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ABSTRACT

In this paper, we explore properties of value distribution of differential polynomials of certain class of functions in the
disk.
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1. INTRODUCTION AND MAIN RESULTS

If f is a meromorphic function in the complex plane. R. Nevanlinna noted that its characteristic function T (r, f) could
be used to categorize f according to its rate of growth as |z| =r - . Later H. Milloux showed for a
transcendental meromorphic function in the plane that for each positive integer k,

)

m (r,fT) =o(T(r,f)) as r—>w (1.2)
possibly outside a set of finite measure. If f is a meromorphic function in the unit disk D = {z: |z|<1}, analogous
results to (1.1) exit when

limsup 710,/
n— oo —log (1-r) +eo (1.2)

Definition: 1.1 (Class F) Class F in defined as
limsup 7G.f)

r—1 —log A =a < 4w}

F={f €D : f ismeromorphic and

Definition: 1.2 (Index of f) For functions f in class F, we say that the index of f denoted by a(f) and given by
limsup 7@.f)

r—1 —log (1—r)=a< teo

Definition: 1.3 (Subclass P of F) Subclass P of F is defined as
_ . Y lim _
P—{fEF-m(r, 7 )-o(T(r,f)) as r -1 and r_)lT(r,f)—oo}

Definition: 1.4(Closure propertiesof F) If f € P and ¢ # 0,then (i) cf € P (ii) 1/f eP (iiiyfrepP (ivyghea

meromorphic functions not identically 0 such that T'(r, g) = o(T(r,f))asr - 1land m (r, g;) =o(T(r,f))asr >
1,then f g € P.

Remark: 1.5 The following theorem will show that there is a difference between the disk case and the plane case. In

the plane case for transcendental functions, we are guaranteed not only that
(k)

m(r, f7> = o(T(r,f)) but also that m (r,fT> =o(T(r,f))

by the theory of Milloux. However, we are not guaranteed this for functions of slow growth in the disk as the following
theorem shows.
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Theorem: 1.6 There exists an analytic function f € P such that

m(r,%) * o(T(r,f)) asr—-1

Theorem: 1.7(First Fundamental Theorem of Nevanlinna) Let f be a meromorphic function in D. Then, for any
a€ecC

T(r,f)=m<r,fia>+N(r,fia)+0(1) as r—-1

Theorem: 1.8 (Reformulation of the Second Fundamental Theorem): Let f be a nonconstant meromorphic function
in F. Then q = 3 distinct values a;, a;, ...,aq € C U {0}, we have

q@-2)T(r, )<Yl N(r a)+ logﬁ + 0 (loglog i) as r—1

In the year 1986, Shea and Sons [4] explores varies results for admissible functions in class F be refined further by
restricting the functions to class P. We now state a theorem from Shea and Sons that can be refined

Theorem: 1.9 Let f be a meromorphic function in D which is in class F and for which

1
N (7"]7) +N(r,f) = o(T(r,f)) asr—1

Let n be a positive integer and for k = 0,1,2 ... n, let a; be a meromorphic function in D for which

T(r,a,) = o(T(r,f)) as r - 1. Ify is defined in D by
=Yk af®

and 1 is nonconstant, then i assumes every complex number except possibly zero infinitely often provided the index

offisa>1+@.

Theorem: 1.10 Let f be a meromorphic function in D which is in class P and for which
1
N(ﬂj—c) +N@, ) =0o(T(r,f)) asr>1

Let n be a positive integer and for k = 0,1,2, ..., n, let a; be a meromorphic function in D for which
T(r,a;) = o(T(r,f)) as r - 1. Also, define E to be the set defined by

E = {k : m(r,f;ﬁ) =o(T(r,f)) as r > 1} and Y =Y1_,f® in D.

And 1 is nonconstant, then 1 assumes every complex number except possibly zero infinitely often provided the index

of fisa>1+ "(n2+1) -2 E , where Y E is the sum of the values of E.

In this paper, we extend Theorem 1.9 and Theorem 1.10 to general homogeneous differential polynomials and prove
the following theorem.

Theorem: 1.11 Let f be a meromorphic function in D which is in class P and for which
1
N (r,]—c) +N@, ) =0o(T(r,f) asr>1 (1.3)
If non constant function v is defined in D as
=3 @ f0 (F)M ()L (fO) (1.4)

Where n =i on;; (V j=0,12,..,m) and let a, be a meromorphic function in D for which
T(r,a,) = O(T(T',f)) as r—>1 (1.5)

and E = {k: m(r,g) = o(T(r,f))} as r— 1} for k=0,1,2,...,s.

Then 1 assumes every complex number except possibly zero infinitely often provided the index of f is given by
nae>1+Y"% Yiep k ny
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2. PROOF OF THEOREM: 1.1

Since Class F is closed under differentiation, addition and multiplication and v is in class F. Therefore we can apply

the reformulation of the second fundamental theorem for class F to
T(r,v ) <N(r —>+ N(r —)+ N(r, 1p)+log( )+0(10g10g( )) as r—- 1.

From (1.4) and (1.5), we have

N, y) < IV(r,f)+ZIV(r,aj)S N(r, f)+ O(T(r,f)) asr - 1.
=0

2.1)

(2.2)

Also, since the index of f is greater than 0, we have O(loglog (i)) = o(T(r, f)) as r — 1. Therefore, using (2.1)

and (2.2) and the first fundamental theorem, we getas r - 1

T(r, ) =m (r,%) +N (r,%) +0()
SIV( w)—i— N( )—i— N(rl/))—i—log( )+0(loglog( ))
< N(r ¢)+ N(r, —)+ NG, f) +1og (=) +o(T(r. )

Now, solving for m (r, i) in the above calculation, we have the following inequality
m(r,%)<1V( %)—N( ¢)+ N( ) + N(r, f)+log( )+0(T(r f))asr—>1
SN(r¢—)+ N(rf)+log( )+0(T(rf))asr—>1

By the first fundamental theorem properties of the proximity function and (2.3) give us the following
1 19
nr G f) =m(r—)+ N (r, )+0(1)<m( )+ (r )+0(1)
4 RARNR pr) TN
ml|r,— +m<r,—) ( )+0(1)
() #mr) + ¥

IV(r, )+ N(rf)+log( ! )-i-m( ?n>+N( fln)+o(T(rf))asr—>1.

IA

IA

1
Y-
Noticing the fact that N(r,f) < N(r,f) and using (1.3)

N, f)+ N(r,fin) = N(@,f)+nN (r,%) = o(T(r,f)) asr—-1

From (2.4) and (2.5), we have
nT(r,f) < N(r,ﬁ) +m( fn) +log( )+ o(T(r,f)) asr-1

As r — 1. We now estimate m (r, ;’:—n) as follows

AT B TV )G i )
fr ' fr

ng o ('L mng iy
aj f*O1 (f T ()
=Z}"=0m<r, : ( ) ) v >+log(m+1)

le

=3m,m (r, 4 (fnfo' j) (’%)nl' j (’%)nz j (f(f))n ! ) +log(m + 1)
=y, {m (ra) + i m (r, (f;—k))nk'j)} + log(m + 1)

= Y Thym ( r, (@)nw) +0o(T(r, f)) +log(m + 1)

=57 ofSeerm (7 () )4 Zieem (r () )} +olren ),

(k)

=YitoXkerm (7" (fT)nk']) + o(T(r. 1))
f(k)
= Z?:o Ykgg Mg m (r,T )+ o(T(r,f))
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(2.3)

(2.4)

(2.5)

(2.6)

2.7)
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By using (4.5.1) in Chapter 4 of [1], we have

)as r-1

(k)
m (r, ff ) < klog (%) + k(2 + o(1))loglog<1 —

Hence by (2.7) and (2.8), we get

m(r,jf—n) = Z}’LOZ,{ er kny; log (ﬁ) + o(T(r,f)) as r-1

Then, by (2.6) and (2.9), we can write

nT(r,f) < N(r,ﬁ) + X0 Tkerkny, ; + 1]10g(ﬁ) + o(T(r,f)) asr—1
Since the index « of f is given by na > Y7 ¥ er kny; +1, wehave

vT(r, f) < N(r, ) + o(T(r,f)) asr - 1

Y—c

(2.8)

(2.9)

Where v > 0. Since T(r, f) is unbounded, we have proved the claim that i) assumes every complex number except

possibly zero infinitely often.
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