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ABSTRACT

Fractional integral transform is a very powerful mathematical tool which in engineering area of research. Mellin
transform offers us many applications navigation, correlators, in area of statistics, probability and also in solving
differintial equations.

The aim of this paper is to a generalization of two dimensional fractional Mellin transform (2DFRMT) and also discuss
some important results for two dimensional fractional Mellin transform.

I. INTRODUCTION

A classical theory of the Mellin transform is extended to a generalized function space which is a dual of a testing
function space developed by A.H. Zamanian [1]. The Mellin transform is an integral transform named after the finnish
mathematician Hjalmar Mellin (1854-1933). Fractional Mellin transform is one of the flourishing field of active
research due to its wide range applications [2].

Fourier transform and Mellin transform provide us alternative ways to analyze the spectra of different signals. Mellin
transform, a kind of nonlinear transformation, is widely used for its scale invariance property. Perhaps the most famous
application is the computation of the solution to a potential problem in a wedge-shaped region, where the unknown
function is supposed to satisfy Laplace's equation with given boundary conditions on the edges. In the visual
navigation, algorithms are usually known to be computationally heavy and time-consuming [3] [4][5], while the time-
to-impact computation of the imaged object is straightforward by using the Mellin transform based correlators.
Fractional Mellin transform becomes used in visual navigation since it can control the range of rotation and scaling [6].
Mellin integral transforms helps us to derive different properties in statistics and probability densities of single
continuous random variable [7]. Mellin transform is a natural analytical tool to study the distribution of products and
quotients of independent random variables. So by using Mellin transform agricultural land classification is possible [8].

The two dimensional fractional Mellin transform with parameter 0 of f (X, Yy) denoted by FRMT {f (x, y)} performs

0 0

a linear operation, given by the integral transform FRMT{ f (x, y)} = F, (u, V) = H f(x, Y)K,(x, y,u,v)dxdy (1)
00
where the kernel
27u 27v A oo 2 2
KQ(X, y, u,v) _ Xm—lym—lem[u +v-+log x“+log y“] 0 < 9 < % (2)

In this paper we have defined Distributional two dimensional fractional Mellin transform having compact support in
section 1. Also discussed some important results for two dimensional fractional Mellin transform in section I11.
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I1. DEFINITIONS

2.1. Testing function space E-

An infinitely differentiable complex valued function ¢(X, y) on R" belongs to E(R”), if for each compact set
I S, Kc S where

={x:xeR,|{<aa>0 S, ={y:yeR|y<bb>0} I,KeR"
Vea:[906 Y)]1=SUP|D; #(x, )| < o0

xel
yeK

Thus E(R") will denote the space of all ¢(x,y) € E(R") with compact support contained in S & S, .

Note that the space E is complete and therefore a Frechet space. Moreover, we say that f (X, y) is a fractional Mellin

transformable if it is a member of E*, the dual of E.

2.2. Two dimensional fractional Mellin transform (FRMT)

The two dimensional fractional Mellin transform of f (X, y) € E"(R")can be defined by

Gl -1 27V —[u +v +Iogx +Iogy ]

FRMT{f (%, y)} = F, (u,v) = ( (X, ¥).K, (%, y,u,v)) Ky (X, y,u,v) = xsin¢ ysing gand

Right hand side of equation has a meaning as the application of f(X,y)eE to K,(X,Y,u,v)€E It can be
extended to the complex space as an entire function given by FRMT{f (x, y)}=F,(p,k) =(f (X, y).K,(x, Y, p.k))

The right hand side is meaningful because for each p,k e C", K, (X, Y, p,k) € E , as a function of x, y.

I11. Some Important Results

2.1. Prove that:

sin 9 sin 9)

oy £ (e )@, v) = e 0 ae 0 (e + G v+

Proof: We know that
2miu 2miv i
Folxy FQu ) v) = J77 [ £, y)yxsms " ysina " giang 0 00551000 gy

2miu _ 2miv _ i 2,.2 2 2
_ fooo fooo f(x,y)x_sin9 +1 1y_sin9 +1 1e_tan6 (u“+v“+log “x+log y)dxdy

4 2 inf i
= f f f(x, y)xsmﬂ[ SZH;L] yszZ(;[ +Szl;i ]_le%(uz*'vz"'loﬂ2x+1092y)dxdy

. 2 . 2
0 2 4 0 (0459 Lo 2x+l 2}
I ey e () ) sy
i {( —usinf ,sm29> ( vsing lstH)}
etanH mi " 4m? mi " 4n? dxdy

. . 2 . 2
O R R G R P

6{( ucosf +4 ——Cc0s0sinf ) ( —vcosf +4 ——C050sinf )}dxdy

. . 2 . 2
P [y e B i () (o) oo

ecose { u+Esin€ —V+Esm€ }dxdy
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. . . i sinf 2 sinf 2
foo foo fx Y)x:,-% u+%]—1yj_:; [ +Sm9] -1 tand {( L ) +(U+ 2mi ) +l°gzx+l”92y}
0 Jo ’

ecosG {—(u+v)+%sin9 }dxdy

[ 2mi smH 2mi sinf
eCOSG {_(u+v)+ﬁsme} fow fooo f(x, y)xsinH [ 2mi ]_ ysine [ + 2mi ]
i sinf 2 sinf 2
etanB {(u+ 2mi ) +(U+ 2mi ) +lOg2x+ll)gzy}dxdy
—cos6 —Lsing in 0 in 0
=e {(uw) 2" ]Fs{f(x, y)}( S;:n' v S;r:n' )
3.2. Prove that:
asinf bsin 8
Fafixy® f(x, )} v) = ¢ 00 Bt @ I, (7 W (u+ v+ )

Proof: We know that

2miv

ia i © (oo L 2miu _ L 24,2 2 2
Fo{x®y® fOe Y, v) = [ f;" £ Cey)aiey'® asina ysian " etund (73709409 dxdy

. : 2 : 2
asmG 2mi bsing UL {u+ﬂ +1;+ﬂ +log2x+logzy}
_f f f(x y)xsmﬂ[ ] ysinH [V 2m ]—letang [ m ] [ 2m ]
i (—ausin® azsinZH —bvsinf bzsinZE)
etanf " w 472 T 4m? dxdy
2mi asinf 2mi bsmB i [u+M]2+[U asmH] +log 2x+lo,
[P [ —0[u+ ]—1 '0[ -1 tan9 2 9 9 y
= fO fO f(x,y)xsm 2m ysm
=i sme sin@ 2
oTand (au+bv)+—2—(a +b )]dxdy
2mi asinf 2mi bsmB i [u+asin9 ]2+[1; asing +lo 2x+lo
_ o T MR A LR (O 9%x+log?y
= fO fO f(x,y)xsm 2m ysm
—i[cos@ (au +bv)+w(a +b2)]
e dxdy

in asin® 2mi bsind
= g icost [(au+b”)+ “(a +b2)]f f f(x y)xsm [ o ]_1y5in0 [” n ]_1
ni ([  asind  asinf
tanf l[u' 21 ] +[V' 21 ]

+log x+log y}
e

sin

— e—lcos@ [(au +bv)+

@ ey (L 4 )

3.3. Prove that:
Fo{x®y? f(x,y)}(u,v)

e—cose [a(u :a S 9)+b(v t Sm o

2258 o (4

asin@ bsinf
, U+ )

21i 21i

Proof: We know that

Fg{x“yb f(x y)}(u U) _f f f(x y)xsme ysmH +b_1etan9 (u2+v2+10g2x+1092y)dxdy

2mi a sin 6 2mi b sin 6 i
= fooo fooo f(x, y)xsinH [ 2mi ] ysme [ + 2mi ] etari:ﬂ (u2+V2+1092x+lngy)dxdy
. . 2 : 2
2mi [ asin 6 2mi b sin @ L { 4asin 017 +bSl—n_6 +log2x+log? }
= fooo fooo f(x, y)xsinH [ 2mi ] ysme [ 2mi —1etan€ [u 2mi ] [V 2mi ] 0§ ETeg Ty

i 4m2 i " 4n? }dxdy

i {—au sin 6 Ia25m26 —bv sin 6 Ibzsinze

etand
2mi asin 6 2mi bsinH _m asin92 bsinHz 1 2 1. 2
_ f°° f°° .—[u+ - ] [ —|—=1 _tan6 [u+ 2mi ] +[ + 2mi ] tlog=x+log~y
=l Jo f(x’y)xsmﬁ 2mi ysmB 2mi e
. ia 2 cosfsin® . ib 2 cos6sind
—au sin 64 bv sin 6+
e 4 4 dxdy
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. 2 . 2
I Pt et {2 o st
cosfsinf

2452
(@ )}dxdy

—(au +bv)cos 6 —
el

) . ) i in 97° bsin 972
L et ety (e ] et vty

e—cose {(au +bv) +sm9

2452
(47 )}dxdy

— e—cose [

Wes(r ) (u+ St v+ 2280)

2mi

3.4. Prove that:
—2miu  —2miv

Fe{ f(ax, by)}(u, 17) — e_t:rfe (log%a+log2b)sin?6 e_tczz.Zé (uloga +vlogb )cos® asing b sing
Fo{f (x,y)}(u — logacos6,v — lobbcos0)

Proof: We know that

2miu 2miv

Fg{ f(ax, by)}(u, U) f f f(ax by)xsme 1ysin9 _1etan9 (u2+1;2+log 2x+10g Zy)dxdy

Putting ax = p, by = q

" Sr;p > % dq
= 7, dy B 7 2miu 2miv
Fl f(ax, by)Yaw,v) = [ 7 F(pq) ()™ (D)7 et ¥ svitios (oo * (G e

= f f f(p q)a snfe b sin@ psme 1qsin9 etanﬂ [u +v +(logp —loga)2+(logq —logb) dpdq

—2miu — 1 2miv
= Qq sinf bsmG f f f(p q)psmﬂ qsinﬂ
2
[u +v2 +log p+log a—2logploga +log q+log“b—2logqlogb | dpdq

etanG

—2miu —2miv 2miu 2miv i

= (@ sinf b sind f f f(p q)psmg 1qm—1 etand
etan@ tang | 2logploga —2logqlogh ]dpdq

[log2p+log2a+log2q+log2b]

[u +u]

etan 0

—2miu —2miv 2miv

= @ siné bsm9 f f f(p q)psmH 1qm_1 etanB

2mi

glogp (G ose )elogq (s oot )dpdq

[u +u]

3 [log2p+log2a+log2q+log2b]

—2miu —2miv 2miv

= @ siné bsm9 f f f(p q)psmH 1qsin9 -1 etanG
—2mi
p(tar:; loga ) q(tar:g logh )dpdq

[u +u]

3 [log2p+log2a+log2q+log2b]

—2miv —2miv 2miv 2mi 2miv 2mi

= (@ siné b sinf sinf  tan® loga—1 sinf  tan®
\p,q)p q
etane [log p+log a+log q+log dpdq

logb —1 [u +v2]

e tanH

—2miv —2miv

= qinf b g f f f(P q)psm9 [u—cosbloga 1— 1q—[v cosOlogb 1-1

——[(u—cos6loga )2+ (v— cosGlogb) ]

[log p+log a+log q+log b]

etanB etanB

2cos6l g1 +2cos6l 29100 2b
etanB[COS oga (W)—cos?8log?a+2cosbloga (v)~cos?log dpdq

—2miv —2miv

= q e b sing f f f(P q)psm9 [u—cosBloga 1— 1qsm9 [v—cosBlogb ]-1

[(u—cosBloga )2 +(v— cosGlogb) ]

[log p+log a+log q+log b]

e tanB e tanB

—micos“6 2¢

emne [20059 (uloga +vlogb )] —eh [log2a+log?b] dpdq
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—2miu  —2miv i (1—60520) 2 2 2mi_
— qme b e tand [log?a+log b]etanG (uloga +vloghb )cos6

o0 oo
2mi 2mi
f f f(p q)pm[u—coseloga ]—1qm[v—cos€logb 1-1
)
00
T reu— 24—, 2 2 2
etand [(u—cosBloga )*+(v—cosBlogb )“+log “p+log q]dpdq

—2miu —2miv mi(sin28) 2mi
= q siné b sind e tanf etanb

Fp{f (x,y)}(u — logacos6,v — lobbcosB)

[log%a+log?b] (uloga +vlogb )cos6

1V. CONCLUSION

In this paper we have defined Distributional two dimensional fractional Mellin transform with compact support. Some
results for two dimensional fractional Mellin transform is proved.

REFERENCES

1. S. K. Q. Al-Omari, “On the Distributional Mellin Transformation and its Extension to Boehmian Spaces”, Int.
J. Contemp. Math. Sciences, Vol. 6, 2011, no. 17, 801 - 810.

2. V. D. Sharma* and P. B. Deshmukh, “Inversion Theorem of Two Dimensional Fractional Mellin Transform”,
International Journal of Applied Mathematics and Mechanics, ISSN 0973-0184. Volume 3, Number 1 (2014),
pp. 33-39.

3. Yonggong Peng, Yixian Wang, Xiangwu Zuo, Lihua Gong, “Properties of Fractional Mellin Transform”,
Advances in information Sciences and Service Sciences (AISS) Volume5, Number5, March 2013.

4. D. Sazbon, E. Rivlin, Z. Zalevsky, D. Mendelovice. “Optical transformations in visual navigation”, 15th
International Conference on Pattern Recognition, pp. 132-135, 2000.

5. D. Sazhon, Z. Zalevsky, E. Rivlin, D. Mendelovice, “Using Fourier/Mellin-based correlators andtheir
fractional versions in navigational tasks”, Pattern Recognition, vol. 35, no. 12, pp. 2993-2999, 2002.

6. V. D. Sharma, P. B. Deshmukh. “Generalized two-dimensional fractional Mellin transform”, 2ndInternational
Conference on Emerging Trends in Engineering and Technology, pp. 900-903, 2009.

7. S. M. Khairnarl, R. M. Pise2 and J. N. Salunkhe, “Study of the mellin integral transform with applications in
statistics and probability”, Scholars Research Library, Archives of Applied Science Research, 2012, 4
(3):1294-1310.

8. M. Mahdian, S. Homayouni, M. A. Fazel, F. Mohammadimanesh, “Agricultural land classification based on

statistical analysis of full polarimetric SAR data”, International Archives of the Photogrammetry, Remote
Sensing and Spatial Information Sciences, Volume XL-1/W3, 2013, SMPR 2013, 5 — 8 October 2013, Tehran,
Iran.

Source of support: Nil, Conflict of interest: None Declared

[Copy right © 2014. This is an Open Access article distributed under the terms of the International Journal
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.]

© 2014, IIMA. All Rights Reserved 246



