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ABSTRACT

In this paper, the concept of semi-compatibility and weak compatibility has been applied to prove common fixed point
theorem on menger space in metric space,
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1. INTRODUCTION

K. Menger [20] introduced the notion of probabilistic metric spaces as the generalization of core notion of metric space.
In this space one thinks of the distance between points as being probabilistic with F,(t) representing the probability
that the distance between x and vy is less than t. Recently, the study of fixed point theorems in probabilistic metric
spaces is also a topic of recent interest and forms an active direction of research. Sehgal [30] made the first ever effort
in this direction. Since then several authors have already studied fixed point and common fixed point theorems in PM
spaces, we refer to [28, 32, 22, 17, 15, 7, 31, 13, 27, 21, 30] and others have recently initiated work along these lines.

The first ever notion of the compatible maps in Menger spaces appears to be made by Mishra [21]. Further Singh and
Jain [32] generalized the notion of compatible maps by introducing the notion of weakly compatible maps. Several
authors have studied and given many results in probabilistic settings which include [33, 16, 18, 19, 30]. The study of
common fixed point of non-compatible mappings is also equally interesting which has been initiated by Pant [24, 25,
26, 23].

In 2008, Al-Thaga and Shahzad [2] weakened the notion of weakly compatible maps by introducing occasionally
weakly compatible maps. It is worth to mention that every pair of commuting self-maps is weakly commuting, each
pair of weakly commuting self-maps is compatible, each pair of compatible self-maps is weak compatible and each pair
of weak compatible self-maps is occasionally weak compatible but the reverse is not always true. Many other results
using owc on the theory of Menger PM-spaces exist in the literature, for more details, we refer the reader to Abbas and
Rhoades [1], Al-Thaga and Shahzad [3], Bhatt et al. [5], Chandra [8], Bouhadjera et al. [6], Chouhan and Pant [9],
Ciric et al. [10], and Vetro [34].

2. PRELIMINARIES

Definition 2.1: [29] A mapping A: [0, 1] x [0, 1] — [0, 1] is called a triangular norm (shortly t-norm) if:
(i) (a,1)=a A(a,0)=0,

(i) (a,b)=A (b, a),

(iii) (@, b) <A (c,d) fora<cand b <d,

(iv) A(A(a, b), ¢) = A(a, A(b, ¢)) for all a, b, ¢ € [0, 1].

Definition 2.2: [29] A mapping F: R — R is called distribution function if it is non-decreasing, left continuous with
inf{F(t):t €R} =0,

sup{F():t € R} =1
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We shall denote by 3 by the set of all distribution function while H will always denote the specific distribution
function defined by

H(t)={0if t<0

1if t>0

If X is a non-empty set, F: X x X — 3 is called the probabilistic distance on X and the value of F at
(X, y) € X x X is represented by F,,.

Definition 2.3: [29] The ordered pair (X, F) is called a PM-space if X is a non empty set and F is a probabilistic
distance satisfying the following conditions: for all x,y,z € X and s, t> 0,
(1) Fuy(®) =H(t) ifand only ifx =y,

(2) Fuy(t) = Fyu(®),
(3) Fxy(t)=1andFy,(s) =1 then Fy,(t+s)=1.

The ordered triplet (X, F, A) is called a Menger space if (X, F) is a PM-space, is a t-norm and the following conditions
holds: forall x,y,z € Xands,t>0

Feat +8) = A(Fyy(t), Fy(1))

Lemma 2.4: [30] Let (X, d) be a metric space. Define a mapping F: X x X — J by

Fey(t) = H(t - d(x, y))
for all x, ye X and t > 0. Then (X,F, min) is a Menger space, is called the induced Menger space by (X, d) and it is
complete if (X, d) is complete.

Definition 2.5: [11] Let F,, F, € 3. The algebraic sum F, © F, of F, and F; is defined by
(F, @F, )t)= sup min{F,(t,), F,(t, )}

t+t, =t

forallteR.

Obviously, (F1 ®F, )(2t) > min{Fl(t), F, (t)}

forallt>0.

Definition 2.6: [12, 13] A t-norm A is said to be of H-type if the family of functions {Am (t)};:l is equicontinuous at

t=1, where
ANE) = A(t, 1), A™(t) = A(t, A™H(), m=1, 2, ..., t€[0, 1]

The t-norm Ay = min is a trivial example of t-norm of H-type, but there are t-norm of H-type with A = Ay.

Definition 2.7: [32] Two self maps A and B of a non empty set X are said to be weakly compatible it they commute at
their coincidence points, i.e., Ax = Bx for some x € X, then ABx = BAX

Definition 2.8: [2, 17] Two self maps A and B of a non empty set X are said to be occasionally weakly compatible if
there is a point x € X which is coincidence point of A and B at which A and B commute.

Example 2.9: Let X be a non empty set, where X = [0, 1). Let A, B: X — X be maps defined by
1if 0<x<1
(x)=

xif x>1

XT”ifosxsl

B(x)=

X% if x>1

Here 1 and 3 are two coincidence points of the self maps A and B. It is noted that AB(1) = A(1) =1 = B(1) = BA(1) but
AB(3) #BA(3). Thus self maps A and B are owc but not weakly compatible.
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3. MAIN THEOREM

Theorem 3.1: Let (X, F,A) be a Menger Space. Let A, B, S and T be self mappings on X and the pair (A, T) and
(B, S) are each occasionally weakly compatible. If there exists that is

Foveax, By) (0™ msx, 1v) (0*mesx, a( D* mey, 1y, (1) =0, (3.1)
holds for all x, y, €X, and t > 0. Then, if the pairs (A, T) and (B, S) are each owc, there exists a unique point w € X
such that Aw = Tw = w and a unique point z € X such that Bz = Sz = z. Moreover z = w so that there is a unique fixed
pointof A, B, Sand T.

Proof: Since the pairs (A; T) and (B; S) are each occasionally weakly compatible, there exists points a, b € X such that
Aa=Ta, ATa=TAa, Bb=Sband BSb = SBb.

Now we show that Aa = Bb..Let
lim Ax, = lim Sx, = lim By, = lim Ty, =z (3.2)

N—+o0 N—+o0 N—+o0 N—+o0
for all t > 0. This implies Aa = Bb. Therefore Aa = Ta = Bb = Sh. Moreover if there exists another point u such that
Au = Tu. Then using inequality (3.1), it follows that Au = Tu = Bb = Sb and Aa = Au. Hence v = Aa = Ta is the
coincidence point of A and T. if v is a uniqgue common fixed point of A and T. therefore ,there exist a point u€ X
such that Su =z . Then by (3.1).we have, we get

I:(M(Au, Byny (t), *M(Su, Tyny( t)* M(Su, Au, (t) *M(Byn, Tyn,) (t)) = Oa (33)

Which on making n— +o reduces to
F(M(Au, z , (t)*M(Su, z, ( t)* M(Su, Au, ( t)* M(z, z» (t)) > 0, (34)

Or, equivalently,
I:(M(Au, z,) ( t)v *1’ M(Au, z,) (t)’ *1> 07 (3'5)

Which gives M(Au, z,t) = 1 for all t >0, that is Au = z. Hence, Au =Su. Therefore, u is a point of coincidence of the pair
(AS).

Since T(x) is a closed subset of X, Thenlim,_, ;. Ty, = z. € T(X). therefore, there exists a point we X such that
Tw=z

Now, we assert that Bw =z. indeed, again using (3.1), we have

I:(M(Axn, Bw), (t)* M(Sxn, Tw)s (t)*M(an, Axn,) (t)* M(Bw, z,) (t)) >0. (3-6)
Fove, swy, (0% me, 2, (0 me 2) O mew, 2, () 20, (3.7)
That is

F(M(z, Bw), (t)* 1* 1*1M(Z, Bw), (t)) > O, (38)

Implying there by that M(z,Bw,t) > 1 for all t>0. Hence Tw=Bw=2 , which shows that w is a point of coincidence of
the point (B, T) since the pair (A,S) is weakly compatible and Au =Su, we deduce that Az =Asu=SAu =Sz.

Now, we assert that z is a common fixed point of the pair (A,S) using (3.1), we have
Foveaz, 8wy, (1), *M(sz, wyy (0, *misz a2, (0, *mEw, Tw), (1) =0, (3.9)

That is
Foveaz, 2, () *meazzy (1),1,*1>0,

Hence M(Az, Z, t) =1 for all t >0 and therefore Az=z.

Now, using the notion of weakly compatibility of the pair (B,T) and (3.1) , we get Bz=z =Tz. Hence, z is a common
fixed point of both the pair (A,S) and (B,T) uniqueness of z is an easy consequence of (3.1).

Example 3.2: Let X = [0, 6] with the metric d defined by d(x, y) = [X, y] and for each t € [0, 1], define

—ift>0
£, 0=t

0ift=0;
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for all x, y e X. Then (X, F, A) be a Menger space, where A is a continuous t-norm.
Define ¢(t) = kt,

where k € (0,1), # = 1and the self maps A, B, Sand T by for all x, y € X. Then (X, F, A) be a Menger space, where
Ais a continuous t-norm.

Define ¢(t) = kt, where k € (0,1), # =1and the self maps A, B, Sand T by
0if 0<x<3

Alx)=1,.
2if 3<x <6

0if 0<x<3
4if 3<x<6;

o(0)-|

0if 0<x<3
T(x)=1...

3if 3<x<6;

0if 0<x<3
S(x)=1 .

4if 3<x <6;

Then A, B, Sand T satisfy all conditions of 3.1. Notice that AT(0) = A(0) =0 =T(0) = TA(0) and

BS(0) = B(0) = 0 = S(0) = SB(0), the pairs (A, T) and (B, S) are owc. Hence 0 is the unique common fixed point of
A /B, SandT.
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