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ABSTRACT
In this paper we have established fixed point theorems in generalized metric space using self mapping and contraction
mapping and the obtained result can be considered as an extention and generalization of some well known results of
fixed point theorems in generalized metric spaces.
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1. INTRODUCTION

The concept of generalized metric space introduced by Branciari [1] where the triangular inequality of a metric space
has been replaced by a tetrahedral inequality, correspondingly, the Banach contraction principle was extended to the
case of this generalized metric space. Under the situation, it is reasonable to consider if other important fixed point
theorems can be obtained in such a space. Some works have already been done in this respect [3], [4] and [6].

In this paper we will show that unique fixed point under some general condition in a generalized metric space.

In this same way, we prove a fixed point theorem and common fixed point theorems for the mappings satisfying
different types of contractive conditions in general metric spaces

If (X, d) is a complete metric space and T: X—X is a contraction mapping i.e. d(Tx, Ty) < a d(x, y), 0 < a < 1 for all
X, Y € X then the widely known Banach is contraction mapping principle tell that T has a unique fixed point in X.

2. PRELIMINARY NOTES
Let R™ denote the set of all non-negative real numbers and N denote the set of all positive integers.

Definition 2.1: Let X be a non empty set and d:X?’~>R" be a mapping such that for all x, yeX and for all distinct points
z, we X each of them different from x and y, one has the following:

(i) dx,y)=0ifandonlyifx=y,

(i) d(x,y) =d(y,x)

(iii) d(x,y) <d(x, z) + d(z, w) + d(w, y) (Tetrahedral inequality)

Then d is called a generalized metric and (X, d) is a generalized metric space (or shortly g.m.s)
Any metric space is a g.m.s. but the converse is not true [1]
We present an example to show that not every generalized metric on a set X is a metric on X.

Example 2.2 [2]: Let X = {t, 2t, 3t, 4t, 5t} with t > 0 be a constant, and we defined d: XxX—[0, =] by
(i) d(x,x)=0forallx e X

(i) d(x,y)=d(y, x), forall x,y € X

(ii) d(t,2t) =3y

(iv) d(t, 3t) =d(2t, 3t) =,

(v) d(t, 4t) = d(2t, 4t) = d(3t, 4t) = 2y,

(vi) d(t, 5t) = d(2t, 5t) = d(3t, 5t) = d(4t, 5t) = 3/2 y,
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where y > 0 is a constant. Then let (X, d) be a generalized metric space but if is not a metric space, because
d(t, 2t) = 3y > d(t, 3t) + d(3t, 2t) = 2y,

Example 2.3 [5]: Let us define
X={ln:n=1,2..}u{0, 2}

0,forx=y

1/, forx € {0, 2},y=1/n
d: XxX—>R" d(x, y) 1/n, forx = 1/n,y €{0, 2}

1, otherwise

Then if is easy to see that (X, d) is a generalized metric space but (X, d) is not a standard metric space because it lacks
the tringular property

1=d (%, %) >d(*, 0) +d(0, Y5) = Y2+ %5 =5/6
Definition 2.4: A sequence {x,} in a generalized metric space (X, d) is said to be convergent with limit xeX if for
every € > 0 there exists ny € N such that d(x,, X) < e for all n > ny, it follows that if the sequence {x,} converges to x
and x is the limit of {x,} we denote by lim x, = x as n —»o.

Definition 2.5: A sequence {x,} is a generalized metric space (X, d) is said to be Cauchy sequence if for every € >0,
there exists ng € N such that d(x,, X,,) < € forall n, m>n,.

Definition 2.6: A generalized metric space (X, d) is said to be complete if every Cauchy sequence is convergent in X.
Proposition 2.7: If a sequence is convergent is g.m.s. then it is a Cauchy sequence.
Proposition 2.8: Limit of a sequence in a g.m.s., if exists, is unique.

Proposition 2.9: A sequence {x,} in a g.m.s. converges to x then every subsequence of {x,} also converges to the same
limit x.

3. MAIN RESULTS

Theorem 3.1: Let (X, d) be a complete generalized metric space and T: X—X satisfy the condition
d(Tx, Ty) < a [d(x, TX) + d(y, Tx) +d(y, Ty) +d(x, y)] (A)
for all X, y € X where 0 < a <%, then, T has a unique fixed point in X.

Proof: Let xo be any arbitrary point in X; if Xq is not fixed point of T, Define sequence {x,} we can choose x; € X such
that

TX() = X1
TXl =Xz
TXns1 = Xn
TXn = Xns1

if X, is not a fixed point of T then

Now by (A), we have
d(X1, X2) = d(TXo, TX1) < @ [d(Xo, TXo) + d(X1, TXp) + d(X1,TX1) + d(Xo,X1)]
d(X1, X2) < o [d(Xo, X1) + d(X1, X1) + d(X1,X2) + d(Xo, X1)]
d(Xy1, X2) - ad(X1, X) < ad(Xo, X1) + ad(Xo,X1)
(1'0,) d(Xl, X2) < 20, d(Xo, Xl)
20

d(Xy, Xp) < d(Xo, X1)

a
<1
1-a
r<1
d(X1, X2) < rd(Xo, X1) (1)
d(X2, X3) < rd(xy, Xo)
< r[rd(Xo, X1)]
d(Xz, X3) < r°d(Xo, Xy)
d(Xs, Xa) < r3d(Xo, Xy)

where r =
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In general, for any positive integer n, we have
d(Xn, Xn+1) < rd(Xp-1, Xn)
d(Xn, Xn+1) < 1'd(Xo, X1) )

We claim that the sequence {x,} is a Cauchy sequence in X

For m > n, we have

d(xna Xm) < d(Xn, Xn+1) + d(xn+1a Xn+2) +d (Xn+2, Xm)
d(Xn, Xm) < r"d(Xo, X1) + r"™*d(Xo, X1) + d (Xns2, Xmm)
d(Xn, Xm) = (rn + rn+1)d(X0: X1) + A(Xns2, Xm)

d(xn’ Xm) < (rn + rn+l ot rm_z)d(XOI Xl) + d(xm—ln Xm)
d(Xn, Xm) < (" + 1+ 4 ™24 ™ Dd (X, Xy)

n
d(Xp, Xm) <

d(Xo, X1) ®)

As n, m —co in equation (3), we have d(X,, Xn)—0
Thus {x,} is a Cauchy sequence in the complete generalized metric space, there exists a point u € X such that {x,}—u.

Now
d(u, Tu) <d(u, X,) + d(Xn, Xn+1) + d (Xp+1, TU)
d(u, Tu) <d(u, X,) + d(X,, Xn+1) +d (TX,, Tu)

By (A), we have

d(u, Tu) <d(u, X,) + d(X,, Xn+1) + a[d(X,, TX,) + d(u, TX,) +d(u, Tu) + d(x,, u) ]
d(u, Tu) <d(u, X,) + d(X,, Xn+1) + ad (X,, TX,) + ad(u, TX,) + ad(u, Tu) + ad(X,, u)
d(u, Tu) < d(u, X,) + d(Xn, Xn+1) + ad (Xn, Xne1)+ ad(u, Xn4q) + ad(u, Tu) + ad(X,, u)
(1-o) d(u, Tu) < d(u, X,) + d(X,, Xn+1) + ad (Xn, Xpe1) + ad(U, Xpe1) + ad(X,, U)

(1-o) d(u, Tu) —» 0 as n—co

Thus d(u, Tu) -0
d(Tu, u) -0
Tu=u

Hence u is fixed point of T in X
Uniqueness of u
In order to prove that u is the unique fixed point of T.

Let u, v be two fixed points of T, then
d(u, v) =d(Tu, Tv)

By (A), we have

d(u,v) < afd(u,Tu) + d(v, Tu) + d(v, Tv) +d(u, v)]
d(u,v) < afd(u,u) + d(v, u) + d(v, v) + d(u, v)]
d(u,v) < 2a(u,v)

=>u=vasO<a<¥%

Hence uniqueness of fixed point follows

Theorem 3.2: Let (X, d) be a complete generalized metric space and T: X—X satisfying the condition (A)

(Tx, Ty) < a[d(x,Tx) +d(y, TX) + d(y, Ty) + d(x, y)]

for all x, y e X where 0 < a < ¥, {T"(X)} has a subsequence { T "™ (x)} with ;!im{T "(x)}=u e X. Then u is the
—0

unique fixed point of T in X.

Proof: we have

d(u, Tu) <d(u, T™ () +d(T™ %), T™ ™ (x) +d(T " (x), Tu) (4)
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d(T™ " (%), Tu) =d(T(T™ (x), Tu)
<a[dT™ ), T™ ™ (x) +d(u, T"™ () +d(u, Tu) +d (T"™ (x), u)]

Then from (4),
d(u, Tu) < d(u, T™ (0)+d(T™ (), T () + ofd(T™ (), T () + d(u, T™™ () + d(u,Tu) +d (T™ (x)) u)]

Taking limit as k —co on both sides of the inequality, we get
=d(u, Tu)=0

So Tu = u and uniqueness follows very immediate.
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