝜓  −c
�+  𝑁𝑁�(𝑟𝑟, 𝑓𝑓 ) + log � 1

1−𝑟𝑟
� + 𝑜𝑜(𝑇𝑇(𝑟𝑟, 𝑓𝑓)) 

 
Now, solving for 𝑚𝑚�𝑟𝑟, 1

𝜓𝜓
� in the above calculation, we have the following inequality  

 𝑚𝑚�𝑟𝑟, 1
 𝜓𝜓  
� ≤ 𝑁𝑁� �𝑟𝑟, 1

  𝜓𝜓
� − 𝑁𝑁 �𝑟𝑟, 1

 𝜓𝜓  
� +  𝑁𝑁� �𝑟𝑟, 1

𝜓𝜓  – c
 �  +  𝑁𝑁�(𝑟𝑟, 𝑓𝑓 ) + log � 1

1−𝑟𝑟
� + 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)� 𝑎𝑎𝑖𝑖 𝑟𝑟 → 1.   

                   ≤  𝑁𝑁� �𝑟𝑟, 1
 𝜓𝜓−c

� + 𝑁𝑁�(𝑟𝑟, 𝑓𝑓 ) + log � 1
1−𝑟𝑟

� + 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�𝑎𝑎𝑖𝑖 𝑟𝑟 → 1.                                                                             (2.3)   
 
By the first fundamental theorem, properties of the proximity function and (2.3) give us the following 

𝑛𝑛𝑇𝑇(𝑟𝑟, 𝑓𝑓) = 𝑚𝑚�𝑟𝑟,
1
𝑓𝑓𝑛𝑛
� + 𝑁𝑁 �𝑟𝑟,

1
𝑓𝑓𝑛𝑛
� + 𝑂𝑂(1) ≤ 𝑚𝑚�𝑟𝑟,

1
 𝜓𝜓

𝜓𝜓
𝑓𝑓𝑛𝑛
� + 𝑁𝑁 �𝑟𝑟,

1
𝑓𝑓𝑛𝑛  

� + 𝑂𝑂(1) 

                ≤  𝑚𝑚�𝑟𝑟,
1  
𝜓𝜓
� + 𝑚𝑚�𝑟𝑟,

𝜓𝜓  
𝑓𝑓𝑛𝑛
� + 𝑁𝑁 �𝑟𝑟,

1
𝑓𝑓𝑛𝑛  

� + 𝑂𝑂(1) 

                ≤  𝑁𝑁� �𝑟𝑟,
1

 𝜓𝜓 − c
� +  𝑁𝑁�(𝑟𝑟, 𝑓𝑓 ) + log �

1
1 − 𝑟𝑟

� + 𝑚𝑚�𝑟𝑟,
𝜓𝜓  
𝑓𝑓𝑛𝑛
� + 𝑁𝑁 �𝑟𝑟,

1
𝑓𝑓𝑛𝑛  

� + 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�𝑎𝑎𝑖𝑖 𝑟𝑟 → 1.                       (2.4) 

 
Noticing the fact that   𝑁𝑁�(𝑟𝑟, 𝑓𝑓 ) ≤ 𝑁𝑁(𝑟𝑟, 𝑓𝑓 )  and using (1.3) 
𝑁𝑁(𝑟𝑟, 𝑓𝑓 ) +  𝑁𝑁 �𝑟𝑟, 1

𝑓𝑓𝑛𝑛  
� =  𝑁𝑁(𝑟𝑟, 𝑓𝑓 ) + 𝑛𝑛𝑁𝑁 �𝑟𝑟, 1

𝑓𝑓
 � = 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�    𝑎𝑎𝑖𝑖  𝑟𝑟 → 1                                                                    (2.5) 

 
From (2.4) and (2.5), we have 
𝑛𝑛 𝑇𝑇(𝑟𝑟, 𝑓𝑓) ≤  𝑁𝑁� �𝑟𝑟, 1

 𝜓𝜓−c
� + 𝑚𝑚�𝑟𝑟, 𝜓𝜓   

𝑓𝑓𝑛𝑛
� + log � 1

1−𝑟𝑟
� +  𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�     𝑎𝑎𝑖𝑖  𝑟𝑟 → 1                                                                      (2.6)  

 
As  𝑟𝑟 → 1. We now estimate 𝑚𝑚�𝑟𝑟, 𝜓𝜓   

𝑓𝑓𝑛𝑛
�  as follows 

𝑚𝑚�𝑟𝑟,
𝜓𝜓 
𝑓𝑓𝑛𝑛
� = 𝑚𝑚 �𝑟𝑟,

∑ 𝑎𝑎 j  𝑓𝑓𝑛𝑛0.  j  (𝑓𝑓′)𝑛𝑛1,   j (𝑓𝑓′′ )𝑛𝑛2,   j … �𝑓𝑓(𝑛𝑛)�
𝑛𝑛𝑛𝑛 ,j   𝑚𝑚  

j=0

𝑓𝑓𝑛𝑛
�                   

                 = ∑ 𝑚𝑚 � 𝑟𝑟,
 𝑎𝑎j  𝑓𝑓𝑛𝑛0.  j   �𝑓𝑓 ′

′
�
𝑛𝑛1,   j

 �𝑓𝑓 ′′�
𝑛𝑛2,   j … �𝑓𝑓(𝑛𝑛 )�

𝑛𝑛𝑛𝑛 ,j

𝑓𝑓𝑛𝑛
 �𝑚𝑚

𝑗𝑗=0 +  log(𝑚𝑚 + 1) 

                  = ∑ 𝑚𝑚 � 𝑟𝑟,  𝑎𝑎j �
 𝑓𝑓𝑛𝑛0.  j

𝑓𝑓
�   �𝑓𝑓

′

𝑓𝑓
�
𝑛𝑛1,   j

  �𝑓𝑓
′′

𝑓𝑓
�
𝑛𝑛2,   j

… . . �𝑓𝑓
(𝑛𝑛 )

𝑓𝑓
�
𝑛𝑛𝑛𝑛  ,𝑗𝑗

 �𝑚𝑚
𝑗𝑗=0 + log(𝑚𝑚 + 1) 

                  = ∑ �𝑚𝑚 �𝑟𝑟, 𝑎𝑎𝑗𝑗 � + ∑ 𝑚𝑚 � 𝑟𝑟,  �𝑓𝑓
(𝑘𝑘)

𝑓𝑓
�
𝑛𝑛  𝑘𝑘 ,𝑗𝑗

�𝑛𝑛
𝑘𝑘=1 �  + 𝑚𝑚

𝑗𝑗=0 log(𝑚𝑚 + 1) 

                  = ∑ ∑ 𝑚𝑚 � 𝑟𝑟,  �𝑓𝑓
(𝑘𝑘)

𝑓𝑓
�
𝑛𝑛  𝑘𝑘 ,𝑗𝑗

� + 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)� +𝑛𝑛
𝑘𝑘=1

𝑚𝑚
𝑗𝑗=0 log(𝑚𝑚 + 1) 

                  = ∑ �∑ 𝑚𝑚 � 𝑟𝑟,  �𝑓𝑓
(𝑘𝑘)

𝑓𝑓
�
𝑛𝑛  𝑘𝑘 ,𝑗𝑗

�𝑘𝑘  ∈ 𝐸𝐸 + ∑ 𝑚𝑚 � 𝑟𝑟,  �𝑓𝑓
(𝑘𝑘)

𝑓𝑓
�
𝑛𝑛  𝑘𝑘 ,𝑗𝑗

�𝑘𝑘  ∉ 𝐸𝐸 �𝑚𝑚
𝑗𝑗=0  + 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�. 

                  = ∑ ∑ 𝑚𝑚 � 𝑟𝑟,  �𝑓𝑓
(𝑘𝑘)

𝑓𝑓
�
𝑛𝑛  𝑘𝑘 ,𝑗𝑗

�𝑘𝑘  ∉ 𝐸𝐸
𝑚𝑚
𝑗𝑗=0 +  𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)� 

                  = ∑ ∑ 𝑛𝑛 𝑘𝑘 ,𝑗𝑗   𝑚𝑚 � 𝑟𝑟,    𝑓𝑓(𝑘𝑘) 
𝑓𝑓

  �𝑘𝑘  ∉ 𝐸𝐸       
𝑚𝑚
𝑗𝑗=0 + 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�                                                                                             (2.7) 
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By using (4.5.1) in Chapter 4 of [1], we have 
 

𝑚𝑚 � 𝑟𝑟,
   𝑓𝑓(𝑘𝑘) 
𝑓𝑓

  � ≤ 𝑘𝑘 log �
1

1 − 𝑟𝑟
� + 𝑘𝑘�2 + 𝑜𝑜(1)� log log �

1
1 − 𝑟𝑟

�  𝑎𝑎𝑖𝑖   𝑟𝑟 → 1                                                                      (2.8) 

 
Hence by (2.7) and (2.8), we get 
 
𝑚𝑚�𝑟𝑟, 𝜓𝜓   

𝑓𝑓𝑛𝑛
� = ∑ ∑   𝑘𝑘 𝑛𝑛 𝑘𝑘 ,𝑗𝑗   log � 1

1−𝑟𝑟
�𝑘𝑘  ∉ 𝐸𝐸

𝑚𝑚
𝑗𝑗=0 +  𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�    𝑎𝑎𝑖𝑖    𝑟𝑟 → 1                                                                       (2.9) 

 
Then, by (2.6) and (2.9), we can write 
 
 𝑛𝑛 𝑇𝑇(𝑟𝑟, 𝑓𝑓)  ≤  𝑁𝑁� �𝑟𝑟, 1

 𝜓𝜓−c
� + �∑ ∑ 𝑘𝑘 𝑛𝑛 𝑘𝑘 ,   𝑗𝑗  + 1𝑘𝑘  ∉ 𝐸𝐸

𝑚𝑚
𝑗𝑗=0  � log � 1

1−𝑟𝑟
� +  𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�   𝑎𝑎𝑖𝑖 𝑟𝑟 → 1 

 
Since the index 𝛼𝛼 of 𝑓𝑓 is given by 𝑛𝑛𝛼𝛼 >  ∑ ∑    𝑘𝑘 𝑛𝑛 𝑘𝑘 ,𝑗𝑗  + 1𝑘𝑘  ∉ 𝐸𝐸

𝑚𝑚
𝑗𝑗=0 ,  we have 

𝑣𝑣𝑇𝑇(𝑟𝑟, 𝑓𝑓)  ≤  𝑁𝑁� �𝑟𝑟,
1

 𝜓𝜓 − c
� + 𝑜𝑜�𝑇𝑇(𝑟𝑟, 𝑓𝑓)�    𝑎𝑎𝑖𝑖 𝑟𝑟 → 1 

 
Where 𝑣𝑣 > 0. Since 𝑇𝑇(𝑟𝑟, 𝑓𝑓) is unbounded, we have proved the claim that 𝜓𝜓 assumes every complex number except 
possibly zero infinitely often. 
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