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ABSTRACT

In this paper we introduce the concept of zy,-closed sets and study some of their properties in generalized topological
spaces. The notion of (m,, 4)-continuous functions and (ws, my)-irresolute functions are defined in generalized
topological spaces and some of their characterizations are investigated.
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1. INTRODUCTION

A.Csaszar [1] introduced the concepts of generalized neighborhood systems, concepts of continuous functions and
associated interior and closure operators on generalized neighborhood systems and generalized topological spaces. In
particular, he investigated characterizations for generalized continuous functions. In [2], he introduced and studied the
notions of g- a - open sets, g-semi-open sets, g -pre open sets and g- - open sets in generalized topological spaces.
W.K.Min introduced the weak continuity and almost continuity and studied their relationship on Generalized Topology.
After the introduction of the concept of generalized closed set by Levine [8] in a topological spaces, several other
authors gave their ideas to the generalizations of various concepts in topology.

The purpose of this paper is to introduce the concept of m,,-closed sets and study some of their properties in generalized
topological spaces. The notion of (m,, A)-continuous functions and (m,, my)-irresolute functions are defined in
generalized topological spaces and some of their characterizations are investigated.

Throughout this paper, n-generalized b-closed sets, n-generalized b-closure, b-closure of A and b-interior of A on
generalized topological spaces are denoted by m,,,-closed, cmy,, Cp(A) and i,(A) respectively. The union of regular -
open sets on GT is called m -open.

2. PRELIMINARIES

Definition 2.1 [2]: Let X be a nonempty set and p be a collection of subsets of X. Then p is called a generalized
topology (briefly GT) if @ € p and arbitrary union of elements of p belongs to p.

Elements of p are called p -open sets. A subset A of X is said to be p -closed if X —A is p -open. The pair (X, ) is
called a generalized topological space (GTS).

By a space (X, ) we will always mean a GTS (X, p). A space (X, p) is said to be a quasi-topological space [3], if p is
closed under finite intersection. If A is a subset of a space (X, ), then c,(A) is the smallest p-closed set containing A
and i,(A) is the largest p-open set contained in A. For every subset of A of a generalized topological space
(X, ), X —iy(A) = ¢y (X — A).

Definition 2.2: A subset A of a space (X, ) is said to be
(i) p-a-open [4] if A ci,C,iu(A) .
(if) b ,-open[16] A ci,c,(A) U c,i (A).
(iii) B ,open[4] A c c,iy C,(A).
(iv) p -semi-open[4] if Acc,i, (A)
(v) p—pre-open[4] if A ci,c,(A)
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Definition 2.6: A subset A of generalized topological space (X, ) is said to be g, -closed [9], if ¢, (A) & M whenever
A S Mand M is p-open in X.

Definition 2.7: A function f: (X, ) — (Y, A) is said to be, (u, 1) -continuous [2], if f * (U) € p for each U € A.

Definition 2.8: Let (X, p) and (Y, A) be GTS’s. Then a function f: X> Y is s aid to be, (o, A) -continuous [10], if for
each A -open set U in Y, f *(U) is n -semi open in (X, p).

Definition 2.9: A GTS (X, p) is a p- Ty, -space [11] if every g, -closed subset of (X, ) is p -closed in (X, p).

Definition 2.10: A function f: (X, p) — (Y, X) is (i, A) -open [5] (resp. (i, 1) -closed [5]) when the image of p -open
(resp. p -closed) sets in (X, p) is always A -open (A -closed) in (Y, A).

Definition 2.11: A subset A of a generalized topological space (X, p) is said to be p -nowhere dense [6]
ifi,(c,(A)) = 0.

Definition 2.12: A generalized topology is said to be quasi-topology [7] (briefly QT) iff M, M’ €p implies MN M’ € p.
If Xep, (X, p) is called a strong generalized topological space [9].

Lemma 2.13[10]: Let (X, n) be a quasi-topological space. Then ¢, (AUB)=c,(A)uc,(B) for every subsets A and B of
X.

3.7, -closed sets

Definition 3.1: Let (X, u) be a generalized topological space. A subset A of X is said to be m, -closed if c,(A)SU and
U is m -open in (X, p). By tGBC, we mean the family of all m,, -closed subsets of the generalized topological space

X, W.
A set AcX is called m,, -open if and only if its complement is my, -closed.

Theorem 3.2: In generalized topological space (X, p)
(i) Every p-closed set is m,, -closed.
(ii) Every p-semi closed set is my, -closed.
(iii) Every p-pre closed set is m,, -closed.
(iv) Every p-p closed set is m, -closed.
(v) Every p-o closed set is m,, -closed.
(vi) Every g,-closed is m,, -closed.

Remark 3.3: Converse of the above need not be true as shown in the following examples
Example 3.4: Let X= {a, b, ¢}, p= {®,{a}}Then A={a} is m, -closed but not p-closed.

Example 3.5: Let X= {a, b, ¢}, p= {¢, {a, b}, {b, c}, X}, Then A= {b} is m,, -closed but not g,-closed, p-semi closed,
p-a closed. Also B={a, b) is m,, -closed but not p-f closed, p-pre closed.

u-cloze u-pre clozed
T3 I—— S . g ~closed
u-f closa (-semi closed

Theorem 3.6: Let (X, n) be a generalized topological space. Then a subset A of X is m,, -closed if c,(A)-A does not
contain any non empty m ,-closed set.

Proof: Let A be m, -closed set. Let F be a non empty m,-closed set such that Fcc,(A)-A. Since A is m, -closed, AcX-
F where X-F is m,-open. This implies c,(A)SX-F. Hence FEX- ¢,(A).Now Fc ¢,(A)N (X- ¢, (A)).Hence F=¢ which is
a contradiction. This implies cy(A) does not contain any non empty n ,-closed set.

Theorem 3.7: Let (X, p) be a generalized topological space, A and B be subsets of X. If AcBccy, (A) and A is m,, -
closed, then B is m, -closed set.
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Proof: Let BcU and U is m,-open. Given AcB implies AcU. Since A is m, -closed, AcU implies c,(A)SU. By
assumption, c,(B)Sc,(A)EU. Hence B is m, -closed.

Theorem 3.8: If A is m ;-open and m,, -Closed, then A is b -closed.

Proof: Let A be m -open and m,, -closed. Let A cA where A is m -open. Since A is m,, -Closed, ¢, (A)EA. Then
A= cy(A).Hence A is b,-closed.

Definition 3.9: For a generalized topological space (X, p), pm, = {UCX: cmy, (X-U) =X-U}.
Theorem 3.10: Let (X, W) be a generalized topological space. Then
(i) Every m,, -closed set is b,-closed if and only if i =BO(X, 1)

(if)Every m, -closed set is closed if and only if iy =p.

Remark: 3.11 cy(X-A) = X-ip(A)
By nGBO,,, we mean the family of all m,,-open subsets of the generalized topological space (X, p).

Theorem 3.12: A subset A of a generalized topological space (X, ) is m,, -open if and only if F cCi,(A) whenever
F cr,-closed and FCA.

Theorem 3.13: Let i,(A) €B cA and A is m, -open, then B is m, -open.

Proof: Assume that i, (A) B cA. Then X-A cX-B cX-iy(X-A).Since X-A is m, -closed,
By theorem 3.7, X-AcX-B cc, (X-A).Then X-B is m, -closed. Hence B is m,, -open.
Remark 3.14: For any AcX, i, (Co(A)-A)=o.

Theorem 3.15: Let (X, p) be a generalized topological space. If a subset A of X is m,, -closed, then
Cp(A)-A is m,, -Open.

Proof: Let A be m, -closed and F be m ,~closed such that F cc,(A)-A. By theorem 3.6, F= ¢.
Hence F cip (Co(A)-A). This implies c,(A)-A is m,, -open.

Definition 3.16: For a subset A of (X, ), we define n-generalized b-closure of A as cmy, (A)=N{F:F is m,, -closed in
X,AcF}.

Lemma 3.17: Let A and B be subsets of (X, p), then we have
a) cmy,, ()= ¢ and cmy, (X)=X

b) If AcB, then cmy,, (A)C cmy, (B)

C) cnbu (A): Cnbp (Cnbu (A))

d) cmy,, (AUB)D cmy, (A)U cmy, (B)

E) CTlyy, (AﬂB)C CTlyy, (A)ﬂ CTlyy, (B)

Example 3.18: Let X be a generalized topological space and X={a, b, c, d, e}, u= {X, ¢,{e}.{a, e}, {c, d}, {a, c, d},
{c,d, e}, {a c, d, e}, X}, Then A={a, c, d} and B={e}, cm,, (A)=A and cm, (B)=B. cm, (A) U cmy, (B)={a, c, d, e} but
cmy,y, (AUB)=X. Hence cmy,, (AUB)D cmyy, (A)U cmyy, (B).

Example 3.19: Let X be a generalized topological space and X={a, b, c, d, e}, u= {X, ¢, {e}, {a, e}, {c, d}, {a, ¢, d},
{c, d, e}, {a, c, d, e}, X}, Then A={a, ¢, d, e} and B={b, c, d}, cm,, (A)=X and cm,, (B)=B. cmy, (A)N cmy, (B)={b, c, d}
but cm,, (ANB)={c, d}.Hence cm, (ANB)C cmy, (A)N cmyy, (B).

Lemma 3.20: Let A be a subset of (X, p) and X€X. Then x€ cm,, (A) if and only if VNA# ¢ for every m,, -open set V
containing Xx.

4. (my,y, M)-continuous and (7, 7y)-irresolute functions

Definition 4.1: A function f: (X, p)—(Y, }) is (m,, A)-continuous if fi(U) is my, -closed in (X, p) for every A-closed set
Uin (Y, A).
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Definition 4.2: A function f: (X, W)—(Y, A) is said to be
(i) (mpy, mp)-irresolute if the i 1nverse image of every my, -closed set in (Y, A) is m,-closed in (X, ).
(ii) pre-( m,y, A) continuous if Yvyis myy-closed in (X, ) for every b, -closed set of (Y, A).

Definition 4.3: A generalized topological space is said to be m,,-Ty, -closed if every m,, - closed set is b,-closed.

Theorem 4.4: For a generalized topological space, the following are equivalent
(I) Xis nbu'Tl/Z
(ii) For every subset A of X, A is m,, -open if and only if A is b,-open.

Remark 4.5
(i) If ppy -p in X, then (p, A)-continuity and (m,, , A)-continuity coincide.
(ii) Every (m,, , A)-continuous function defined on m,-Ty, is (b, A)-continuous.

Theorem 4.6: Every (i, A) continuous function is (7, A)-continuous but not conversely.

Example 4.7: Let X= {a, b, ¢}, p= ¢,{a},{a, b}{b, c},X}, Y= {a b, ¢}, and A=¢,{a}}. Define a function
f:(X, W—(Y, 1) by f(a)=c, f(b)=a, f(c)=b. Then f is (m,, A)-continuous but not (u, A)-continuous because (b, c)={a,c}
is not p-closed in (X, p).

Theorem 4.8: If f: X—Y is (m,, A)-continuous, then f(cm,, (A))=c,(f(A)) for every subset A of generalized topological
space X.

Proof: Let A be a subset of X. Since f is (m,,A)-continuous and Acf'l(cu(f(A))),we get cmy, (A)cf'l(cpf(A)).Then
f(cmy, (A))cCy(fF(A).

Theorem 4.9: Let f: XoY be a function of generalized topological space. Then the following statements are
equivalent.
(i) For each xeX and each p-open set V containing f(x),there exists a m,, -open set U containing x such that
f(U)cVv
(i) For every subset A of X, f(my,, (A))cc.(f(A))
(iii) Suppose i, is a generalized topology, the function f :(X, pm, )—(Y, o) is continuous.

Theorem 4.10: Let (Y, o) be a generalized topological space such that O =0. If £:(X, p (Y, o) is (M, A) and
9: (Y, 6)—=(Z, n) is (1, n)-continuous functions, then gef: (X, p)—(Z, n) is also (my, ,n )-continuous.

Definition 4.11: A generalized topological space is said to be m,,-T, -closed if every m,, - closed set is b,-closed.

Theorem 4.12: A function f: (X, u) —(Y, A) is (m,y, A)-continuous if and only if f1(U) is T,y -0pen in (X, ) for every
A-open set in (Y, ).

Remark 4.13: Composition of (m,, A)-continuity and (my, 1)-continuity need not be (m,,, 1)-continuity.

Example 4.14: Let X=Y=Z={a, b, c}, p= ®,{a},{b},{a, b}, X}, A= {®,{a},{a, b}} and n=P,{c}}. Define
f:(X, u)—»(Y ) and g(Y X)—>(Z n) to be identity functions. Then f is (m,,A)-continuous and g is (my,n)- continuous

but (g-f)*({a, b3}=F(g"({a, b})=F"({a, b})={a, b} is not m, -closed in (X, ).

Definition 4.15: A generalized topological space (X, p) is called my, - space if every m,, -closed set is p -closed.
Theorem 4.16: Let (X, p) and (Z, n) be generalized topological space and (Y, 1).be a p- m, -space. If the function f:
(X, W—(Y, A) is (myy, A)-continuous and g: (Y, M= (Z, n) is (m, n)- continuous, then gf: (X, p) — (Z, 1) is (1, M)-
continuous.

Theorem 4.17: Let f: (X, iy (Y, A) be (m p, A)-continuous and g: (Y, ¥ (Z, n) is (A , ) - continuous, then
gof: (X, p) — (Z, ) is (my,, n)-continuous.

Theorem 4.18: If a function f: (X, w) —(Y, ) is (7, mp)-irresolute, then it is (my,, A )-continuous but not conversely.
Example 4.19: Let X=Y={a,b,c}, u= {®,{a},{b},{a, b}, X} A= {®,{a},{a, b}.{b, c}} Define f:(X, p)—(Y, ) to be an

|dent|ty function. Then fis (m,, x) -continuous but not (m,, my)-irresolute because {a, b} is m,, —closed in (Y, 1) but
'({a, b})={a, b} is not Ty -closed in (X, w).
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Theorem 4.20: Let (X, p) be a generalized topological space, (Y, A) be a my, -space and f: (X, ) —(Y, A) be a (1p,, A)-
continuous, then £ is (1, my,)-irresolute.

Proof: Let U be a my; -closed in (Y, A).Since (Y, A) is a my, -space, U is a A-closed set in (Y, 1). By hypothesis, f'(U) is
m,, -closed in (X, p).Hence fis (my, mp)-irresolute.

Proposition 4.21:
a) If f is (my,, my) irresolute, then it is pre- m,, —continuous
b) If f is pre-(my,,A) continuous, then it is (m,,A)-continuous.

Theorem 4.22: If f: (X, p)—(Y, }) and g: (Y, A)— (Z, n) be a function. Then

(i) Letf be (myy, mp)-irresolute and g is (my, n)-continuous. Then gef'is (my,, 1)-continuous.

(ii) If f be (my,, my)-irresolute and g is (M, myy)-irresolute, then get'is (my,, myy)- irresolute.

(iii) Let (Y, A) be a my, -space. If fis (my,, A)-continuous and g is (my,, 1)-continuous then gef is (my,, 1)-continuous.

Theorem 4.23: Let (X, p) be a m,, -space. If f: (X, p) —(Y, A) is surjective, (1, A)-closed and (my,, m,y)- irresolute, then
(Y, 1) is a my,, -Space.

Proof: Let F be a my, closed subset of (Y, X).Since f is (my,, p)- irresolute,f(F) is Ty, -closed subset of (X, p).Since
(X, p)isa my, -space,f(F) is a p-closed subset of (X, p).By hypothesis, it follows that F is A-closed of (Y, A).Hence
(Y, A) is a my,, -Space.

Theorem 4.24: Let f: (X, p)—(Y, ) be a function. Then the following statements are equivalent.
(i) The function fis (m,, A)-continuous.
(ii) The inverse of each A-open set in Y is m,, -open in X.
(iii) For each x in (X, w), the inverse of every A-nhd of f(x) is m,, -nhd of x.
(iv) For each x in (X, p),and every A-open set U containing f(x),there exists a m, -Open set V containing x such
that f(V)<U.
(v) flemy, (A))SCi(f(A)) for every subset A of X.
(vi) cmy, (F1(B)SF(c1(B)) for every subset B of Y.

Theorem 4.25: If f is bijective, @ ,-open, pre- m,, -continuous in generalized topological space, then f is (1, my,)-
irresolute.
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