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ABSTRACT

The paper contains an investigation of zeros Of Bargmann analytic representation. A brief introduction to Harmonic
oscillator formalism is given. The Bargmann analytic representation has been studied. The zeros of Bargmann analytic
function are considered. The Q or Husimi functions are introduced. The The Bargmann functions and the Husimi
functions have the same zeros. The Bargmann functions f (z) have exactly ( zeros. The evolution time of the zeros £,
are discussed. Various examples have been given.

1. INTRODUCTION

This Paper is devoted to study the zeros of Bargmann analytic representation in the complex plane. The Bargmann
function is very important kind of analytic functions [1, 2, 3] in the complex plane [4, 5, 6]. The zeros of Bargmann
functions and the zeros of the Q or Husimi function which are identical, have been used to consider of various models

[7, 8, 9, 10, 11, 12, 13]. The analytic Bargmann functions f(z) have exactly q zeros which subjected to the
constraint.(33). The growth of an entire function f (z) is described by the order p andtype o [14, 15, 16, 17]. The
entire function f(z) is polynomial of order  and has q zeros. The  zeros of the analytic functions f (z)

depends on the distribution of the coefficients f,, f ..., f,. If the coefficients f,, f,,..., f. are real then the zeros

M, are real or appear as complex conjugate pairs and draw symmetric graph with respect to the z_ axis.
2. HARMONIC OSCILLATOR IN ONE-MODE SYSTEMS

Let Hq be the Hilbert space with number eigenstates | n). We consider a harmonic oscillator corresponding the
Hamiltonian:

=%(><2 +p%); (1)

where X; p; the position and momentum operators with [X, p] = il.

Let a, a' be the creation and annihilation operators:

_X+ip. oy _x-—ip,
a= - a'= : 2
72 72 @
where
aa' |n)=n|n). 3)

These two operators obey the canonical commutation relation

[a,a']=1; )
and act on the number state as follows:

a'|n)=(n+1)"|n+1);

aln)=n"|n-1) (5)
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The displacement operators are defined as

D(z) =exp(za' —z'a); z=(x+ip)//2. ©)
We consider the coherent states

2= exp(—§| . |2ji(n!)-“2z" ), 0
n=0

The coherent states are defined as the eigenstate of the annihilation operator a
alz)=1z|z); ©)

and the position representation of the coherent state is a Gaussian function

f (x)=7""exp(- +\/_zx 22,), 1=15+iz,. 9)

The inner product of two coherent states |z,) and | z,) is

1 1 .
(zl|zz>=exp(—§|z1 § —§|z2 § +zlzzj. (10)

3. HARMONIC OSCILLATOR IN TWO-MODE SYSTEMS

Let H, =H, ®H, be the two-mode Hilbert space. We consider the two-mode orthonormal basis

-1 2 -1 2
H (x)e? | H, (x)e?
| n, m) (%) (%) (11)
Jz2mat | Jz2mm!

where H  is the Hermite polynomials.
Let a,, ag be the creation and annihilation operators in two-mode systems:

a, =1®a,a) =1®a’, [a,,a]]1=1. (12)
The displacement operators are defined as

D,(z) =exp(za) —z°a,), z=(x+ip)/v/2. (13)
We consider the coherent states

22 = e~ S F +12,P) |32 ) 9

11 62 p 2 1 2 < nim! J .

The state | f) can be analyzed in above basis 11 as follows

| f)= anm [n,m), ZI fom

| ) —anmln m)

(f] :anm<n,m|. (15)

n,m

4. BARGMANN ANALYTIC REPRESENTATION OF ONE VARIABLE
We cosider an arbitrary | f) state

| Hy=2 fIm; Y If =1 (16)

n=0 n=0
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In The Bargmann representation [2, 4, 5, 6] , the state | f) is represented by
|z[

. )<z*|f>:§

f(2) = exp( (17)

f.z"
3 A/t
which is an entire function (i.e. analytic function in the complex plane C) defined on a torus, satisfying the
quasi-periodic condition [7]

flz+142)= exp(qﬂ(%+ 2J2) f (2):
tlz+in2]= exp(qﬂ(%—iz\/i)) f(2). (18)

The inner product of the two states[2] is given by
1 \ d?z
(flgy==[[f(@] g(2)exp(-z[)—
T T
=>frg, ,d’z=dz.dz,. (19)

Therefore we can represent the creation and annihilation operators by the two variable analytic functions in the Bargmann
analytic [18] representation (see [1])as following

a— g exp(zu’); a' - zexp(zu’) (20)
The Bargmann analytic representation of the creation and annihilation operator is

a—0,; a' >z (21)
5. BARGMANN ANALYTIC REPRESENTATION OF TWO VARIABLE

The Bargmann analytic representation of the state | f) is given by

zP+lz P .
f(2,,2,) = exp(%w 12,2,)
=Y 22)

which is an entire function.

The inner product of the two states | f) and | g) see [19] is given by

(100 = [ @2 9@ 2) exp(-( 2, +12, ) 2Lz

T

(23)

We can represent the creation and annihilation operators [19] as following
a—>0,, &7

a8 >0,, a—0,. (24)

5.1 The growth of Bargmann analytic functions of one variable

The growth of an entire function f (z) is described by the order p andtype o [14, 15, 16, 17, 18]:

. IninM(R) . InM (R)
P=limSUp———, 0 = limsup———, (25)
R In R L
where M (R) is the maximum value of f(z) on |z|= R. The space H(p,o) is a subspace of H(p o) if
p<p' or if p:p';0<0'.
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We can now derive the Bargmann analytic representation of some quantum states as examples.

e The number state | Nn) is represented as

n

Z
f(z)=——. (26)
An!
Itis of order O.
e The coherent state | ) is represented as
1
f(2) = exp(az -3 la|?). (27)

Itis of order p =1 and type | |.
5.2 The growth of Bargmann analytic functions of two variables

The growth of an entire function f(z,,z,) is described by the order p andtype o [14, 15, 16, 17, 18].

let M(R) be the maximum value of f(z,,2,) on the shere +/|Z, [° +|z, " =R. As | z,|* +|z, "= o the
function grows as following
| £(z,,2,) = explo( z, |2 +|z, |2)p/2

see [19].
We can now derive the Bargmann analytic representation of some quantum states as examples.

e The number state | N, m) is represented as

2'7;

f(z,2,) =—%=. 28

(2., 2,) pYpoy (28)
Itis of order O.
e The coherent state | @y, @,) is represented as

2 2
(o " +| o oz o
f(2,2,) = exp(— Ll 12 Dyomngensy 9)

2

6. ZEROS OF BARGMANN ANALYTIC FUNCTIONS OF ONE VARIABLE

We denote as g, the zeros of f(z), ie. f(g,)=0. Let / be the boundary of the fundamental domain of
analyticity, S =[0,1/4/2]x[0,1/~+/2]. We consider the integrals

dz f(z2) dz f(z2)
2m f(z) 2m f(z)
| isequal to the number of zeros of this function (with the multiplicities taken into account), inside the contour ¢. J
is equal to the sum of these zeros. Using the quasi-periodicity of Eq. (18) we prove that the integral | , for a contour
along the boundary 7, is equal to Q. Therefore the analytic functions f (z) have exactly q zeros [7, 8].
dz f(z2)
j; _ﬁ = (31)
2a f(z)
Using the quasi-periodicity of Eq. (??) we also prove that [7, 8]
dz 0,f(z _ :
— (2), -5 a+i); (32)
(27 f(2)

giving the sum of the zeros g, of f(z). Therefore the analytic functions f(z) [7, 8] have exactly g zeros
subjected to the constraint

q
D ou, =27 q(1+i). (33)

n=1
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The Husimi function and Bargmann function f (z) are related to each other and it easy to see that there zeros are
identical (i.e u is a zero of f(z) providing ¢ is a zero of the Husimi function). The Weierstrass-Hadamard
factorization allows the reconstruction of entire functions from their zeros [2, 18]. We suppose that ¢ zeros g, of
f (z) are given, and that they satisfy the constraint of Eq. (33). The Weierstrass-Hadamard reconstructs the Bargmann
functions f (z) as following [2]

q
f(z) = z"[ [ exp(Q, (2)E(x,.d); (34)
n=1
where
2 d
E(,un,d)=(1—£)exp(i+z—2+...+z—dj; (35)
woo\uou 7

m is the multiplicity of the zero, Qp (z) is polynomial of degree p and d is a positive number. As an example we

consider the function
f,z"

f(z)=§m, @)

The coefficients f, are given in Table. 1.

i f, (O) ! f; (O) i f; (0)

0| 0.1-0.2i | 5| 0.3-0.2i |10 0.1-0.1
1| 0.3+0.3i | 6 | 0.9-0.03i | 11 | -0.1+0.2
2| 0.3+0.2i | 7| 0.3+0.01i | 12 | 0.2+0.3i
310.01-0.3i | 8| 0.1+0.01i | 13 | -0.01-0.1i
41 0.1-0.01i | 9| 0.1-0.2i | 14 | -0.01+0.1i

Table - 1: The coefficients fn of function in Eq.(36)

In Fig.1 we show the distribution of zeros of function f (z) of Eq.(39) which is polynomial of order 14 and has 14
Zeros.

The q zeros of the analytic functions f (z) depends on the distribution of the coefficients fo, fl,..., fn. This
coefficients subjected to the constraint

q
Y fi=1, 37)
n=0

which comes from the normalization.

3
- -
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=4
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Figure 1: The distributions of zeros of function f(z) of Eq. (39). The |F(t)) at ¢ = 0 is

described through the coefficients f,, in Eq.1
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7. ZEROS OF BARGMANN ANALYTIC FUNCTIONS OF TWO VARIABLE

We denote as (,,v,) thezerosof f(z,z,),ie. f(u,,v,)=0.1f (u,,v,)isazeroof the Bargmann function
f(z,,2,) then | u,,v,) isorthogonal to | f7).

The number state

_ 4z

f(Zl,ZZ) - m (38)
has exactly N+ m zeros, and has the zero (4,,,v,) = (0.0) (with multiplicity n+m).
As an example we consider the function

f(z,2,) = 39

(2,2,) = anO T (39)
where the coefficients f, —are
0.5147-0.3337i  0.2203-0.2139i
H =|0.9354-0.6228i —0.0599-0.3751i (40)

REFERENCES
[1] A. M. Perelomov. Generalized Coherent States and Their Applications. Springer-Verlag, Berlin, 1986.
[2] A. Vourdas. Analytic representations in quantum mechanics. J. Phys. A: Math. Gen., 39:R65, 2006.

[3] A. Vourdas and R. F. Bishop. Thermal coherent states in the Bargmann representation. Phys. Rev. A, 50:3331,
1994,

[4] V. Bargmann. On a Hilbert space of analytic functions and an associated integral transform Part I. Commun. Pure
Appl. Math., 14:187, 1961.

[5] V. Bargmann. On a Hilbert space of analytic functions and an associated integral transform Part 1. Commun.
Pure Appl. Math., 120:1, 1967.

[6] S. Schweber. On the application of Bargmann Hilbert spaces to dynamical problems. Ann. Phys., 41:205, 1967.

[7] P. Leboeuf and A. Voros. Chaos-revealing multiplicative representation of quantum eigenstates. J. Phys. A,
23:1765, 1990.

[8] P. Leboeuf. Phase space approach to quantum dynamics. J. Phys. A: Math. Gen., 24:4575, 1991.

[9] M. B. Cibils, Y. Cuche, P. Leboeuf, and W. F. Wreszinski. Zeros of the Husimi functions of the spin-boson
model. Phys. Rev. A, 46:4560, 1992,

[10] J. M. Tualle and A. Voros, Chaos. Normal modes of billiards portrayed in the stellar (or nodal) representation.
Solitons and Fractals. 5:1085, 1995

[11] S. Nonnenmacher and A. VVoros. Chaotic eigenfunctions in phase space. J. Phys. A, 30:L677, 1997.

[12] H. J. Korsch, C. Muller, and H. Wiescher. On the zeros of the Husimi distribution. J. Phys. A:Math. Gen., 30:
L677,1997.

[13] F. Toscano and A. M. O. de Almeida. Geometrical approach to the distribution of the zeros for the Husimi
function. J. Phys. A:Math. Gen., 32:6321, 1999.

[14] R. P. Boas. Entire Functions. Academic Press, New York, 1954.

© 2014, IJIMA. All Rights Reserved 6



M. Tabuni*/ Bargmann Analytic Representation For Two-Mode Systems / IIMA- 5(5), May-2014.

[15] B. Ja Levin. Distribution of Zeros of Entire Functions. American Mathematical Society, Providence, Rhode
Island 1964.

[16] B. J. Levin, Lecture on Entire Functions. Rhode Island: American Mathematical Society, 1996.

[17] A. Vourdas. The growth Bargmann functions and the completeness of sequences of coherent states. J. Phys. A:
Math. Gen., 30:4867, 1997.

[18] A. Vourdas. The growth and zeros of Bargmann functions. J.Phys. conf.ser.213(2010)012001

[19] C Lei,A. Vourdas. Fourier transform in multimode systems in the Bargmann representation. J. Phys. Math.
Theor. 40(2007)6193-6209

Source of support: Nil, Conflict of interest: None Declared
[Copy right © 2014 This is an Open Access article distributed under the terms of the International Journal

of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.]

© 2014, IJIMA. All Rights Reserved 7



	BARGMANN ANALYTIC REPRESENTATION FOR TWO-MODE SYSTEMS
	1. INTRODUCTION
	2. HARMONIC OSCILLATOR IN ONE-MODE SYSTEMS
	3. HARMONIC OSCILLATOR IN TWO-MODE SYSTEMS
	4. BARGMANN ANALYTIC REPRESENTATION OF ONE VARIABLE
	5. BARGMANN ANALYTIC REPRESENTATION OF TWO VARIABLE
	5.1 The growth of Bargmann analytic functions of one variable
	5.2 The growth of Bargmann analytic functions of two variables

	6. ZEROS OF BARGMANN ANALYTIC FUNCTIONS OF ONE VARIABLE
	7. ZEROS OF BARGMANN ANALYTIC FUNCTIONS OF TWO VARIABLE

