International Journal of Mathematical Archive-5(8), 2014, 15-20
@IMA Available online through www.ijma.info ISSN 2229 - 5046

g*s-irresolute maps and g*s- homeomorphism in topological spaces
M. Perachi Sundari* and Latha Martin

Research Scholar, A.P.C. Mahalaxmi College for Women, Thoothukudi-628002, (T.N.), India.
Associate Prof. A.P.C. Mahalaxmi College for Women, Thoothukudi-628002, (T.N.), India.

(Received On: 09-07-14; Revised & Accepted On: 22-08-14)

ABSTRACT
A.Pushpalatha and K.Anitha introduced properties of g*s-closed sets in topological space. In this paper, we introduced
g*s-irresolute maps, g*s-hausdorff spaces, g*s-homeomorphism and study their basic properties in topological spaces.

Keywords: g*s-closed sets, g*s-open sets, g*s-continuous map, g*s-irresolute map, g*s-hausdorff and g*s-
homeomorphism.

2000 Mathematics subject classification: 54A05, 54C08, 54C05.

1. INTRODUCTION

In 1970, Levine [8] first considered the concept of generalized closed (briefly g-closed) sets were defined and
investigated. Arya and Nour [1] defined generalized semi open sets (briefly gs-open) using semi open sets. In 1987,
Bhattacharyya and Lehiri [2] introduced the class of semi-generalized closed sets (briefly sg-closed). A.Pushpalatha
and K.Anitha [10, 11] introduces properties of g*s-closed sets in topological space.

The notion homeomorphism plays a very important role in topology. In this paper, we introduce a new class of
irresolute map called g*s-irresolute map and then we study g*s-hausdorff, g*s-homeomorphism and g*sc-
homeomorphism.

2. PRELIMINARIES

Throughout this paper we shall denote by(X, 1) a topological space. For any subset A € X, int(A) and cl(A) denote the
interior of A and the closure of A with respect to t.

We shall require the following known definitions.
Definition: 2.1[9] Let(X, 1) be a topological spaces. A subset A of X is called semi-open if A< cl (int (A)) and semi-
closed if int (cl (A)) €A. The intersection of all semi closed sets containing A is called the semi closure of A, denoted

by scl (A). The union of all semi open sets contained in A is called the semi interior of A, denoted by sint (A).

Definition: 2.2[10] Let (X, 1) be a topological space. A subset A of X is called gs- closed if scl (A) €U whenever AcU
and U is open in (X, 1).

Result: 2.3[9] The complement of gs-closed set is gs-open.

Definition: 2.4[10] Let (X, 1) be a topological space. A subset A of X is called g*s-closed if scl (A) €U whenever
AcU and U is gs-open in (X, t). The complement of g*s-closed set is g*s-open.

Result: 2.5[10] Every closed set is g*s-closed.
Definition: 2.6 [10] A map f: X—Y is called g*s-open map if f(U) is g*s-open in y for every open set U in X. Every

open map is g*s-open map. A map f: X—Y is called g*s-closed map if for each closed set F in X, f(F) is a g*s- closed
setin.
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Theorem: 2.7 [13] For any bijection f: (X, 1) —(Y, o) the following are equivalent.
(i) (Y, 0) —=(X, 1) is g*s-continuous.

(if) fisag*s-open map

(iii) f is a g*s-closed map.

Definition: 2.8 [11] A map f: X—Y from a topological space X into a topological space Y is called g*s-continuous if
the inverse image of every closed set in Y is g*s-closed in X.

Result: 2.9[11] Every continuous map is g*s-continuous and g*s- continuous map is gs-continuous.

Definition: 2.10 [11] A map f: X—Y is said to be strongly g*s-continuous if the inverse image of every g*s- open set
in Y is open in X.

Definition: 2.11[11] A topological space X is g*s-compact if every g*s-open cover of X has a finite sub cover of X.

Definition: 2.12 [11] A subset B of a topological space X is called g*s-compact relative to X, if for every collection
{A:: i eI} of g*s-open subsets of X such that BCuU; .| A;, there exist a finite subset I, of | such that BCU; (|, A

Definition: 2.13[12] A topological space X is called a g*s-connected if X cannot be written as a disjoint union of two
non-empty g*s-open sets.

Definition: 2.14 [9] A space X is said to be Hausdorff if whenever x and y are distinct points of X, there exist disjoint
open sets U and V such thatx e Uand y e V.

Definition: 2.15[4] A bijection f: (X, t) —(Y, o) is called a homeomorphism if f is both continuous and open.
Definition: 2.16[4] A bijection f: (X, t) —(Y, o) is called a gs- homeomorphism if f is both gs-continuous and gs-open.
3. g*s-irresolute maps in topological spaces

In this section we introduce the concepts of g*s-irresolute maps in topological spaces.

Definition: 3.1 A map f: (X, 1)— (Y, o) is called g*s -irresolute if the inverse image of every g*s-closed set in Y is
g*s-closed in X.

Theorem: 3.2 Amap f: X — Y is g*s-irresolute if and only if for every g*s-open A of Y, f '(A) is g*s-open in X.
Proof: Necessity: If f: X—Y is g*s-irresolute, then for every g*s-closed B of Y, f*(B) is g*s-closed in X. If A is any
g*s-open subset of Y, then A® is g*s-closed. Thus (A% is g*s-closed, but f *(A°) = (f *(A))° so that f *(A) is g*s-open
in X.

Sufficiency: If for all g*s-open subsets A of Y, f "(A) is g*s-open in X and if B is any g*s-closed subset of Y, then B®
is g*s-open. Also f *(B) = (f(B))° is g*s-open in X. Thus f (B) is g*s-closed in X. Hence f is g*s-irresolute.

Theorem: 3.3 If a map f: X—Y is g*s-irresolute, then it is g*s-continuous.

Proof: Let A be a closed set in Y. Since every closed set is g*s-closed, A is g*s-closed in Y. Since f is g*s-irresolute,
f(A) is g*s-closed in X. Hence f is g*s-continuous.

Remark: 3.4 The converse need not be true as seen from the following example.

Example: 3.5 Let X =Y = {a, b, c},t={ ¢, X, {a}, {c}, {a,c}} ando={ ¢, Y, {a}}.Let f: (X, 1) — (Y, o) be defined
by f (a) =f (c) = b and f (b) = c. Then f is g*s-continuous. However, {b} g*s-closed in Y but f *({b}) = {a, c} is not
g*s-closed in X. Therefore, f is not g*s-irresolute.

Theorem: 3.6 If f: X — Y and g: Y — Z are both g*s-irresolute, then g o f: X—Z is g*s-irresolute.

Proof: Let A be a g*s-open subset of Z. Since g is g*s-irresolute, g *(A) is g*s-open in Y. Since f is g*s-irresolute,
f1(g"Y(A)) is g*s-open in X. Thus (g o f)*(A) = f*(g*(A)) is g*s-open in X. Hence gof is g*s-iresolute.

Theorem: 3.7 Let X, Y and Z be any topological spaces. For any g*s-irresolute map f: X—Y and any g*s -continuous
map g: Y—Z, the composition gef: X— Z is g*s-continuous.

© 2014, IJIMA. All Rights Reserved 16



M. Perachi Sundari* and Latha Martin/
g*s-irresolute maps and g*s- homeomorphism in topological spaces/IJIMA- 5(8), August-2014.

Proof: Let F be a closed set in Z. Since g is g*s-continuous, g *(F) is g*s-closed in Y. Since f is g*s-irresolute,
£(g (F)) is g*s-closed in X. Thus (gof)™(F) =f *(g"(F)) is g*s-closed in X. Hence gef is g*s-continuous.

Theorem: 3.8 If amap f: X—Y is g*s-irresolute and a subset B of X is g*s-compact relative to X, then the image f (B)
is g*s-compact relative to Y.

Proof: Let {A:: i€ I} be any collection of g*s-open subsets of Y such that f (B) c U{A : i el}. Then B c U {f *(A) :
i €} holds. By hypothesis there exists a finite subset 1, 0f I such that B c U{f*(A)): i €l,}. Therefore we have f (B)c
U{A; : i €l} which shows that f(B) is g*s-compact relative to Y.

Theorem: 3.9 If f: X—Y is g*s-irresolute surjection and X is g*s-connected, then Y is g*s-connected.

Proof: Suppose Y is not g*s-connected. Let Y=AUB where A and B are disjoint non-empty g*s-open set in Y. Since f
is g*s-irresolute and onto, X=f *(A) uf (B) where f*(A) and f *(B) are disjoint non-empty and g*s-open in X. This
contradicts the fact that X is g*s-connected. Hence Y is g*s-connected.

4. g*s-Hausdorff in topological spaces

In this section we have introduce the concept of g*s-Hausdorff in topological spaces.

Definition: 4.1 A space X is said to be g*s-Hausdorff if whenever x and y are distinct points of X, there exist disjoint
g*s-open sets U and V such thatxe Uand y e V.

Theorem: 4.2 Let X be a space and Y be Hausdorff. If f: X—Y is g*s-continuous injective, then X is g*s-Hausdorff.

Proof: Let x and y be any two distinct points of X. Then f(x) and f(y) are distinct points of Y, because f is injective.
Since Y is Hausdorff, there are disjoint open sets U and V in Y containing f(x) and f(y), respectively. Since f is g*s-
continuous and UNV=g@, we have f (U) and (V) are disjoint g*s-open sets in X such that x ¢ f }(U) and y € f (V).
Hence X is g*s-Hausdorff.

Theorem: 4.3 Let X be a space and Y be g*s- Hausdorff. If f: XY is g*s -irresolute injective, then X is g*s-
Hausdorff.

Proof: Let x and y be any two distinct points of X. Then f(x) and f(y) are distinct points of Y, because f is injective.
Since Y is g*s-Hausdorff, there are disjoint g*s-open sets U and V in Y containing f(x) and f(y), respectively. Since f is
g*s-irresolute and UNnV=0@, we have f(U) and f *(V) are disjoint g*s-open sets in X such that x € f (U) and y € f (V).
Hence X is g*s-Hausdorff.

Theorem: 4.4 Let X be a space and Y be g*s-Hausdorff. If f: X>Y is strongly g*s-continuous injective, then X is
Hausdorff.

Proof: Let x and y be any two distinct points of X. Then f(x) and f(y) are distinct points of Y, because f is injective.
Since Y is g*s-Hausdorff, there are disjoint g*s-open sets U and V in Y containing f(x) and f(y), respectively. Since f is
strongly g*s-continuous and UnV=@, we have f *(U) and f (V) are disjoint open sets in X such that x ¢ f*(U) and
y € f}(V). Hence X is Hausdorff.

5. g*s — Homeomorphism in topological spaces

In this section, we introduce and study two new homeomorphisms namely g*s-homeomorphism, g*sc-homeomorphism
and prove that the set of all g*s-homeomorphism forms a group under the operation of composition of maps.

Definition: 5.1 A bijection f: (X, 1) — (Y, o) is called a g*s-homeomorphism if f is both g*s-open and g*s-continuous.
We denote the family of all g*s-homeomorphisms of a topological space (X, 1) onto itself by g*s-h(X, 1).

Theorem: 5.2 Every homeomorphism is a g*s-homeomorphism.
Proof: Let f (X, 1) — (Y, o) be a homeomorphism. To prove that f is g*s-homeomorphism. Since f is homeomorphism,
f is bijection and also f is both open and continuous. Since every open map is g*s-open and every continuous map is

g*s-continuous, f is bijection, g*s-open and g*s- continuous. Hence f is g*s-homeomorphism.

Remark: 5.3 The converse of the above theorem5.2 need not be true as seen from the following example.
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Example: 5.4 Consider X =Y = {a, b, ¢}, 1= { ¢, X, {a,b}}, 0={¢, Y, {a}}. Let f: (X, 1)— (Y, o) be an identity
map. Then f is g*s-homeomorphism but not homeomorphism. Since {a, b} is open in (X, t) but the image is not open
in (Y, o).

Theorem: 5.5 Every g*s-homeomorphism is gs-homeomorphism.

Proof: Let f: (X, % (Y, o) be a g*s - homeomorphism. To prove that f is gs-homeomorphism. Since f is g*s-
homeomorphism, f is bijection and also f is both g*s-open and g*s-continuous. Since every g*s-open map is gs-open
and every g*s-continuous map is gs-continuous, we have f is gs-open, gs- continuous and bijection. Hence f is
gs-homeomorphism.

Remark: 5.6 The converse of the above theorem need not be true as seen from the following example.

Example: 5.7 Consider X =Y = {a, b, c},t={ ¢, X, {a}},0={ ¢, Y, {a}, {c}, {a c}}. Let f: (X, 1) — (Y, ©) be an
identity map. Then f is gs-homeomorphism but not g*s-homeomorphism. Since {a, b} is closed in (Y, o) but £ *({a, b})
={a, b} is not g*s-closed in (X, 7).

Theorem: 5.8 Let f: (X, 1) — (Y, o) be a bijective and g*s- continuous map, then the following are equivalent.
(i) fisg*s-open map.

(if) fis g*s-homeomorphism.

(iii) fis g*s-closed map.

Proof:
(i) = (ii): Suppose that f is g*s-open map. To prove that f is g*s-homeomorphism. By hypothesis, f is bijective and
g*s-continuous map. By definition of g*s-homeomorphism, f is g*s-homeomorphism.

(i) = (iii): Suppose that f is g*s- homeomorphism. To prove that f is g*s- closed map. Since f is g*s-
homeomorphism, f is bijective and also f is g*s-open and g*s-continuous. Let F be a closed set of (X, 1). Then F® is
open set in (X, t). Since f is g*s-open map, f (F°) is g*s- open in (Y, o). f (F°) = (f(F))°is g*s-open set in (Y, o). Thus

f (F) is g*s-closed set in (Y, o). Hence f is g*s-closed map.

(iii) = (i): Suppose that f is g*s- closed map. To prove that f is g*s- open map. Let A be a closed set in (X, 1). Since f
is g*s-closed map, f (A) is g*s-closed set in (Y, o). f (A) = (f )(A) is g*s-closed set in (Y, o). Which implies f *is
g*s-continuous on (Y, ¢).By theorem 2.7, f is g*s-open map.

Remark: 5.9 The composition of two g*s-homeomorphism need not be g*s-homeomorphism in general as seen from
the following example. Consider X =Y =Z={a, b, ¢}, t={ ¢, X, {a}, {b}, {a, b}}, 6= { ¢, Y,{a, b}} and n = {¢, Z,
{a}}. Letf: (X, 1) — (Y, 0) and g: (Y, 6) — (Z,n) be the identity maps. Then both f and g are g*s-homeomorphism but
their composition g o f: (X, 1) — (Z,n) is not g*s-homeomorphism. Because for the open set {b} of (X, 1), go f ({b}) =
g (f ({b})) = g ({b}) = {b} which is not g*s-open in (Z, n).

Definition: 5.10 A bijection f: (X, 1)— (Y, o) is said to be g*sc - homeomorphism if both f and f *are g*s-irresolute.
We denote the family of all g*sc-homeomorphism of a topological space (X, 1) onto itself by g*sc-h(X, 7).

Theorem: 5.11 Every g*sc-homeomorphism is g*s-homeomorphism.

Proof: Let f: (X, 1) — (Y, o) be a g*sc- homeomorphism. To prove that f is g*s-homeomorphism. That is, to prove that
f is bijective and also f is both g*s-open and g*s-continuous. Since f is g*sc-homeomorphism, f and f ™ are g*s-
irresolute and f is bijective. Now, let V be a closed set in (Y, o).Since f is g*s-irresolute, f (V) is g*s-closed in (X, 7).
Thus f is g*s-continuous. Since f™ is g*s-irresolute, (f™) * (V) is g*s-closed in (X, t).Therefore £ is g*s-continuous.
By theorem 2.7, f is g*s-open. Hence f is g*s-homeomorphism.

Remark: 5.12 The converse of the above theorem need not be true as seen from the following example.
Example: 513 Let X=Y = {a, b, c},t={ ¢, X, {a}}, 6= { ¢, Y, {a, b}}. Let f: (X, 1) — (Y, o) be an identity map.
Then f is g*s-homeomorphism but not g*sc-homeomorphism. Since f is not g*s-irresolute, the inverse image of {a, c}

is not g*s-closed set in (X, 1).

Theorem: 5.14 Let f: (X, 1)— (Y, o) and g: (Y, ) — (Z,n) are g*sc- homeomorphism. Then their composition g o f:
(X, 1) — (Z,n) is also g*sc-homeomorphism.

© 2014, IJIMA. All Rights Reserved 18



M. Perachi Sundari* and Latha Martin/
g*s-irresolute maps and g*s- homeomorphism in topological spaces/IJIMA- 5(8), August-2014.

Proof: Let U be a g*s-open set in (Z,n). Since g is g*s-irresolute, g (U) is g*s-open in (Y, o). Since f is g*s-irresolute,
(g (U)) = (gof) (V) is g*s-open in (X, 1).Therefore, gof is g*s-irresolute. Also for a g*s-open set G in (X, 1). We
have (geof) (G) = g (f(G)) = g(W), where W = f(G). By hypothesis, f (G) is g*s-open in (Y, o) and so again by
hypothesis, g (f(G)) is g*s-open set in (Z,1). (gof)(G) is g*s-open set in (Z,n). (gof) * is g*s-irresolute and also gef is
bijective. Hence gof is g*sc-homeomorphism.

Remark: 5.15 The following diagram shows that the relationships between g*s-homeomorphism and other
homeomorphism.

g*sc-homeomorphism

l

g*s-homeomorphism

s 3

Homeomorphism gs-homeomorphism

Note: 5.16 Let I be a collection of all topological spaces. We introduce a relation, s& “ g~ into the family I' as
follows: for two elements (X, 7) and (Y, o) of T, (X, 1) is g*sc- homeomorphic to (Y, o) say (X, 1)= g«s(Y, 0), if there
exists a g*sc- homeomorphism f: (X, 1) —=(Y, c).Then we have the following theorem on the relation “Sg~”.

Theorem: 5.17 The relation =g above is an equivalence relation in the collection of all topological spaces T".

Proof:
(i) Forany element (X, 1)€ I, (X, 1) =g=¢(X, 1) holds. Indeed the identity function I,: (X, 1) —(X, 1) is a g*sc-
homeomorphism.
(if)  Suppose (X, 1) =g=c(Y, ©), where (X, 1) and (Y, o) € I'. Then, there exists a g*sc-homeomorphism f: (X, 1) —
(Y, o). By definition it is seen that f*: (Y, o) — (X, 1) is a g*sc-homeomorphism and (Y, o) =grsc(X, 1)
(iii) Suppose that (X, 1) =gc(Y, 6) and(Y, 6)=¢(Z, n),where (X, 1), (Y, o) and (Z, 1) € I'. By theorem 5.13, it is
shown that (X, 1) =g(Z, 1).

Theorem: 5.18 The set g*sc-h(X, t) is a group under the composition of maps.

Proof: Define a binary operation *: g*sc-h(X, t) x g*sc-h(X, t) —»g*sc-h(X, 1) by f* g =g o f for all f, g € g*sc-h(X, 1)
and o is the usual operation of composition of maps. Then by theorem 5.13, g o f € g*sc-h(X, t). We know that the
composition of maps is associative and the identity map I: (X5=(X, 1) belonging to g*sc -h(X, 1) serves as the
identity element. If f € g*sc-h(X, 1), then f* € g*sc-h(X, 1) such that f o f*= f'o f = | and so inverse exists for each
element of g*sc-h(X, 1). Therefore (g*sc-h(X, 1), ©) is a group under the operation of composition of maps.

Theorem: 5.19 Let f: (X, 1) —(Y, o) be a g*sc-homeomorphism. Then f induces an isomorphism from the group g*sc-
h(X, 1) onto the group g*sc-h(Y, o).

Proof: Let f € g*sc-h(X, 1). Then define a map yy: g*sc-h(X, 1) — g*sc-h(Y, o) by y; (h)=fo ho f* for every h e g*sc-
h(X, 7). By theorem 5.13, vy is well defined in general, because fo h o f* is a g*sc-homeomorphism for every g*sc-
homeomorphism h: (X, 1) — (Y, o). Let hy, h, € g*sc-h(X, 1).Then s (hy o hy) = f o (hyo hy) of * = (f ohyof ) o (f o hyof™)
Therefore s (hy o hy) = s (hy) o s (hy). Since s (Floh o f) =h, v is onto. Now, s (h) =I implies fo ho ! =I. That
implies h =1. This proves that vz is one-one. This shows that v is an isomorphism induced by f.

Theorem: 5.20 If f: (X, 1) — (Y, o) is a g*sc-homeomorphism, then g*s-cl(f* (B)) = f'(g*s-cl(B)) for every BCY.

Proof: Let f: (X, 1)—(Y, o) be a g*sc -homeomorphism. By definition 5.9, both f and f* are g*s-irresolute and f is
bijective. Let BC Y. Since g*s-cl(B) is a g*s-closed set in (Y, o), using definition of g*s-irresolute, f'(g*s-cl(B)) is
g*s-closed in (X, 7). But g*s-cl(f'(B)) is the smallest g*s-closed set containing f*(B).Therefore g*s-cl(f*(B))< f*(g*s-
cl(B))—(1). Again, g*s-cl(f(B)) is g*s-closed in (X, 7). Since f*is g*s-irresolute, f (g*s-cl(f'(B)) is g*s-closed in
(Y, o). Now, B=f (f*(B)) < f (g*S-cl (F}(B)). Since f (g*s-cl(f*(B)) is g*s-closed and g*s-cl(B) is the smallest g*s-
closed set containing B, g*s-cl(B) < f(g*s-cl(f'(B)) that implies f*(g*s-cl(B)) <g*s-cl(f*(B)). That is, f'(g*s-
cl(B))cg*s-cl(f*(B))—(2). From (1) and (2), g*s-cl(f*(B))=F"(g*s-cl(B)).
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Corollary: 5.21 If f: (X, 1) —(Y, o) is a g*sc-homeomorphism, then g*s-cl(f(B)) = f(g*s-cl(B)) for every BSX.

Proof: Let f: (X, B Y, 6) be a g*sc -homeomorphism. Since f is g*sc-homeomorphism, ' is also a g*sc-
homeomorphism. Therefore by theorem 5.20, it follows that g*s-cl (f (B)) = f(g*s-cl(B)) for every BSX.

Corollary: 5.22 If f: (X, 1) —(Y, o) is a g*sc-homeomorphism, then f (g*s-int (B)) = g*s-int (f(B)) for every B&X.

Proof: Let f: (X, 1) —(Y, o) be a g*sc-homeomorphism. For any set BSX, g*s-int(B)=(g*s-cl(B®)). This implies that f
(g*s-int (B)) = f (g*s-cl (B))® = (f (g*s-cl (B))". Then using corollary 5.22, we get that f (g*s-int (B) = (g*s-cl (f(B))°
= g*s-int(f(B)).

Corollary: 5.23 If f: (X, 1) —(Y, o) is a g*sc-homeomorphism, then for every BSY, f*(g*s-int(B))=g*s-int(f*(B)).

Proof: Let f: (X, ® ¥, 6) be a g*sc -homeomorphism. Since f is g*sc-homeomorphism, f* is also a g*sc-
homeomorphism. Therefore by corollary 5.22, it follows that f*(g*s-int (B)) = g*s-int (f*(B)) for every BCY.
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